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Abstract—This paper studies decentralized dynamic spectrum
access using the theory of multivariate global games. We consider
a network of cognitive radios (CRs) where each CR obtains noisy
multivariate measurements of the quality of several logical chan-
nels and needs to decide which channel to access. Assuming the
CRs are rational devices, each CR determines which channel to
access, based on its expected throughput and Bayesian estimate of
the intention of other CRs. We formulate conditions for which the
Bayesian Nash equilibrium (BNE) of the resulting global game is
monotonically increasing in the quality of the logical channel. This
leads to a simple characterization of the competitive optimal be-
havior of the system as a function of the prior probability distribu-
tion of spectrum hole occupancy, channel quality and observation
noise. In obtaining the characterization of the BNE, we extend re-
cent results in univariate global games to the multivariate case.

Index Terms—Dynamic spectrum access, game theory, mul-
tivariate global games, monotone strategies, Bayesian Nash
equilibrium (BNE), Bayesian estimation and filtering, game
theory, stochastic gradient (adaptive filtering) algorithm.

I. INTRODUCTION

I T is useful to start with the following analogy of an inter-
acting multivariate global game.1 Assume a large number

of patrons and bars. At the current instant, each patron is
in one of the bars . Let denote the
fraction of patrons in bar . Let denote the quality of music
playing at bar . Each patron obtains a noisy

-dimensional measurement vector about the quality of
music playing at the bars. Based on this
noisy information , each patron needs to decide whether to
stay in the current bar, or to leave the bar. If the patron leaves
the bar, a higher level protocol chooses which bar he goes to
next; he goes to bar with probability ; and the reward
he receives is (which is the expected quality of
music he would receive from the other bars). Here

denotes the probability that if a new patron
leaves , it will move to another bar —it measures the relative
desirability of bar compared to bar .
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1This description is a multivariate generalization of the scalar problem defined
in [1] where there is a single bar and scalar observations of the quality of music
from the bar

If the patron chooses to stay in bar , then he receives a re-
ward . The first term, , in
the reward implies that the better the music at bar , the higher
the reward in staying at bar . Let us explain the second term
in the reward: denotes the fraction of patrons that decided to
stay in bar , so that is the fraction of all patrons that de-
cided to stay in bar . (Obviously is a function of the strategy
the patrons use to chose whether to stay or leave—but for no-
tational convenience we omit this dependency for now). As far
as patrons in bar are concerned, they have limited information
about how users in other bars decide whether to stay
or leave. We abstract this limited information in terms of the
probabilities . These denote the probability
that a patron leaves bar . So denotes the prob-
ability that a patron leaves bar and goes to bar . Therefore,

denotes the fraction of all patrons that move to
bar from the other bars. The function is typically
decreasing or quasi-concave. For example, if too few patrons
are in bar , then is small due to lack of social interaction.
Also if too many patrons are in the bar (either too many remain
behind or too many new patrons arrive), then is also small
due to the crowded nature (congestion) of the bar.

Each patron is assumed to be “rational.” In game theoretic ter-
minology this means he knows the structure of the rewards other
patrons receive. Each patron knows that other patrons know that
he knows this, and so on, ad infinitum. So each patron can pre-
dict rationally (via Bayes’ rule) given its measurement , what
proportion of patrons will choose to remain in bar and what
proportion of new patrons will arrive. How should each patron
decide rationally whether to stay in his current bar or to leave to
maximize his reward?

The above example is analogous to the following decentral-
ized spectrum access problem. Suppose that a large number of
CRs are competing for logical channels. At a given time in-
stant each CR measures the dimensional vector comprising
of the quality of channels in each logical channel (via spec-
trum sensing, see [2]). Each CR then decides whether to stay in
its current logical channel or to leave the logical
channel. Let denote the fraction of CRs that decide to stay
in logical channel so that is the expected number of CRs
that remain in logical channel . Also denotes
the fraction of new CRs that move to logical channel from
the other logical channels. can be chosen as a de-
creasing or quasi-concave function since if too few CRs are in
logical channel , then the resources of the logical channel are
under utilized. If too many CRs are in logical channel , then
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Fig. 1. In general, for measurement vector , the BNE strategy for
the cognitive radio comprises of multiple regions in dimensional space,
as depicted in Fig. 1(a). (Note the axis is dimensional.) The main
result of this paper is to prove that the BNE strategy is defined by a monotone
switching curve , as shown in Fig. 1(b). That is, for each CR in logical
channel , given measurement vector , CR picks its action ‘op-
portunistically: ‘stay” if ; otherwise “leave.” We also bound the
switching curve by two parallel hyperplanes (dotted lines) and bound its deriva-
tive. Finally, the simple structure of the switching curve Nash equilibrium allows
us to develop algorithms to learn the best linear approximation (see Section IV).
(a) Unstructured BNE. (b) Switching curve BNE.

network congestion (assuming some sort of multi-access com-
munication scheme) results in delayed throughput. (If is
increasing it results in a supermodular game and it is consider-
ably easier to characterize the Nash equilibrium, see discussion
after (13)). Also can incorporate the fact that more CRs in
a logical channel permit better estimation of the primary user
activity by cooperative sensing. How should each CR decide
whether to stay or leave its current logical channel to maximize
its utility?

The above two examples are multivariate interacting global
games. The term global refers to the fact that players at each
time can play any game selected from a subclass of all games,
which adds an extra dimension to standard game-play (where
players act to maximize their own utility in a fixed interactive
environment). It is multivariate because each CR needs to make
a decision based on a -vector of measurements of the logical
channels. Also each game at channel , interacts with the games
at the remaining channels via the multivariate measure-
ment and inflow of agents to channel from other channels. The
theory of global games was first introduced in [3] as a tool for
refining equilibria in economic game theory, see [4] for an ex-
cellent exposition. Global games are an ideal method for decen-
tralized coordination amongst agents. Univariate global games
[1], [4] have been studied in the economics literature and ap-
plied to decentralized activation in sensor networks in [5]. In
such games there is one bar and each patron decides based on
measuring the quality of music (scalar observation ) whether
to go to the bar. To meaningfully consider the possibility of mul-
tiple logical channels, it is necessary to consider multivariate in-
teracting global games in this paper.

Perspective: Game theory is a natural tool for describing cog-
nitive systems, since it models each CR as a self-driven decision
maker. Global games [1], [3], [4] study interaction of a con-
tinuum of players who choose actions based on noisy observa-
tions of a common signal (in our case, the quality of the logical
channel). The incentive of a CR to stay in logical channel is
either dampened or stimulated by the average number of CRs
that stay (which we denoted as above) and new CRs that ar-
rive. We refer the reader to [6, Ch. 11] for a nice description in-
cluding economic market examples such as speculative attacks

against a currency with fixed exchange rate which are modeled
as global games. CRs, imperfectly aware of their environment,
choose their best action, assuming that other CRs have informa-
tion similar to their own. Each CR is aware that others are pre-
dicting its own behavior, that they are aware that it is aware, and
so on. The eductive reasoning process [6] by which CRs itera-
tively hypothesize strategies and predict reactions to arrive at an
optimum, is the justification for the Nash equilibrium conditions
considered in this paper. The Nash equilibrium has interesting
artifacts, such as herding, see [6].

Main Results: Our main results are as follows.
1. Formulation of interacting multivariate global game

model: In Section II, we construct an interacting global games
model where each CR acts as an independent entity to optimize
its utility based on rational prediction of the behavior of other
CRs. We also motivate the choice of utility functions for carrier
sensing multiple access (CSMA) CR networks—in particular
we examine the IEEE 802.11 distributed coordination function.

2. Existence of Opportunistic Bayesian Nash equilibrium
(BNE) characterized by a monotone switching curve: Our main
theoretical result in Section III is to present sufficient conditions
on the utility function and noise statistics so that a switching
curve threshold strategy provides BNE (competitively optimal)
behavior for each CR; see Fig. 1. In general, a BNE strategy can
be an arbitrary function of the measurement vector at CR
, see Fig. 1(a). So sufficient conditions that yield symmetric

Nash strategies [Fig. 1(b)] that are characterized by a switching
curve are of great interest since they are readily implementable
at each CR and can be estimated and adapted in real time.
Each CR simply needs to implement/learn its single switching
curve . We also bound this switching curve in terms of
linear hyperplanes and bound its derivative. Also if the Nash
equilibrium is of the form Fig. 1(b), it is equivalent to each
CR opportunistically picking which channel to access: If the
measured quality of the current channel is better than some
threshold, then stay; otherwise leave. So our result can also
be viewed as sufficient conditions that guarantee that the BNE
strategy is opportunistic.

Remark: There are strong parallels between the structure of
our BNE and opportunistic scheduling. In opportunistic trans-
mission scheduling of multiple users (see [7] for an excellent
exposition or [8]), the user chosen at each time slot is the one
with the best weighted channel (where the weighting ensures
long term fairness). The channel is a state of nature (just like
the measured channel we consider here) and its random varia-
tion is exploited to pick a user at each time slot [just like our
Nash equilibrium strategy depicted in Fig. 1(b)]. Of course, in
this paper each rational user is interested in choosing between
logical channels at each time slot and that too in a Bayesian
game-theoretic setting.

We substantially extend previous work in global games in [1],
[4] to the case of multivariate global games that interact with
each other. By using a novel proof based on the multivariate TP2
stochastic order and supermodularity (see Appendix for defini-
tions), we present easily verifiable sufficient conditions for the
Nash equilibrium to be a monotone switching curve.

3. Simulation-Based Learning Algorithms: Finally, we
present a simulation-based stochastic gradient algorithm for
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Fig. 2. Schematic Setup of Interacting Multivariate Global Game. The figure
shows 3 interacting global games. Each global game interacts with the others
via the multivariate observation process and fraction of users .

estimating the best linear approximation to the BNE. We exploit
the structural results to localize this linear approximation. We
extensively study the structure of this linear switching curve
with respect to utility function, load, prior parameters, and
switching costs.

The rest of this paper is organized as follows. Section II
presents the logical channel selection problem as a sequence of
interacting multi-variate global games. Section III presents the
main results—sufficient conditions for the Nash equilibrium
to be characterized by a unique monotone switching curve for
the uniform noise/prior case, and Gaussian noise/prior case.
We also give bounds on the switching curve and its derivative.
Section IV presents simulation-based stochastic approximation
algorithms that each CR can deploy to learn the Nash equilib-
rium. Finally, numerical examples are presented in Section V.

II. INTERACTING MULTIVARIATE GLOBAL GAMES FOR

SPECTRUM ACCESS

In this section we formulate decentralized spectrum access as
a global game problem. Then two examples of the utility func-
tion of each CR are given. Finally, the BNE for the global game
is defined.

A. CR Measurement Model and Utility

A schematic setup of the model is illustrated in Fig. 2.
Consider a system comprising CRs and logical chan-
nels with denoting the number of CRs in logical channel

. As is typical in global games [1], [4], [6], we
consider a continuum of CRs with denoting the
fraction of users in logical channel . (This can be thought of
as the limiting case when with ). Note

.
If CR is in logical channel , it observes via a spectrum

sensing algorithm (see [2] for a tutorial survey of spectrum
sensing) the -dimensional observation vector

(1)

Here the dimensional random vector
denotes the quality of logical channels. Each component

models the bandwidth (capacity) of channel

(i.e., how many CRs channel can accommodate), or its average
SNR, or how often the channel is taken over by the primary user.
We assume that all CRs currently in channel have identical
prior distribution of denoted as . Here

denotes the prior distribution of when
CR is currently in channel . The prior distribution allows
for modeling a priori knowledge of the presence of primary
users in the various channels. More generally we can also model
dynamic variation of the primary user activity by assuming
is a correlated random process (instead of a random vector), see
Section IV-B.

In (1), the dimensional measurement noise vector
is assumed statistically independent between

CRs . The th component of denoted as models the
measurement noise when CR senses channel .
The -variate noise process permits modeling imperfect
observations of the primary user activity. For example, the dis-
tribution of can model the error probability of the spec-
trum sensing algorithm for presence of primary users. We as-
sume that all CRs currently in logical channel , have the same

-variate pdf denoted for . Thus when sensing
a particular channel , all CRs currently in
logical channel , have identical marginal pdfs for the noise
component . We denote these identical marginal pdfs as

(where denotes the logical channel the CRs are cur-
rently in, and denotes the channel being sensed). Let
and , denote the joint cdf and marginal
cdfs, respectively.

We use standard game-theoretic notation to define for user
in channel

(2)

Here denotes the observation vector of the remaining
channels, etc.

Each CR in logical channel then chooses an action
. The reward received by each CR in

channel is (for notational convenience define the variable
below and note that ),

(3)

Here denote user-defined positive constants that allow
us to weigh the different components of the utility. Recall

, denotes the fraction of CRs that decide to
remain in logical channel after receiving the measurement.
As described in Section I, from the perspective of channel

denotes the expected fraction of new CRs
that move to channel . Thus in (3) denotes the expected
fraction of all CRs in channel after each CR has sensed its
channel and made a decision as to whether to stay or move.
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Also (equivalently, ). So .
Of course, (as is standard with partially observed stochastic
control and games) the rewards are not directly observed by
individual CRs since they only measure noisy information
about . We assume is continuously differentiable with
respect to each .

Finally, it is straightforward to add a switching cost (constant
or dependent on ) to which penalizes a CR if
it jumps to another channel. Such a switching cost could model
the overheads required for moving to a new logical channel.

B. Derivation of Utility Function for CSMA Channel

We now give two examples of utility functions (3). Since
any utility function that satisfies condition C1) of Theorem 3.1
below can be used, our examples are merely for illustration.

Example 1: In [9], the IEEE 802.11 distributed coordination
function (DCF) is analyzed under quite general conditions. It
is a carrier sensing multiple access (CSMA) scheme with colli-
sion avoidance. Under simplifying assumptions (including fixed
packet size), the saturation throughput of an individual CR
in logical channel comprising of CRs (see [9, pp. 25,
28]) is shown in (4) at the bottom of the page. Here de-
notes the transmission probability of the CRs in channel . As
explained in [9], to maximize , the system designer would
choose . In the IEEE 802.11b
standard (see [9, Table II]), bits denotes the
fixed packet size; Mbps denotes the physical layer rate;

seconds denotes the slot time size;
milliseconds denotes the average time the channel is sensed
busy (this is the sum of the combined physical and MAC layer
header ( bits), fixed packet size (8184 bits), interframe
space time (10 s), propagation delay (1 s 2), acknowledg-
ment delay, and distributed inter frame space time (128 s);

milliseconds denotes the average time the
channel is sensed busy during a collision (this is the sum of
combined physical and MAC layer header, fixed packet size,
distributed inter frame space time, and propagation delay); see
[9] for details.

The individual utility of each CR can be chosen to reflect
individual selfish objectives and global socialistic objectives.

is the utilization of channel and forms the socialistic ob-
jective. So if CR picks , its marginal contribution to this
social utility is . (Recall we assume a con-
tinuum of CRs hence the derivative with respect to reflects
the marginal contribution of an individual CR.) Also each CR is
selfish and seeks to pick the channel with maximum individual
throughput, defined in (4). So the final utility for each
CR in logical channel is , where are
user defined positive constants. This is of the form (3).

Remark: The constants can be interpreted as Lagrange
multipliers. Each CR could seek to maximize its marginal con-

tribution to the global utility subject to the local constraint
that its throughput in (4) is larger than some minimum
throughput. Then denotes the Lagrange multiplier of the
resulting optimization problem.

Example 2: [10] considers the case where CRs share
logical channels using a simple CSMA scheme, as follows:
Divide each decision period into equal subslots, denoted

. At each subslot , each CR in logical
channel executes the following.

1) Generate random backoff time from uniform distri-
bution on for design parameter .

2) Upon expiry of the backoff timer, monitor channel and
transmit data if the channel is sensed clear.

Exactly one CR will transmit successfully on channel in
subslot if its backoff time is sufficiently smaller than the
next smallest time (allowing time to sense the channel clear and
switch from receive to transmit mode). Otherwise there will be
a collision on for that subslot.

Channel Capture Probability: There are
other users (excluding ) in channel , each choosing random
backoff time uniformly on . If chooses backoff
time , it captures channel if for all

where is the time required to sense the channel clear
and switch its receiver from receive to transmit mode. Then the
unconditional probability of channel capture in a subslot is [10]

(5)

(This formula holds for otherwise .).
Collision Probability: A CR is involved in a channel colli-

sion in a subslot if either: a) it has the lowest backoff time, but
by a margin less than or b) it does not have the lowest backoff
time, but is within of the lowest. The unconditional probability
of collision is [10]

(6)

Define the global utility of the CR network over the logical
channels as

(7)

(4)
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The first term is the average utilization while the second term is
a measure of the quality of service. The local utility at each CR
is computed as follows. If CR is in logical channel , then if its
picks action , its marginal contribution to the global utility
at logical channel is (as explained in ex-
ample 1 above). Also each CR has a selfish objective to max-
imize its probability of channel capture in logical
channel . So the final utility for each CR in logical channel
is ( below are user defined constants which can be interpreted
as Lagrange multipliers as in Example 1)

(8)

This is of the form which is the utility we defined
in (3).

C. Bayesian Nash Equilibrium (BNE) for Interacting Global
Games

Thus far, we have constructed interacting
global games, where each global game is played in logical
channel . The optimal strategy each CR in global game needs
to deploy depends on the expected behavior of the other CRs
behavior through . This in turn depends on the strategies de-
ployed by the other CRs. We are therefore interested in deter-
mining a collection of strategies for each CR that are simultane-
ously optimal, i.e., in BNE. In other words, if a CR unilaterally
departs from a BNE it is worse off. Let us now define the BNE.

Each CR in channel chooses its action
stay leave based on a strategy that

maps the current observation to the action
. In a global game we are interested in symmetric strategies,

i.e., where all CRs currently in channel choose the same
strategy denoted as . That is, each CR in channel deploys
the strategy stay leave . (Of
course, the action picked by individual CRs in
channel depend on their random observation . So the
actions picked are not necessarily identical even though the
strategies are identical.)

Let denote the proportion of CRs in logical channel
that select action (stay) given the quality of all the logical
channels . Since we are considering an infinite number of
CRs that behave independently, by Kolmogorov’s strong law of
large numbers, is also (with probability 1) the conditional
probability that a class CR receives signal and decides to
pick , given ; see [1] for details. So and are
defined as

(9)

We can now define the BNE of the global game played at each
channel . For each CR currently in logical channel , given
its observation in (1), the goal is to execute a strategy to

optimize its local reward. That is, CR currently in channel
seeks to compute strategy such that

stay leave

maximizes (10)

Here is defined as in (3) with defined in
(9). (For , as in (3) is not a function of

.) If such a strategy in (10) exists and is the same for
all CRs in channel , then they constitute a symmetric BNE
for the global game played in logical channel . We will use the
notation to denote this symmetric BNE for all CRs
currently in logical channel .

Remark: Since we are dealing with an incomplete infor-
mation game, players us distributional strategies as defined
by [11]. If a BNE exists, then a pure (nonrandomized) ver-
sion exists straightforwardly (see [12, Proposition 8E.1,
p. 225]). Indeed, with denoting realization of random
variable

.
Thus obviously, the optimal (BNE) strategy is to choose

where

(11)

As explained in [1], because we focus on symmetric BNE, tech-
nicalities that arise with an uncountable number of players are
straightforwardly avoided.

III. MAIN RESULT: EXISTENCE OF SWITCHING

CURVE FOR BNE

We are interested in giving conditions under which there ex-
ists a unique symmetric BNE stay leave
at each logical channel that is decreasing in and increasing
in (element-wise), see Fig. 1(b).2 As mentioned in Section I,
such an opportunistic BNE strategy for dynamic channel access
is intuitive and suitable for real time learning. The fact that we
want CRs to autonomously decide whether to stay or leave a
logical channel does not imply that a CR should necessarily act
opportunistically, i.e., leave when its measurement of the
quality of logical channel is small. It may be better to stay and
rely on others to leave instead—the point being that fewer CRs
remaining in the logical channel imply less congestion.

A. Sufficient Conditions for Switching Curve BNE

If we can prove that the Nash equilibrium comprises of
switching curve strategies, then the result is of practical im-
portance since each CR can implement its optimal strategy
straightforwardly—only a single switching curve
needs be computed or specified for each CR in logical channel
. The main aim of this paper is to determine conditions under

which the Nash equilibrium is a collection of such switching

2We can similarly give sufficient conditions for to increase with
and decrease with , or increase (or decrease) in both and . How-

ever, such strategies are less intuitive from an engineering point of view.
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curve strategies. The proof of existence of such a structured
Nash equilibrium profile is in two steps: The first step involves
showing that a Nash equilibrium exists amongst the class of
distributional strategies. This involves using a suitable fixed
point theorem, Glicksberg’s fixed point theorem [11] in our
case. (Glicksberg’s theorem is a function-space version of
Kakutani’s fixed point theorem). The conditions required to
apply Glicksberg’s theorem are as follows: i) Each player’s
set of distributional strategies belongs to a compact, convex
metric function spaces. This can be established as in [1] with
the sup-norm metric. ii) The expected payoff is continuous
and quasi-concave in the randomized strategy of player . In
fact the expected payoff is linear in the strategy and therefore
obviously quasi-concave. To prove continuity with respect to
the sup-norm metric, a sufficient condition is that is
analytic for and follows along the lines of ([1],
Proposition 1) for the uniform and Gaussian noise cases.

The second step is to prove that the Nash equilibrium com-
prises of switching curve strategies. We focus on this second
aspect in the paper.

We make the following assumptions; the intuition behind the
assumptions are discussed here.

C1) For CR in logical channel
is decreasing in and increasing elementwise in
[see (9) for definition of and (15) for discussion].

C2) The -variate distribution is TP2 increasing
(see Appendix for definition) in .

If the components of the noise vector in (1) are
statistically independent, then a sufficient condition for C2) is
that each pdf is MLR increasing (see Appendix
for definition) in for each . (Notation
is defined above (2).)

The following is the main result of the paper.
Theorem 3.1: Under conditions C1) and C2):
i) There exists a unique symmetric BNE set of strategies

, for logical channels that are
decreasing in and increasing in .

ii) For each logical channel , there exists a
unique switching curve such that the BNE of
each CR is

stay
(12)

This switching curve is monotonically in-
creasing in each element of .

Why is the main result practically useful? Statement (i)
says that the BNE is opportunistic: The probability of a CR
remaining in its current channel is an increasing function
of the measured channel quality (for fixed ). Also the
probability of leaving channel is an increasing function of the
quality of other channels (for fixed . Here increasing
in terms of the dimensional vector is defined with
respect to a partial order on a lattice in the Appendix. More
importantly, Statement (ii) states that the BNE strategy each CR
deploys to choose whether to stay or vacate its current logical
channel is characterized by a simple switching curve strategy
given by (12), and that this curve is unique, see Fig. 1(b). Such

switching curve strategies are simple to implement and learn.
In Section IV, we present stochastic approximation algorithms
that each CR can deploy to learn the best linear approximation
to this BNE switching curve. Recall that without the sufficient
conditions C1) C2), the BNE strategy can be quite arbitrary and
without structure as illustrated in Fig. 1(a).

B. Discussion of Sufficient Conditions for Theorem 3.1

Conditions C1), C2) of Theorem 3.1 are sufficient conditions
for a BNE strategy to be characterized by a unique switching
curve. We give some intuition behind C1) and C2).

Condition C2) is a multivariate stochastic dominance
condition. It ensures that if C1) holds, i.e.,

is increasing in and decreasing elemen-
twise in , then the Bayesian estimate

also preserves this property. C2) is used
together with the key Lemma A.2 (originally due to Karlin and
Rinott [13]) to prove Theorem 3.1. C2) holds straightforwardly
for uniform, Gaussian and many other distributions, see [13].

Condition C1) means that the reward is a supermodular func-
tion; see Appendix for definition. As described in the Appendix,
a key aspect of supermodular functions is that their
is monotone increasing. This yields that the strategy is mono-
tone. However verifying C1) is nontrivial since it depends on
the switching curve which we do not know a priori. To
make this dependency more explicit, we state the following suf-
ficient condition for C1); the proof is in the Appendix.

Theorem 3.2: A sufficient condition for C1) is

(13)

Theorem 3.2 goes halfway toward establishing a useful suffi-
cient condition for a switching curve BNE. It says that the utility

cannot decrease too rapidly due to increasing congestion in
the network. Note if is increasing then (13) trivially holds
since the right-hand side (RHS) is always negative. However,
the RHS depends on the derivative of the switching curve .
Determining bounds on is not at all obvious since
the we do not know the switching curve . (Recall de-
termines the BNE strategy). As discussed later, is the so-
lution of a coupled set of functional (14), (15). In Section III-C
and Section III-D, we derive bounds on and hence
useful sufficient conditions for C1).

By definition of the BNE, the switching curve
defines the region of indifference between picking action

(stay) or (leave). Thus, satisfies the functional
equation

where (14)

Here is defined in (9) and computed according to (15)
here.
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CRs are assumed to be rational devices that predict what other
rational CRs do (and other CRs know this). So from (9), and
assuming Theorem 3.1 holds, we have

for each (15)

This ability to predict the behavior of other CRs, based only on
a noisy signal and assuming rationality of other CRs, is central
to the global game approach; see [1], [4]. It allows CRs to act
simultaneously, without a costly coordination and consultation
phase. The conditional prediction of in (15) will be used
in deriving our main results in the next section.

In the rest of this section, we give easily verifiable suffi-
cient conditions for C1) in terms of (13). Theorem A.1 in
the Appendix gives a general bound for for a
linear Bayesian estimator. We use this result to derive explicit
conditions for the case where the prior of and are
uniformly distributed (Section III-C) and Gaussian distributed
(Section III-D).

C. BNE for Uniform Observation Noise and Prior

Consider a CR in logical channel . In this section, we con-
sider (1) when there is a uniform (noninformative) prior
on , and the observation noise pdf is uniform. That is:

(U) The -variate noise vector and prior in (1) are
zero-mean uniformly distributed with statistically indepen-
dent elements. So , (see notation below
(1))

(16)

where are constants, and denotes the
indicator function. We assume that the prior is noninfor-
mative, i.e., .

The double subscript allows for the measurement noise
and prior statistics of logical channel to depend on where
the CR currently is (channel ). The uniform prior and noise
assumption is a conservative choice. It is useful for modeling
the case where CRs are deployed in an environment, with no
prior knowledge of the channel quality or noise distribution.

Under (U), each CR in logical channel uses its measure-
ment vector in (1) to compute its Bayesian estimate of quality
of logical channel as . Our main result is
the following. Discussion and implications of this result is pre-
sented following Theorem 3.4.

Theorem 3.3: Consider a CR in spectral group and as-
sume the observation noise and prior satisfy (U) (uniformly

distributed). Assume the following conditions hold: (i)
; (ii) satisfies

where (17)

Then the Bayesian Nash equilibrium strategy satisfies Theorem
3.1, i.e., it is opportunistic and characterized by a unique
monotone switching curve in (12). Furthermore, the
switching curve is underbounded and overbounded by linear
hyperplanes in

where (18)

Finally, if , then the derivative of the switching
curve is bounded by a constant

(19)

D. BNE for Gaussian Noise and Prior

Here we assume Gaussian priors and noise in (1). Consider a
CR in spectral group . We assume:

(N) The -variate noise vector (zero mean) and prior
in (1) are Gaussian distributed with statistically inde-

pendent elements. So for , [see notation
below (1)]

(20)

where denote the variance of the individual com-
ponents of the noise and prior; and denotes the mean
of the individual prior components.

Under (N), each CR in logical channel , uses its measure-
ment in (1) of quality of channel to
compute its Bayesian estimate via the Kalman filter recursion:

where

(21)

Our main result is the following:
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Theorem 3.4: Consider a CR in spectral group and as-
sume the observation noise and prior satisfy (N) (normally dis-
tributed). Assume the following condition on holds:

where (22)

and is defined in (24) below. Then the Bayesian Nash
equilibrium strategy satisfies Theorem 3.1, i.e., it is oppor-
tunistic and characterized by a unique monotone switching
curve in (12). Furthermore, the switching curve
is underbounded and overbounded by affine linear hyperplanes
in

(23)

Here are defined in (21). Finally, the derivative of the
switching curve is underbounded and overbounded by constants

(24)

E. Discussion of Theorems 3.3 and 3.4

Recall the main result Theorem 3.1 had two conditions, C1),
C2). Condition C2) of Theorem 3.1 is verified straightforwardly
for uniform noise (U) or Gaussian noise (G). The main contri-
bution of Theorem 3.3 and Theorem 3.4 is that (17) or (22) is an
easily verifiable sufficient condition for C1). Therefore, (17) or
(22) can be used as design rules for selecting the utility function

, weighting factors , and transition probabilities to en-
sure a monotone BNE switching curve. By exploiting the struc-
ture of the uniform or Gaussian noise, Theorems 3.3 and 3.4
say more about this monotone switching curve :
It can be sandwiched by affine hyperplanes as in (18) or (23),
see Fig. 1. Also the derivative of can be bounded as in (19) or
(24). We will exploit these properties when estimating the best
linear approximation to in numerical results.

Let us briefly describe the sufficient conditions (17) and (22).
If in the utility function is strictly increasing, then (17) and

(22) always hold, since the RHSs are negative. That is why in
Section I, we mentioned that nonmontone or decreasing is
the more interesting case. How do the sufficient conditions (17)
depend on the channel load ? If a channel is lightly loaded,
i.e., , then (17) and (22) trivially hold for channel since
any reasonable utility function decreases at a finite rate. As a
system designer it is of interest to construct utility functions
so that (17) or (22) simultaneously hold for all channels and
for all . This can be done as follows:
Suppose we can verify that for each with , conditions
(17) or (22) hold. Then because for all other channels

, (17) and (22) trivially hold. Therefore, to satisfy (17)
or (22) for all channels simultaneously and for all ,
it is sufficient to design the utility functions such that (17) and
(22) hold for each where .

IV. HOW CAN CRS LEARN THE BNE?

We have established the existence of switching curves
that define the Bayesian Nash equilibrium strategies for

each global game played in logical channel , and also bounds
on this curve and its derivative in Theorems 3.3 and 3.4. Thus,
although we do not know explicitly, we know a lot about
it. This section deals with how CRs can exploit this information
to estimate the best linear approximation to this BNE switching
curve. We also consider how the BNE estimate can be updated in
real time when the primary user activity is modeled as a random
process.

A. Real-Time Estimation of Linear Switching Curve
Approximation to BNE

Suppose each CR deploys the following linear switching
curve strategy (compare to BNE strategy (12)) [see (25) at
the bottom of the page]. Here denotes the
parameters of the linear switching strategy. Each CR aims to
compute the best linear switching curve that
is closest to the BNE strategy (12). That is, each CR seeks to
solve the following optimization problem: Compute

where

and (26)

where (27)

An obvious approach to compute is to pick on a deter-
ministic grid; evaluate (27) for each value of this grid; and then
evaluate on this grid. Here we solve the above optimization
via a two-timescale simulation-based stochastic gradient algo-
rithm comprising of two steps at each CR . The first step (Step

stay where (25)
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A) computes estimates of via stochastic simulation, see
Algorithm 1. The second step (Step B) then uses this estimate
to recursively compute a new estimate of using Algorithm 2.

Step A: Let denote iteration number. Let
denote independent -variate observations simu-

lated from some pdf at CR at iteration . (For example,
could be chosen as the marginal distribution of in (1)). Then
compute estimate of in (26) as

(28)

In (28), the CR evaluates via simulation as described
in Algorithm 1.

Algorithm 1: Stochastic Simulation to evaluate
at iteration for CR in logical channel

Step 1: For : Under Assumption (U), set
. Under Assumption (N), set

according to Kalman filter (21).

Step 2: Evaluate in (26) via stochastic
simulation as follows:

For

Simulate (Under (N) use (21);
under (U) use in (16))

For simulate

Evaluate
.

Evaluate

End For;

Evaluate estimate of as

Remarks:
i) From (15), it follows that in Step 2 of Algorithm 1

is an unbiased estimate of for any . Since is
nonlinear, obviously is a biased estimate of .
That is why in the last step of the algorithm we introduce
another level of averaging. This yields an asymptotically
(in ) unbiased estimator.

ii) The variance of the estimate in (28) can be reduced
by choosing judiciously.

Step B: Let denote batch number. (This oper-
ates on a slower time scale with iterations of Step A done per
batch). Let denote the estimate of the optimum (in (26)) at
batch . (To avoid multiple subscripts we omit the subscript ).
Let denote the estimate of computed using Step
A. Each CR then updates its estimate via the simultaneous
perturbation stochastic approximation (SPSA) algorithm [14] as
described in Algorithm 2.

Algorithm 2: SPSA Algorithm implemented at each CR
to learn optimal linear switching curve

For batch iteration .
• Using Algorithm 1 and (28) to evaluate , compute

gradient estimate as follows

with probability
with probability

(29)

• Update estimate via stochastic approximation
algorithm

and (30)

The SPSA algorithm (29), see [14], picks a single random
direction along which the derivative is evaluated at
each batch . Typically and are chosen so that

, see [14]. The main advantage of SPSA (compared to
the well known Kiefer-Wolfowitz finite difference algorithm) is
that to evaluate the gradient estimate in (29) requires only
2 simulations of Algorithm 1, i.e., the number of evaluations is
independent of the dimension of the parameter (see www.
jhuapl.edu/SPSA/ for a tutorial exposition).

Theorem 4.1: The sequence generated by the SPSA Al-
gorithm 2 converges as to a local optimum of
(defined in (26)) with probability one. If and are
small positive constants, then converges weakly to a local op-
timum. (More precisely [15], the interpolated continuous-time
process constructed from the estimates converges weakly as

, to the trajectory of an ordinary differential equation
whose fixed point is a local optimum).

Note for fixed , the samples in Algorithm 2 are
simulated independently and have identical distribution and
are asymptotically unbiased (see above remark). The proof of
convergence is then straightforward, see [15] for much more
general convergence results.

B. Dynamic Primary User Activity and Nonstationary
Channels

With the above setup, it is straightforward to cope with dy-
namic primary users and nonstationary channel quality. For ex-
ample, suppose due to the time-varying behavior of multiple pri-
mary users or channel statistics, the quality of the
logical channels evolves according to a finite state Markov chain
with known transition probabilities, or alternatively, a Gaussian
state space process with known state matrix and state noise co-
variance.

Authorized licensed use limited to: The University of British Columbia Library. Downloaded on November 12, 2009 at 20:35 from IEEE Xplore.  Restrictions apply. 



4008 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 10, OCTOBER 2009

TABLE I
SLOPE OF OPTIMAL LINEAR APPROXIMATION TO BNE FOR CRS AND

LOGICAL CHANNELS FOR UNIFORM NOISE/PRIOR. ALSO GIVEN ARE
THE ANALYTICAL UPPER AND LOWER BOUNDS FROM (18)

TABLE II
SLOPE OF OPTIMAL LINEAR APPROXIMATION TO BNE FOR CRS AND

LOGICAL CHANNELS FOR GAUSSIAN NOISE/PRIOR. ALSO GIVEN ARE
THE ANALYTICAL UPPER AND LOWER BOUNDS FROM (23)

Then each CR can use Algorithms 1 and 2 for learning the
best linear approximation to the BNE. Each CR deploys the fol-
lowing decentralized real time protocol:

Step 1: In current logical channel , update
user and channel profile to determine channel occupancies,

, channel quality prior . Here is com-
puted as the posterior from previous stage. It is computed via a
Kalman filter (21) for Gaussian noise/prior, a Hidden Markov
model filter for Markov chain primary user dynamics, or more
generally a sequential Markov-chain Monte Carlo method for
nonlinear/non-Gaussian state space model.

Step 2: Use Algorithm 2 with Algorithm 1 to estimate best
linear switching curve for BNE.

Step 3: Use spectrum sensing on the logical chan-
nels to obtain . Then deploy strategy linear BNE

stay leave [see (25)]. Then go to Step 1.

V. NUMERICAL EXAMPLES

Our goal here is to illustrate the structure of the Bayesian
Nash equilibrium (BNE) for the interacting multivariate global
game comprising of several CRs competing for multiple logical
channels. For logical channels, the BNE strategy can be

plotted in 2 dimensions and so visualized. (Note, for ,
, see (3)). So to provide more insight, exam-

ples (i), (ii) shown below, deal with logical channels
and a total of CRs. (As can be seen from Algorithm 1
and 2, the choice of does not affect the computational com-
plexity of the simulation). In example (iii) below, we deal with

logical channels and . Our simulations below
consider example 1 of Section II-B, namely, the IEEE 802.11
DCF utility function (4). We also did numerical experiments on
the second example of Section II-B, but due to lack of space
these are omitted.

i) Illustration of Sufficient Conditions: Recall (17),
(22) guarantee that the BNE is defined by a monotone
switching curve for uniform prior/noise and Gaussian
prior/noise. In Fig. 3, we illustrate these sufficient con-
ditions for different noise variances, load and utility
scaling constant in (3). The region above each line
satisfies the sufficient condition. We chose log-
ical channels, CRs, the IEEE 802.11 DCF
utility function (4) with . For the
Gaussian case, the prior was chosen as
and . Fig. 3 shows that with increasing
load , the sufficient conditions (17) and (22) become
more restrictive. In Examples (ii) and (iii) we operate in
regions where these sufficient conditions hold.

ii) Linear switching curve approximation to BNE: Our
goal here is to illustrate how the optimal linear hyperplane
approximation (25) of the BNE behaves
with scaling constants and , and prior statistics.
Recall from (25), is the slope of the linear switching
curve and is the “y-intercept.” The optimal linear hy-
perplane was first computed using brute force search to-
gether with Algorithm 1 (to evaluate utility) over the 2 di-
mensional space of all slopes and y-intercepts. Then we
used the SPSA Algorithm 2 together with Algorithm 1 to
evaluate the utility. Since the SPSA algorithm converges
to a local optimum, we carefully initialized the algorithm
using bounds derived in Theorem 3.3 and 3.4. Our nu-
merical experiments found that within the confines of this
bound there were no local optima.
Effect of scaling constants and : Fig. 4 plots the
estimates of for the uniform noise/prior case and
Gaussian noise/prior case. As might be expected intu-
itively, increases with , i.e., the better the quality of
channel 1, the more likely the CR will remain in channel
1. Also shown are the upper and lower bounds for
obtained from (18) for the uniform case and (23) for the
Gaussian case. [These “y-intercept” bounds are obtained
by setting in (18) and (23), respectively.] Notice
that for , the y-intercept decreases with

meaning that the more attractive logical channel
2 becomes, the more likely a CR will move out of the
channel 1. But for larger values of , the graphs of
for and cross each other. This means
that for larger values of , the y-intercept increases
with . This reveals a complex interaction between
the CRs—channel 2 having high quality does not imply
that a CR will leave channel 1. The CR instead rationally
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Fig. 3. Illustration of sufficient condition (17) for uniform prior and noise, and
(22) for Gaussian prior and noise for CRs and logical chan-
nels. The region above each line satisfies the sufficient condition for the BNE to
comprise of a monotone switching curve. (a) Uniform noise/prior (b) Gaussian
noise/prior.

predicts that several other users may jump to channel 2,
thus making remaining in channel 1 more attractive.
Tables I and II show the slope of the linear switching
curve decreases with , and increases with . The
table also gives the analytical upper and lower bounds
computed via (19), (24), respectively.
Effect of Prior: Table III illustrates the behavior of the
slope and y-intercept with prior variance
for the Gaussian case [see (20) for notation]. We chose

and load . As can be
seen, the linear switching curve moves downward [i.e.,
from Fig. 1(b), a CR is more likely to stay in its cur-
rent logical channel] as the noise variance
increases. This makes sense since for large observation
noise, the Kalman filter essentially uses the prior as the
estimate. Given that we chose the priors with zero mean, it

Fig. 4. Behavior of optimal linear switching curve approximation to Bayesian
Nash equilibrium for CRs and logical channels. (a) Uniform
prior/noise. (b) Gaussian priori/noise. The figures shows how the “y-intercept”

of the linear switching curve behaves with scaling constants and
in utility function. Also shown are the analytically obtained lower and upper
bounds from Theorem 3.3. (a) Uniform noise/prior. (b) Gaussian noise/prior.

TABLE III
EFFECT OF GAUSSIAN PRIOR ON LINEAR APPROXIMATION TO

BNE SWITCHING CURVE

is easily verified from (3) that as the posterior density con-
verges to the prior, the reward for staying become larger
than the reward for leaving the channel.

iii) Estimation of Linear Hyperplane Switching Curve:
We now illustrate the SPSA Algorithm 2 (together with
Algorithm 1) for an example comprising of logical
channels and users. The parameters chosen were
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Fig. 5. The figure illustrates how individual CRs can learn the best linear ap-
proximation to the Bayesian Nash equilibrium using Algorithms 1 and 2. The
figure shows that the mean square error estimate of the linear switching
curve decreases with iteration of the SPSA Algorithm 2. The model comprises
of logical channels with CR users. (a) Parameter estimates (b)
Mean square error.

.
It is easily verified that the sufficient condition (22) holds
so that the BNE is characterized by a monotone switching
curve. Note that the monotone BNE switching curve is
now a 4 dimensional hyper-surface in parameterized
by [see (26)]. Fig. 5 illustrates the per-
formance of the SPSA Algorithm 2 where the cost was
evaluated using Algorithm 1. Fig. 5(a) shows the evo-
lution of the estimates of with iteration . We chose
initial estimate . After 100
iterations of the SPSA algorithm the estimate obtained
was .
As can be seen from the Fig. 5(b), the mean square error

(26) rapidly decreases with iteration . It is inter-
esting to note that the mean square error is very close to
zero, implying that the linear hyperplane approximation
to the BNE is extremely accurate.

VI. CONCLUSION

We have modeled the decentralized dynamic spectrum access
problem amongst cognitive radio users as interacting multi-
variate global games, where denotes the number of logical
channels. The key result presented are sufficient conditions on
the utility function and noise distributions that ensure the BNE
is characterized by a monotone switching curve (in other words,
the BNE strategy is opportunistic). We also bounded the BNE
switching curve in terms of hyperplanes and gave bounds on its
derivative. We presented a learning algorithm that each CR can
deploy to learn the BNE in real time. In numerical examples, we
presented extensive results on the structure of the BNE when
the utility function comprises of the IEEE 802.11 distributed
coordination function (DCF). We showed that the BNE exhibits
complex behavior in that even though it senses another channel
to have higher quality, it may not necessarily jump to this other
channel since it may predict that other CRs may congest this
channel.

APPENDIX

Our proofs below use multivariate stochastic orders and su-
permodularity, see [16]. We first review these concepts and then
present the proofs of the theorems.

Denote the componentwise partial order on by , i.e.,
for and , then
(equivalently, ) if for all . De-
fine to be increasing if implies .
Next for , define the lattice opera-
tors (element-wise maximum) and (element-wise
minimum) as

.
Definition A.1:
i) A pdf multivariate first order stochastically domi-

nates another pdf if for all increasing functions
.

ii) A pdf TP2 dominates a pdf , denoted as
, if for .

iii) Result: [16] TP2 dominance implies first order multi-
variate stochastic dominance.

Remark: For univariate pdfs, Definition A.1(i) reduces to first
order stochastic dominance; Definition A.1(ii) reduces to mono-
tone likelihood ratio (MLR) dominance. The following result
from [17] relates TP2 dominance of likelihoods to TP2 domi-
nance of a posteriori distributions.

Lemma A.1 (Theorem 4 [17]): Given a prior , then the
posterior density for iff for
all , the likelihoods satisfy .

Therefore from Definition A.1, we have the following lemma.
Lemma A.2: increasing on and

implies for
.

We next define the key concept of supermodularity [18].
While supermodularity can be defined on general lattices with
an arbitrary partial order, here we restrict the definition to
with componentwise partial order defined above.

Definition A.2 (Supermodular Function): A function
is supermodular for and if
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for . A function
is submodular if is supermodular.

In simple terms, a supermodular function of two vari-
ables has increasing differences [18]. The most important
feature of a supermodular (submodular) function is that

increases (decreases) in its argument . Such
“complementarity” is widely used in game theory and stochastic
control [18].

Lemma A.3 [18]: If is supermodular, then
is increasing on , i.e.,

.
Proof of Theorem 3.1: From Lemma A.3, it suffices

to show that is supermodular in
and submodular in . That is, it suffices to show that

is increasing in
and decreasing in . Next from Lemma A.2, a sufficient
condition for this are conditions C1) and C2).

For notational convenience define the variable
as

(31)

We start with some elementary properties of we will
require subsequently.

Lemma A.4: defined in (15) satisfies
and

(32)

Proof: From the definition of in (15), it follows

(33)

The last inequality follows since is monotone increasing
from Theorem 3.1 (ii). Finally, since pdfs are nonnegative, (32)
follows from (33).

Before presenting the proofs of Theorems 3.3 and 3.4, we first
prove Theorem 3.2 which was a sufficient condition for C1).

Proof of Theorem 3.2: C1) is equivalent to
and

, where
. Evaluating

these derivatives straightforwardly yields that a sufficient
condition for C1) is

(34)

providing and for
. But since , these inequalities hold from

Lemma A.4. Now a sufficient condition for (34) is

(35)

Then using (32) of Lemma A.4 proves the theorem.
Theorem A.1: For the case of a linear Bayesian estimator,

i.e., when , then the derivative
of the switching curve Bayesian Nash equilibrium is bounded as
follows (providing

):

(36)

Proof: Note from (14) that the switching curve
specifies the region

with (37)

Substituting , and differentiating
with respect to , yields

(38)

Now

(39)

(40)
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Then substituting (40) into (38) proves the right-hand inequality
of (36). The proof of the left-hand inequality is similar and
omitted.

Proof of Theorem 3.1: For uniform case, we can obtain
tighter bounds than in Theorem A.1. Under assumption (U), it
is easily seen that . So from (37), with

, we immediately have (18).
Differentiating (37) with respect to , yields

(41)

As in (39), let us evaluate . The first term
on the RHS of (39) becomes

where denotes the Dirac delta function. The second term
on the RHS of (39) becomes

Therefore

(42)

where

and similarly . Substituting
these expressions into (42) and then substituting (42) in (41),
yields the result.

Proof of Theorem 3.4: For the Gaussian case, from the
Kalman filter equations we have .
Therefore from (37), we have

with (43)

Then with , the above equation with
, yields (23).

We now use Theorem A.1. For the Gaussian case, the poste-
rior distribution is (21)

Then it is easily verified that

Then substituting these into (36) of Theorem A.1 yields (24).

REFERENCES

[1] L. Karp, I. H. Lee, and R. Mason, “A global game with strategic substi-
tutes and complements,” Games Econom. Behav., vol. 60, pp. 155–175,
2007.

[2] Q. Zhao and B. M. Sadler, “A survey of dynamic spectrum access,”
IEEE Signal Process. Mag., vol. 24, no. 3, pp. 79–89, May 2007.

[3] H. Carlsson and E. van Damme, “Global games and equilibrium selec-
tion,” Econometrica, vol. 61, no. 5, pp. 989–1018, Sep. 1993.

[4] S. Morris and H. S. Shin, “Global games: Theory and applications,”
in Advances in Economic Theory and Econometrics: Proceedings of
Eight World Congress of the Econometric Society. Cambridge, U.K.:
Cambridge Univ. Press, 2000.

[5] V. Krishnamurthy, “Self-configuration in dense sensor networks via
global games,” IEEE Trans. Signal Process., vol. 56, no. 10, pp.
4936–4950, 2008.

[6] C. Chamley, Rational Herds: Economic Models of Social Learning.
Cambridge, U.K.: Cambridge Univ. Press, 2004.

[7] X. Liu, E. K. P. Chong, and N. B. Shroff, “Opportunistic transmission
scheduling with resource sharing constraints in wireless networks,”
IEEE J. Sel. Areas Commun., vol. 19, no. 10, pp. 2053–2064, Oct. 2001.

[8] A. Farrokh and V. Krishnamurthy, “Opportunistic scheduling for
streaming users in HSDPA mutimedia systems,” IEEE Trans. Multi-
media, vol. 8, no. 4, pp. 844–855, 2006.

[9] G. Bianchi, “Performance analysis of the IEEE 802.11 distributed co-
ordination function,” IEEE J. Sel. Areas Commun., vol. 18, no. 3, pp.
535–547, Mar. 2000.

[10] M. Maskery, V. Krishnamurthy, and Q. Zhao, , V. Bhargava and E.
Hossain, Eds., “Game theoretic learning and dynamic pricing for
cognitive radio,” in Cognitive Wireless Communications. New York:
Springer-Verlag, 2007, pp. 303–326.

[11] P. R. Milgrom and R. J. Weber, “Distributional strategies for games
with incomplete information,” Math. Operat. Res., vol. 10, pp.
619–632, 1985.

[12] A. Mas-Colell, M. Whinston, and J. Green, Microeconomic Theory.
Oxford, U.K.: Oxford Univ. Press, 1995.

[13] S. Karlin and Y. Rinott, “Classes of orderings of measures and related
correlation inequalities. I. Multivariate totally positive distributions,” J.
Multivar. Anal., vol. 10, pp. 467–498, 1980.

[14] J. Spall, Introduction to Stochastic Search and Optimization. : Wiley,
2003.

[15] H. J. Kushner and G. Yin, Stochastic Approximation Algorithms and
Recursive Algorithms and Applications, 2nd ed. New York: Springer-
Verlag, 2003.

[16] A. Muller and D. Stoyan, Comparison Methods for Stochastic Models
and Risk. New York: Wiley, 2002.

Authorized licensed use limited to: The University of British Columbia Library. Downloaded on November 12, 2009 at 20:35 from IEEE Xplore.  Restrictions apply. 



KRISHNAMURTHY: DECENTRALIZED SPECTRUM ACCESS AMONGST COGNITIVE RADIOS 4013

[17] W. Whitt, “A note on the influence of the sample on the posterior dis-
tribution,” J. Amer. Statist. Assoc., vol. 74, pp. 424–426, 1979.

[18] D. M. Topkis, Supermodularity and Complementarity. Princeton, NJ:
Princeton Univ. Press, 1998.

Vikram Krishnamurthy (S’90–M’91–SM’99–
F’05) was born in 1966. He received the Bachelor’s
degree from the University of Auckland, New
Zealand, in 1988, and the Ph.D. degree from the
Australian National University, Canberra, in 1992.

He currently is a professor and Canada Research
Chair with the Department of Electrical Engineering,
University of British Columbia, Vancouver, Canada.
Prior to 2002, he was a Chaired Professor with the
Department of Electrical and Electronic Engineering,
University of Melbourne, Australia, where he also

served as Deputy Head of that Department. His current research interests in-
clude computational game theory and stochastic control in sensor networks,
and stochastic dynamical systems for modeling of biological ion channels and
biosensors.

Dr. Krishnamurthy has served as an Associate Editor for several jour-
nals, including the IEEE TRANSACTIONS AUTOMATIC CONTROL, IEEE
TRANSACTIONS ON SIGNAL PROCESSING, IEEE TRANSACTIONS AEROSPACE
AND ELECTRONIC SYSTEMS, IEEE TRANSACTIONS CIRCUITS AND SYSTEMS
B, IEEE TRANSACTIONS NANOBIOSCIENCE, and Systems and Control Letters.
During 2009 and 2010, he serves as Distinguished Lecturer for the IEEE Signal
Processing Society.

Authorized licensed use limited to: The University of British Columbia Library. Downloaded on November 12, 2009 at 20:35 from IEEE Xplore.  Restrictions apply. 


