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Abstract—Decentralized activation in wireless sensor networks
is investigated for energy-efficient monitoring using the theory of
global games. Given a large number of sensors which can operate
in either an energy-efficient “low-resolution” monitoring mode, or
a more costly “high-resolution” mode, the problem of computing
and executing a strategy for mode selection is formulated as a
global game with diverse utilities and noise conditions. Each sensor
measures its environmental conditions in noise, and determines
whether to enter a “high-resolution” mode based on its expected
contribution and energy cost, which relies on Bayesian estimates
of others’ observations and actions. We formulate Bayes-Nash
equilibrium conditions for which a simple threshold strategy is
competitively optimal for each sensor, and propose a scheme for
decentralized threshold computation. The threshold level and its
equilibrium properties depend on the prior probability distribu-
tion of environmental conditions and the observation noise, and
we give conditions for equilibrium of the threshold strategy as a
function of the prior and observation noise. We also illustrate an
interesting phase transition property of the Nash equilibrium for
high congestion or low noise variance.

Index Terms—Decentralized activation, global games, Nash
equilibrium, phase transition, threshold policies, wireless sensor
networks.

I. INTRODUCTION

W IRELESS sensor networks, as an emerging technology,
promise to achieve high-resolution monitoring in

difficult environments by placing sensors up close to the phe-
nomena of interest. To be practical, such networks must be
flexible, energy efficient, and as self-regulating as possible. To
achieve these goals, it is natural to respond to the decentralized
awareness of a sensor network with decentralized information
processing for proper operation. The idea is that if each sensor
or small group of sensors can appropriately adapt their behavior
to locally observed conditions, they can quickly self-organize
into a functioning network, eliminating the need for difficult
and costly centralized control. The goal of this paper is to
develop a global games approach to sensor mode configuration
in sensor networks.

To illustrate a typical global game, consider the following
analogy comprising of a large number (actually a continuum) of
patrons that can choose to go to a bar [1]. Each patron receives
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noisy information about the quality of music playing at
the bar. Based on this noisy information the patron can choose
either to go or not go to the bar. If a patron chooses not to go
to the bar, he receives no reward. If the patron goes to the bar,
he receives a reward where is the pro-
portion of patrons that decided to go to the bar. Here, typically

is an increasing function of meaning that the better the
music quality, the higher the reward to the patron if he goes to
the bar. On the other hand, is typically a quasi-concave
function with . The reasoning is: If too few patrons
decide to go, i.e., is small, then is small due to lack of
social interaction. If too many patrons go to the bar, i.e., is
large, then is also small due to the crowded nature (con-
gestion) of the bar. Each patron is rational and knows that other
patrons who choose to go to the bar will also receive the reward

. Each patron also knows that other patrons know
that he knows this, and so on, ad infinitum. So each patron can
predict rationally (via Bayes’ rule, see Section II-E) given its
measurement , what proportion of patrons will choose to go
to the bar. How should the agent decide rationally whether to go
or not to go to the bar to maximize his reward?

The above bar problem is an example of a global game
[1], [2] and is an ideal method for decentralized coordination
amongst agents. The example draws immediate parallels with
decentralized sensor mode selection in large scale sensor
networks. Consider a dense data-aware sensor network approx-
imated as a continuum of sensors. By data-aware, we mean that
based on its measurements, each sensor computes an estimate

of the quality (or importance) of information present in
the data. Each sensor then decides whether to transmit or not
to transmit its data to a base station (or alternatively, whether
to switch to high resolution sensing and transmission or low
resolution monitoring). Let denote the fraction of sensors
that decide to transmit. If too few sensors transmit information,
then the combined information from the sensors at the base
station is not sufficiently accurate. (Assume that the base
station averages the measurements of the sensors—so the more
sensors that transmit, the lower the variance and the more ac-
curate the inference). If too many sensors transmit information,
then network congestion (assuming some sort of multiaccess
communication scheme) results in wasted battery energy. How
should the sensor decide in a decentralized manner whether
or not to transmit to maximize its utility ? This
paper exploits the theory of global games to achieve effective
decentralized sensor network operation with minimal commu-
nication. The theory of global games was first introduced in
[3] as a tool for refining equilibria in economic game theory,
see [2] for an excellent exposition. The term global refers to
the fact that players at each time can play any game selected
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from a subclass of all games, which adds an extra dimension to
standard game-play (wherein players act to maximize their own
utility in a fixed interactive environment). Global games model
the incentive of sensors (players) to act together or not. The
incentive of a sensor to act is either dampened or stimulated
by the average level of activity of other sensors (which we
denoted as above). This is typical in a sensor network where
one seeks a tradeoff between energy consumed and accuracy
of measurement. We refer the reader to [4, Ch. 11], for an
excellent treatment of the area including economic market
examples such as speculative attacks against a currency with
fixed exchange rate which are modeled as global games. In a
global game, each player observes a noisy signal indicating
which of several possible games is being played, given that
other players receive similar noisy signals. Since a player’s
utility depends on others’ actions, the first step in evaluating
alternatives is to predict (conditional on their signal) the actions
of others. These predictions are based on what other sensors
predict which in turn depend on what other sensors predict and
so on. Such a seemingly intractable problem has been analyzed
in [1]–[3]. An important result in this area, originally due to
[3], is that under reasonable conditions, the Nash equilibrium
strategy of each sensor reduces to a single threshold value. Such
policies are of interest in sensor networks due to the simplicity
of implementation and autonomous learning. Characterization
of the structural behavior of such Nash equilibria motivates our
paper.

Main Results: Our main results are as follows.
1) Autonomous sensor mode selection formulation as a global

game: In Section II, we devise a global game framework in
which each sensor acts as an independent entity to optimize
its operation based on environmental signals and predic-
tions about other sensors’ behavior. We consider sensors
which can operate in either an energy-efficient “low-reso-
lution” mode, or a more expensive “high-resolution” mode,
and seek to configure sensors’ strategies for mode selec-
tion. This allows us to specify an event-driven framework,
adapted to the particular sensor network environment, in
which sensors operate at low resolution until a target signal
of sufficient intensity is received, at which point high-res-
olution monitoring and data transmission are initiated.

2) Existence of Threshold Nash Equilibria for Global Game:
Our main theoretical result in Section III is to present suffi-
cient conditions on the utility function and noise statistics
so that a simple threshold mode selection strategy pro-
vides competitively optimal (Nash equilibrium) behavior
for each sensor; see Fig. 1.
In general, a Nash equilibrium policy (if it exists) can be
an arbitrary function of the measurement at sensor .
So sufficient conditions that yield threshold Nash policies
are of great interest since they are readily implementable
at each sensor and can be learnt and adapted in real time.
Each sensor simply needs to estimate/learn its switching
point (see Fig. 1), rather than an entire function.
In [1], is assumed linear in , while we assume it
to be an arbitrary differentiable increasing function. Also
we extend previous work in global games in [1], [2] to
the case where both observation noise and utility functions

Fig. 1. Threshold Nash Equilibrium Policy for sensor with switching point
. For measurement , sensor switches to the High-res mode; for

measurement , sensor switches to Low-res mode.

may vary between sensors (players). While this compli-
cates the analysis, we are still able to characterize threshold
equilibrium strategies where they exist, although players
of different classes now have different thresholds. Given a
prior probability distribution for sensor information, which
is observed in either Uniform or Gaussian noise, we for-
mulate the Nash equilibrium mode selection thresholds as
the solution to set of integral equations. By using a novel
proof based on monotone likelihood stochastic ordering,
we present easily verifiable sufficient conditions for the
Nash equilibrium to be a threshold policy. The structure of
the solution is examined for limiting low noise conditions,
which are particularly important when sensors accumulate
and average information over time.

3) Behavior of Threshold Nash Equilibria with measure-
ment averaging: Having given sufficient conditions on
the existence of threshold Nash equilibria, we give a
decentralized algorithm for computing this policy based
on an iterative best strategy response between sensor
classes. Section IV-A presents these results. Our next task
(Section IV-B) is to analyze the behavior of such policies.
We consider that case where sensors average their mea-
surements over time. We show the interesting result that
as the state estimate improves over time, there can be a
sudden phase transition in the behavior of the threshold
Nash equilibrium. In particular, when the variance of the
estimate drops below a critical value, a threshold policy
is no longer a Nash equilibrium. The Nash equilibrium
becomes highly complex and unpredictable, see [1] and
Section IV-B. While such phase transitions in the global
behavior of a sensor network are remarkable from a
mathematical point of view, the associated erratic global
behavior is not desirable for a practical sensor network.

1) Context. Why Game Theory?: Game theory is a natural
tool for describing self-configuration of sensors, since it models
each sensor as a self-driving decision maker. A good overview
of methods and challenges in this area are given in [5] and the
references therein. Despite the practicality and insight provided
by global game models, and despite the popularity of game the-
oretic approaches in the field of sensor networks, we are not
aware of any other work applying global games in the realm of
sensor networks.

Given the tight energy budget of current sensor networks,
self-organization and self-configuration are particularly impor-
tant for efficient operation [6], [7], and have been applied to
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such diverse problems as routing, topology control, power con-
trol, and sensor scheduling. For mode selection, self-configura-
tion allows sensor networks to efficiently extract information, by
adjusting individual sensor behavior to “form to” their environ-
ment according to local conditions. Since environments evolve
over time, and since centralized organization is costly in terms
of communication and energy, self-configuration of sensors is
the most feasible method for adapting sensors for this purpose.
This leads to robust, scalable and efficient operation since a cen-
tral authority is not required. Another feature of our approach is
that it is event-driven, since it relies on environmental signals
for mode selection. This is common for unattended sensor net-
works for target detection and tracking [8]–[11], allowing sen-
sors to act in a decentralized fashion, based on the occurrence
of a target event. Moreover, this approach allows us to account
for spatial correlation of events and possible contention in the
MAC layer to efficiently and reliably deliver information to an
end user. The event-driven approach here is closely related to
that of [10] and [11], in that energy is conserved by realizing
that not all sensors need to transmit data to obtain an adequate
picture of events.

The rest of this paper deals with self-configuration and equi-
librium operation of sensors through a global game model for
mode selection. Section II presents the mode selection decision
problem as a game. Section III then motivates and defines a case
in which threshold decision rules are in Nash equilibrium (i.e.,
competitively optimal for each sensor), and gives precise for-
mulations and conditions for threshold equilibrium when noise
in the global game is either uniform or Gaussian. Section IV
details a decentralized iterative procedure for self-configura-
tion of thresholds, which converges and considers the limiting
case where sensors reduce noise through cumulative averaging
of information. Finally, numerical examples are presented in
Section V.

II. A GLOBAL GAME FOR SENSOR MODE SELECTION

1) Some Perspective: Global games study interaction of a
continuum of players who choose actions independently based
on noisy observations of a common signal. This is appropriate
for sensor networks, which rely on imperfect information, and
have limited coordination capabilities. The goal of each sensor
is to determine a decision rule for mode selection based on a
noisy environmental signal. A global game analysis allows us to
account for complex sensor behavior, based on translating noisy
environmental observations into predictions of other sensors’
behavior and then into actions. Sensors, imperfectly aware of
their environment, choose their best action, assuming that other
sensors have information similar to their own. Moreover, each
sensor is aware that others are predicting its own behavior, that
they are aware that it is aware, and so on. The eductive reasoning
process [4], [12] by which sensors iteratively (and without in-
teraction) hypothesize policies and predict reactions to arrive at
an optimum, is the justification for the Nash equilibrium con-
ditions considered in this paper. The resulting equilibrium has
interesting artifacts, such as a bias or clustering effect, see [4].

Another commonly studied aspect of global games is strategic
supermodularity (complementarity) or submodularity (substi-

tutability) of actions. This is the property that each sensor’s in-
centive to switch to a higher action is increasing (respectively,
decreasing) in the average action of other sensors. Either prop-
erty leads to simple, threshold forms for the Nash equilibrium
strategy, and we follow [1] in showing how these conditions can
be somewhat relaxed while still retaining the threshold property.
This is critical to practical implementation, since simple sensors
cannot be expected to execute highly complex policies.

In the rest of this section we describe the sensor mode selec-
tion model in detail, as a global game problem, and characterize
the optimal strategy to be implemented by each sensor.

A. Sensor Measurement Model and Examples

1) Sensor Mode: As is typical in global games [1], [2], [4],
we consider a continuum of sensors (which can be thought of as
the limiting case when the number of sensors goes to infinity).
Each sensor can choose to collect information either in a low-
resolution or high-resolution mode. That is each sensor chooses
action

(1)

Assume that a sensor only transmits data when in high-resolu-
tion mode.

2) Sensor Class: To allow for sensor diversity, we consider
multiple classes of sensors. We assume that each of the sensors
can be classified into one of possible classes, where denotes a
positive integer. Let denote the set of possible
sensor classes. Let

denote the proportion of sensors of class

so (2)

All sensors of a given class are assumed to be functionally
identical, having the same measurement noise distribution and
utility function. Since the noise distribution and reward param-
eters will never be known precisely, it is reasonable to perform
this type of classification; it is simply a rough division of sensors
based on how well they are positioned. Physically, a sensor’s
class depends on factors such as the variance of its (low-resolu-
tion) measurements, the quality of its high-resolution measure-
ments, and the energy required for it to transmit data (a function
of its location in the network).

Notation: We use superscript to denote specific sensors
and subscripts , to denote sensor classes.

3) Environment Quality and Estimate : Suppose each
sensor continuously monitors for events of interest (e.g., mag-
netic, mechanical or heat signals with a given signature). Let
denote the actual environmental quality. We assume that each
sensor can obtain an unbiased measurement of , although the
quality of these measurements may vary between sensors due
to variable noise conditions. Sensor ’s estimate of can be
written as

(3)

where is a random variable representing measurement
noise (assumed independent between sensors). We assume all
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sensors in a given class have the same prior probability
distribution for and noise distribution. So with
denoting the measurement noise density at all sensors in class

, we have

(4)
Define the cumulative distribution function of the noise at class

sensors as . Denote the noise variance of class sen-
sors as

(5)

4) Proportion of “Active” Sensors : Let represent the
proportion of sensors of class that are active, that is in
high-resolution mode, at a given time. Define the activity vector
profile

(6)

Thus the proportion of all active sensors, which we denote as
is .

B. Reward Function and Mode Selection Policy of Each Sensor

The task of the sensor network is to ensure that its end
users are sufficiently informed of the environment, without
expending more effort than required. We consider an au-
tonomous decision model, where each sensor supports
this goal by independently deciding whether to pick ac-
tion , based only
on its measurement . This reduces costly active mes-
sage passing for coordination between sensors. Given the
activity vector profile , each sensor chooses action

so as to maximize the
expected value of a local reward: see (7) at the bottom of the
page. That is, we assume that the reward function of each
individual sensor in class is the same. represents the
quality of information about environment quality obtained
by a sensor in class . Typically is chosen as an in-
creasing function of —so that the higher the quality of the
information, the more incentive a sensor has to transmit the
information. is the reward earned by each sensor in class

when the proportion of active sensors is ; details are given
below. We assume is continuously differentiable with
respect to each , .

Given its observation in (3), the goal of each sensor is
to execute a (possibly randomized) strategy to optimize its local
reward. That is, sensor seeks to compute policy

to maximize (8)

where is a collection of strategies of
all sensors.

The term in (7) represents the tradeoff between net-
work transmission throughput versus global mean square error.
Typically, is chosen so as to increase for small values of

(close to zero) and decrease for large (close to one). In
[1], (for a single sensor class) is chosen as a quasi-concave
function of .

1) Example: Assume the sensors use a carrier sense mul-
tiple access (CSMA) protocol for transmitting data to the base
station. Then sensors are in the High_Res mode. Assume
each sensor is allowed a maximum of retransmissions per time
slot. Let denote the probability that a sensor is transmitting
at a given time instant. Since all sensors act independently, the
network throughput (probability of successful transmission) is

and decreases with ; see
[13, Eq. 4]. Also the mean square error (mse) computed at the
base-station by averaging the class sensor measurements is

(since the measurement noise between sensors is
assumed independent) which decreases with . Suppose we
choose (recall )

Throughput
mse of class

(9)

Thus, for small , since the mse of estimation obtained by av-
eraging measurements is large (due to small number of active
sensors), there is incentive to increase , i.e., incentive for a
sensor to turn on. However, for large , too many sensors are
active and cause inefficiency due to increased packet collisions
and consume increasing amounts of energy. Thus, for large ,
due to increased congestion and energy consumption there is in-
centive for a sensor to turn off. The above model is in contrast
to the supermodular cases [2], [4], where the utility is monotone
in .

Remarks:
i) We will also consider the special case when the reward

depends only on the proportion of all active sensors
, i.e., .

ii) In the bar analogy, the different classes of sensors can
be viewed as different classes of patrons—e.g., class 1
patrons discern the quality of the guitar player from the
music, class 2 patrons discern the quality of the pianist,
etc. Then could relate to the degree of so-
cial interaction guitar fans prefer with other guitar fans in
the bar (that number ) and pianist fans (that number

).

if
if

sensors class (7)
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C. Examples and Discussion

1) Detection of Stationary Correlated Random Fields: Con-
sider the model used in [14]. Sensors measure a one dimensional
signal field denoted which is formulated as the stationary so-
lution of a stochastic differential equation. At each sensor , the
observation is given by (see [14] for details)

if nosignal is present

if signal is present.
(10)

Here are measurement noises, with known vari-
ance and independent from sensor to sensor. Let de-
note the distance between the th and th sensor. The
dynamics of the signal samples are given by

, ,
where . As outlined in [14], due to the sta-
tionarity of the signal field, the SNR of the observations at each
sensor is a constant . In our notation, this example corre-
sponds to the special case of one class of sensors .
With denoting the information quality (SNR), let
the estimate of the SNR at each sensor be denoted as

. Here denotes the estimation error of the SNR
at sensor . Since the larger the actual SNR , the more im-
portant the measurement (since from (10) it indicates possible
presence of a signal), it is natural to model the reward as
increasing in .

2) Magnitude of Events: Consider the case when sensors reg-
ister the magnitude of an event such as a footstep or concentra-
tion of a chemical. The average intensity of footstep energy or
concentration is denoted while the estimate is denoted . If
such magnitudes are measured on a logarithmic scale (decibels
for sound or pH scale for concentration) then it is reasonable to
model as a zero mean Gaussian. Because larger intensity
or concentration reflects higher importance of the data,
is an increasing function of .

3) Rate of Events: Consider thermal sensors monitoring a
possible forest fire. Let denote the measured rate of the
number of times the measured temperature exceeds a prespec-
ified threshold over some time window . (A higher rate in-
dicates a higher probability of fire.) Then
where is the true rate and is the measurement error. By
the central limit theorem is approximately Gaussian for
large window length . The larger is, the more important the
information is, as it indicates possibility of a fire. Other exam-
ples include: measuring the number of times the concentration
of chemicals exceed a particular amount, measuring the rate of
occurrence of a particular signature profile indicating footsteps.

D. Threshold Mode Selection Policies

We are interested in characterizing conditions under which a
threshold strategy deployed at each sensor is optimal in a local
sense [with respect to (8)] and is a Nash equilibrium for the
entire network.

Definition 2.1 (Threshold Strategies): For any sensor , let
denote a realization of the random observation in (3).

Then a threshold mode selection strategy is characterized

by

if
if .

(11)

Here, the constant is called the threshold or switching
point; see Fig. 1.

For a class of sensors , a symmetric threshold strategy ,
is a threshold strategy (11) such that all sensors have the
same switching point .

The fact that we want sensors to autonomously decide when
to switch modes, does not imply that a sensor should switch
to “High_Res” and transmit information whenever its measure-
ment is sufficiently large, since it may be better to exploit
signal correlation by remaining idle and relying on others to
act instead. The optimal strategy depends on the expected be-
havior of the other sensors’ behavior through the proportion
of sensors choosing action “High_Res.” This in turn depends
on the strategy of the other sensors. We are therefore interested
in determining a collection of strategies for each sensor that are
simultaneously optimal, i.e., in Nash equilibrium. (If a sensor
unilaterally departs from a Nash equilibrium it is worse off).

Definition 2.2 (Threshold Nash Equilibrium): A collection
of strategies is a Nash equilibrium if each is optimal [in
the sense of (8)] for Sensor given activity vector profile .
If the Nash equilibrium policy for every sensor in class is a
threshold policy (11) with the same threshold point for all
sensors , then a symmetric threshold Nash equilibrium is
obtained.

If we can prove that the Nash equilibrium comprises of
threshold strategies, then the result is of practical importance
since each sensor can implement its optimal policy straight-
forwardly—only a single threshold parameter needs be
computed or specified for each sensor class . The main
aim of this paper is to determine conditions under which
the Nash equilibrium is a collection of symmetric threshold
strategies. The proof of existence of such a structured Nash
equilibrium profile is in two steps: The first step involves
showing that a Nash equilibrium exists amongst the class of
randomized policies. This typically involves the use of an ap-
propriate fixed point theorem, Glicksberg fixed point theorem
in our case. The proof of this is identical to that in [1] and is
omitted. The second step is to prove that the Nash equilibrium
comprises of threshold policies. We focus on this second aspect
in the following theorem (proofs are in the Appendix).

Theorem 2.1 (Optimality of Pure Policies): Consider each
sensor in class with reward function (7). Then the fol-
lowing properties hold for the Nash equilibrium strategy
(see Definition 2.2):

(i) , , is a pure (nonrandomized) policy with

if
if .

(12)

(ii) A necessary and sufficient condition for the Nash equilib-
rium policy to be a pure threshold
policy in the sense of (2.2) is the following: Suppose for
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each class of sensors, there exists a unique switching
point such that for every sensor

(13)

Furthermore the optimal switching point for sensors in
class is the solution of the functional equation

(14)

The first claim of the above theorem states that the Nash equi-
librium obtained by maximizing the utility at each sensor is
a pure policy—that is for a fixed value , the optimal ac-
tion is to pick either “High_Res” or “Low_Res” with prob-
ability one. (In contrast a randomized policy would pick these
actions with some nondegenerate probability). So a graph de-
picting plotted versus consists of piecewise con-
stant segments at values “High_Res” or “Low_Res” and an ar-
bitrary number of jumps between these constant values. Such a
control is often referred to as a “bang-bang” controller in the op-
timal controls literature [15]. The second claim of the theorem
gives further structure to the Nash equilibrium policy, i.e., it is
a step or threshold function of the observation . That is, the
graph of only jumps once upward from “Low_Res”
to “High_Res,” as shown in Fig. 1. The condition (13) means
that as a function of crosses zero
only once at some unique point and that too this crossing is
upward, i.e., the function is less than zero before and greater
than zero after . This single upcrossing condition, however,
is difficult to verify in practice, apart from the special case of a
single sensor class, uniformly distributed noise with uniformly
distributed prior considered in [1]. In Section III, we will es-
tablish the existence and uniqueness of such Nash equilibrium
threshold policies for the uniform and Gaussian noise cases.

Clearly a sufficient condition for a single upcrossing is that
is continuous and monotone increasing

in , and a necessary condition is that at the crossing point ,
the derivative is positive (so that it is an upcrossing as opposed
to a downcrossing). Therefore, from Theorem 2.1 we directly
have Corollary 2.1.

Corollary 2.1:
(i) A sufficient condition for a Nash equilibrium to comprise

of threshold policies is that
in (17) is monotonically increasing in , i.e.,

for all .
(ii) A collection of threshold policies with switching

points , , is not a Nash equilibrium if
at , where

is defined in (17).
Note that it is entirely possible for

to be monotonically increasing and continuous but never cross
zero. Such cases are of little interest as we can set to be a
degenerate threshold. For example, set (where denotes
the minimum of the range of ) if
for all ; and set (where denotes the maximum of the
range of ) if for all .

Statement (i) of the above corollary does not yield conditions
that can be easily verified apart from the single class sensor case

. Statement (ii) will be used to give conditions under
which the Nash policy is not threshold. In Section III, we give
easily verifiable sufficient conditions that ensure threshold Nash
policies for multiple sensor classes, and more useful types of
noise and a priori distributions (such as Gaussian).

E. How Does a Sensor Predict Its Reward?

Implicit in the above formulation, each sensor needs to pre-
dict the activity profile vector (proportion of other sensors
selecting each mode), based on its own noisy observations
of the environment. As aforementioned in the bar analogy in
Section I, sensors are assumed to be rational devices that pre-
dict what other rational players (sensors) do (and other sensors
know this). The Bayesian prediction of and reward (17) are
identical to what is done in stochastic control of partially ob-
served systems such as partially observed Markov decision pro-
cesses. The a posteriori distribution in (17) below
can be viewed as the “information state” [16], and the reward

in (17) is expressed in terms of the
information state.

Sensors in the same class , use the same threshold
strategy for mode selection (see Definition 2.1). So the
proportion of sensors in class that choose action “High_Res”
is equal to the proportion of sensors that receive a signal larger
than . Let denote the proportion of sensors of class

selecting action “High_Res” (relative to the total number
of sensors in class ) given the environmental quality . Since
we are considering an infinite number of sensors that behave
independently, by Kolmogorov’s strong law of large numbers,

is also (with probability 1) the conditional probability
that a class sensor receives signal given ; see [1]
for details. That is

(15)

In Section III we will often omit the explicit dependence of
for convenience.
Lemma 2.1: For a threshold policy with threshold point ,

the proportion of sensors in class that choose action
”High_Res” given is [where below denotes the cdf of
the noise at class ; see (4)]

(16)

(Therefore, the proportion of all sensors that choose action
“High_Res” is where is the propor-
tion of class sensors, .)

As a result, the conditional expectation of reward (7) for
each sensor , is

(17)
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Proof: Given , the probability of for any
sensor of class is . Then using (4), (16)
follows. Also, (17) follows from Bayes’ rule.

This ability to predict the proportion of active sensors, based
only on a noisy signal and assuming rationality of other sensors,
is central to the global game approach; see [1], [2]. It implies
that sensors need only measure , and not in order
to make a mode selection decision. This allows sensors to act
simultaneously, without a costly coordination and consultation
phase. The conditional prediction of (16) and the cost
(17) will be used in the threshold Nash equilibrium results in
Section III.

III. NASH EQUILIBRIUM THRESHOLD STRATEGIES FOR

SENSOR ACTIVATION

The single upcrossing condition (13) of Theorem 2.1 and
Statement (i) of Corollary 2.1 are sufficient conditions for a
threshold Nash policy, but are difficult to verify. In this section,
we give easily verifiable sufficient conditions under which the
threshold strategies for each sensor are Nash equilibria. Such
strategies are simple to implement and learn, since sensors need
only follow a simple threshold rule (11) for mode selection.
Then, for the prior of and being uniformly distributed
(Section III-A) and Gaussian distributed (Section III-B), we will
examine these conditions.

Theorem 3.1: A sufficient condition for a Nash equilibrium
to comprise of threshold policies is that the following conditions
a) and b) hold:

a) The observation probabilities , [see (4)]
for class sensors satisfy

(18)

b) The reward [see (7)] is an increasing function of
and reward satisfies

(19)

In the special case where , a sufficient
condition for (19) is (where )

(20)

Remark: Consider the special case when the reward
depends only on the proportion of all active sensors

, i.e., . Then the above
sufficient condition (19) becomes

(21)

1) Discussion: Conditions (18) and (20) are general enough
to cover several practical examples as we will see later. A

particularly nice feature is that they do not depend on the
statistics of the prior distribution. Even nicer, the left-hand
side (LHS) of (20) is independent of the variable ; it only
depends on the vector variable where each
component . The maximum of the density func-
tion is trivially obtained in most cases.
Thus, (20) can be easily checked for most types of probability
density functions. It does not even require computing the pos-
teriori distribution in closed form. This means that sequential
Markov-chain Monte Carlo methods can be used to approxi-
mate the posterior distribution.

We stress that (18) and (20) are sufficient conditions for
to be increasing in and, thus, for
to cross 0 upward at some unique

point . The proof uses ideas in stochastic dominance
and the monotone likelihood ratio. The intuition behind the
proof is as follows: It is well known [17] that a sufficient condi-
tion for to be increasing in , is that

is monotone increasing in and
is first order stochastically increasing in (formal definitions
and proof are given in the appendix). Condition (19) is a suffi-
cient condition for to be increasing in (simply
by taking derivatives with respect to ). Condition (18) is
sufficient for to be stochastically increasing in

. To deal with the conditioning with respect to in (12),
we need to use a stochastic order that remains invariant with
respect to conditional expectations. The monotone likelihood
ratio order [18] is an ideal choice since it is invariant with
respect to conditioning. We also use a nice result developed by
Whitt (see Lemma A.1) which relates stochastic ordering of
likelihood distributions to stochastic ordering of the posterior
distributions.

A. Nash Equilibrium Threshold Strategies for Uniform
Observation Noise

This section develops the Nash equilibrium threshold strategy
for the case where there is a uniform (noninformative) prior on

, which is observed in uniform noise. So for each sensor

where (22)

[Choosing implies that the noise variance is as de-
fined in (5)]. If sensors are deployed in an unknown environ-
ment, there may be no prior knowledge of the distribution of
environment quality , and the distribution of observation noise
may be unknown. In this case, one may take a conservative ap-
proach, by assuming (22) holds. This approach is taken in [1].
However, [1] only allows for one sensor class; we extend the re-
sults to multiple classes here. The following is our main result
for the threshold Nash equilibrium.

Theorem 3.2: Consider the sensor network with local reward
(7) which defines , , observations (3) and uniform noise
with diffuse prior (22). Assume where
is a constant. Let denote the proportion of sensors of class

. Then the collection of threshold strategies for sensors of
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class is a Nash equilibrium if (where denotes indicator
function):

(23)

Here, the unique switching point of the threshold strategy
(Definition 2.1) satisfies the functional equation

where (24)

The notation above denotes the operation

A collection of threshold strategies (11) with switching points
, is not a Nash equilibrium if

(25)
Remark: In the special case when the reward depends

only on the proportion of all active sensors ,
i.e., , then (23), becomes

(26)

Also (24) and (25) hold with replaced by
.

The threshold strategy switching point above is essentially
an indifference point; if a sensor receives a signal ,
then it will be indifferent between its two modes, since it expects
to receive an expected reward of zero either way. The equilib-
rium condition is really that this point be the only zero-crossing
of the expected reward as a function of

. The solution to (24) be easily obtained numerically, e.g.,
by Newton’s method, or by online adaptive computation, as in
the discussion on self-configuration in Section IV-A.

To gain some intuition into the above result, note that (23)
becomes less restrictive for the larger . This means that
threshold strategies form a Nash equilibrium for sufficiently
large noise variance. On the other hand, as , the
sufficient condition only holds for nondecreasing . To
obtain further intuition, consider the case where the index set

, i.e., there is only one class of sensors.
Corollary 3.1: Under the conditions of Theorem 3.2, for a

sensor network consisting of a single sensor class [i.e.,
in (2); also denote as , as , and as ]. Then

(i) A threshold Nash equilibrium strategy with switching
point exists if .
[This follows from (24), (26)].

(ii) Threshold strategies are not Nash equilibria if
. [This follows from (25)].

Statement (i) is to be compared to Remark 1 of [1, p. 162] where
for the case and quasi-concave , a sufficient condi-
tion for a threshold Nash policy to exist is

. The interpretation in both cases is that if the noise vari-
ance is large, then a threshold Nash equilibrium exists. State-
ment (ii) says that if the noise variance is small then a threshold
Nash does not exist. Thus there is a “ phase transition” in the
global behavior of the system as the variance of the noise de-
creases, see Section IV-B.

Another interpretation of the above Corollary is that the re-
ward cannot fall too much from its beginning to its minimum
value, or from its maximum to its ending value. In the words of
[1], there cannot be too much “congestion” in the system, rela-
tive to the noise.

To gain further intuition and connection with other global
game results, suppose the index set of sensor classes is re-
arranged so that , and consider the special “dis-
joint switching” case where for all

. Note that this does not require the noise variances to be
small.

Corollary 3.2:
(i) Assume the switching points of the threshold strategies

are rearranged so that and
for all . Then from (24), the switching

points are

(27)

(ii) Consider the above assumptions and the special case
where depends only on the proportion of all active
sensors , i.e., . Define

, (where is the proportion of all
sensors of class ). Then from (24), the switching
points are

(28)

Corollary 3.2 reveals a novel result: the “multiclass Lapla-
cian” condition for mode selection. This is analogous to the
single-class version in Corollary 3.1, (see also [1] and [2]),
which can be recovered by considering just one class. This
implies that the mode selection threshold could be equivalently
obtained by simply assuming that the proportion of high
resolution sensors is uniformly distributed over the interval

.

B. Nash Equilibrium Threshold Strategies for Gaussian Priors
and Noise

This section deals with the existence of a Nash equilibrium
threshold strategy when the prior of , and the observation
noise in (3) are Gaussian distributions. That is, for sensor

in class , we assume

where (29)
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Then by well-known properties of the conditional Gaussian dis-
tribution, the a posteriori distribution is

where

(30)

Let , denote the -function (complementary
Gaussian distribution function). Also define

(31)

The threshold values and equilibrium conditions for this case
are given by the following theorem.

Theorem 3.3: Consider the sensor network with local re-
ward (7) which defines , , observations (3) and Gaussian
noise with Gaussian prior (29) which defines , , . As-
sume where is a constant. Let denote
the proportion of sensors of class . Then the collection of
threshold strategies for sensors of class is a Nash equi-
librium if (where below denotes indicator function):

(32)

Also the unique switching point of the threshold strategy
(Definition 2.1) satisfies the functional equation

(33)

A collection of threshold strategies (11) with switching points
, is not a Nash equilibrium if

for any (34)

Here denotes , where is defined in
(31).

Remark: In the special case when the reward depends
only on the proportion of all active sensors ,
i.e., , then (32), (33), (34) become, respectively
( below denotes )

(35)

and

(36)

for any

(37)

1) Discussion: Clearly from (32), if
for all (or for (35) if for all ), then
the threshold strategy for mode selection is a Nash equilib-
rium—this is the well-known case studied in early works on
global games; see [1] for discussion. Moreover, as the observa-
tion noise variance , then (32) is always satisfied. Note
that for a single sensor class, (35) becomes
which is less restrictive than the corresponding case for uniform
noise which was (see Corollary 3.1).

Regarding (33), uniqueness follows by construction, since
by very definition for a threshold policy to exist, the graph of

versus can only cross 0 once. Next,
suppose is nonnegative, as in the example (9). If ,
denote a lower bound and upper bound for , then

(38)

So for large priori variance , it follows that the that
.

Under (34) or (37), a threshold policy is not a Nash equilib-
rium. Intuitively, if in (34) [or in (37)] is negative
and large in magnitude (i.e., there is large network congestion so
that decreases rapidly with ), then since everything else
on the right-hand side (RHS) of (34) is nonnegative, one would
expect (34) to hold. Another case where (34) holds is when the
noise variance is small. In Section V, we plot (34) to determine
numerically the range of variances for which a threshold Nash
does not exist.

Analytically, we can examine the limiting small-noise case as
follows.

Corollary 3.3: Consider the collection of threshold strategies
(11) with switching points rearranged so that .
Let denote the standard Gaussian cdf. Consider (29), (30).

1) Consider the limiting case and ,
(so that all variances go to zero at the same rate)

but remains a fixed constant. Then
(i) The threshold policies do not constitute a Nash

equilibrium if

for any (39)
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(ii) If , are monotone increasing (or
monotone decreasing), then threshold policies
constitute a Nash equilibrium. The threshold
values are explicitly given by

(40)

2) Consider the limiting case and one sensor class
(and so omit subscripts for sensor class). Assume

is a fixed constant and , satisfy (32). Then threshold
policies constitute a Nash equilibrium with threshold value

(41)

Remark: In the special case when the reward depends
only on the proportion of all active sensors ,
i.e., , then (39) and (40) become, respectively

for any (42)

where (43)

2) Discussion: Statement 1(i) of the above corollary
considers the case of fixed prior variance but vanish-
ingly small observation noise variance . Due to the
symmetry of the Gaussian cdf, the term in (39)
is symmetric about 1/2. Therefore, a sufficient condi-
tion for (39), i.e., for a threshold policy not to be a Nash
equilibrium, is that
for and

for .
Regarding Statement 1(ii), as aforementioned, if is

monotone increasing a threshold Nash policy always exists due
to (29). The thresholds can be explicitly computed via (40) [or
(43) when ]. In particular, (43) is exactly the same
“multiclass Laplacian” condition as in the uniform case (28);
see also [1] and [2], which is intuitive since the two probability
models converge as noise is decreased. Moreover, (40) together
with judicious use of (38), gives a useful initial point for solving
the function recursion (33) to compute the thresholds when

is not monotone but satisfies (29).
Statement 2 of Corollary 3.3 considers the limiting behavior

for the case of large prior variance but fixed observation noise
variance for the special case of one sensor class. In this case,
as long as (29) is satisfied, threshold policies always form a Nash
equilibrium. The threshold value is easily computed via (41) or
(43). Notice that (41) is identical to that of the uniform noise
case with a single sensor class (see Statement (i) of Corollary
3.1). We explore this in Section V, see Fig. 4.

IV. FURTHER ANALYSIS OF MODE SELECTION THRESHOLDS

Given the existence of threshold Nash equilibrium strategies,
we now consider practicalities involved in implementing such
strategies in a wireless sensor network. First, the problem of de-
centralized, self-configuration of the threshold strategies is ad-
dressed in Section IV-A by an iterative algorithm for threshold
computation. Next, we examine the behavior of the Nash equi-
librium when the sensors average their accumulated history of
measurements.

A. Adaptive Self-configuration of Mode Selection Thresholds

For a self-configuring sensor network, it is necessary that
each sensor determines its strategy without supervision. Since
we are concerned with symmetric threshold strategies where all
sensors in a given class deploy the same threshold, we outline
in this section an iterative method for computing a set of thresh-
olds for mode selection that are a candidate Nash equilibrium.
Since classes change infrequently (they are the parameters of
the system), it is reasonable to determine thresholds iteratively
through repeated interaction.

We propose the following iterative procedure for computing
the set of thresholds :

Algorithm 4.1: Dynamic Threshold Configuration

1) Each sensor of class (or group of sensors) proposes an
initial threshold .

2) For until
repeat ( denotes some prespecified tolerance): Set

. Here the mapping has components
, given by the RHS of (24) for the uniform case,

and (33) for the Gaussian case.

is a contraction mapping if there is a , such
that . (We can pick as the Eu-
clidean norm.) By the contraction mapping theorem [19, The-
orem 1, Ch. 10.2], if is a contraction mapping, then the itera-
tion will converge. Moreover, the limit
point is unique; it is the only point satisfying .

Note that is a contraction mapping if . We
can evaluate the matrix as we did in the derivation of
(34), but verifying analytically is difficult. How-
ever, for the case of single sensor class we have the following.

Lemma 4.1: Consider a single class of sensors ,
Gaussian noise and let . Consider
in Algorithm 4.1. Then and so is a
contraction mapping if . For the utility
in (9) and large , .

So if we have a bound for the derivative of the utility ,
we can use the above lemma to give conditions that guarantee
convergence of Algorithm 4.1; and gives a lower
bound for the rate of convergence of Algorithm 4.1 to the fixed
point . For the utility in (9), the larger , or are, the
more likely is a contraction mapping.

Remark: Regarding Algorithm 4.1, for the case of one sensor
class, sensors can act autonomously without communicating
with other sensors. For the case of multiple sensor classes, to
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act autonomously, each sensor needs to know: (i) which class it
belongs to; (ii) for uniform or Gaussian
noise case. If these are updated at a slower time scale (e.g., order
of several seconds) compared to the measurement time scale
(e.g., milliseconds) then minimal intrasensor communication or
sensor micromanagement is required. The base-station can peri-
odically broadcast this information based on the data it receives
from the sensors.

B. Phase Transition in Nash Equilibrium With Measurement
Averaging

Consider the Gaussian noise case where for sensors of class
, , and are chosen so that a threshold Nash equi-

librium policy exists (see Theorem 3.3). The sensors deploy
the threshold policy (11). As measurements are accumulated by
sensors, they are averaged to produce a better estimate for .
That is, with , after

measurements, the variance of decreases to . (If
evolves according to known dynamics, this can be general-

ized using a Kalman filtering approach.)
When this variance becomes sufficiently small such that (34)

holds (see also Corollary 3.3), then the threshold strategy can no
longer be a Nash equilibrium. Therefore, there is a sudden phase
transition in the competitive optimal behavior of the sensors.
Such a phase transition is also a consequence of high congestion,
since (34) is satisfied when is decreasing quickly on average
over the given region.

Although such a phase transition behavior is of mathematical
interest, from a sensor network point of view it leads to undesir-
able behavior. Prior to the phase transition, if a sensor departs
from the threshold policy, its reward decreases (since it is de-
parting from the Nash equilibrium). However, after the phase
transition, the Nash equilibria for the global game still exist, but
are highly complex. These strategies are deterministic (by The-
orem 2.1), but inherently unpredictable, see [1]. Such erratic be-
havior is not desirable in sensor networks, nor are the equilibria
easy to compute. In such cases, design measures such as picking

to alleviate congestion in the game should be considered;
so that for example the conditions of Theorem 3.3 hold.

For the uniform noise, single class case, [1] gives a beau-
tiful explanation of the phase transition behavior in terms of
the bar problem which we paraphrase as follows. When there
is high congestion, i.e., decays rapidly, and measurements
are sufficiently precise (i.e., is small), then if the Nash were
threshold, more patrons would go to the bar when the measure-
ment is high. However, on receiving a high signal, the ra-
tional patron knows that many others have received a high signal
(since the measurements are precise); therefore, the bar will be
crowded. Hence, with high congestion or low noise variance, a
patron with a large measurement would prefer not to go to
the bar, meaning that a threshold policy is not a Nash equilib-
rium.

V. NUMERICAL EXAMPLES

A. Single Sensor Class

Consider the utility in (9) for the case of one sensor
class, i.e., . Since , we omit subscripts for ,

Fig. 2. (a) Illustrates the utility (9). The curves of (b) depict the sufficient con-
dition (26) for different values of . Threshold policies are Nash equilibria for
values of , that lie in the region above the curves. (a) CSMA throughput
divided by mean square error utility function in (9) versus number of re-
transmissions . (b) Regions of reward coefficient and standard deviation
for which threshold policies are Nash equilibria.

TABLE I
NUMERICAL EVALUATION OF MAXIMUM VALUE OF IN (44)

and . We chose sensors, and varied the number
of retransmissions in (9). Fig. 2 shows how (9) behaves for
different values of .

1) Evaluation of Sufficient Condition for Threshold Nash
Equilibrium: For Gaussian noise and prior with ,

, we first explore the region of versus for which the
sufficient condition (26) holds, i.e., threshold policies are Nash
equilibria. Denoting , the region for which the
sufficient condition (26) holds is

where (44)

We obtained the values of numerically for dif-
ferent values of as shown in the Table I. The values were in-
sensitive to in the range .

Using the values in Table I, Fig. 2(b) plots the regions for
which the sufficient condition (44) for threshold policies to be
Nash equilibria holds. As the variance increases, the graph of

is flatter, so the maximum rate of decay is less. Therefore
the sufficient condition is less demanding for larger variance.
Also from Fig. 2(a), the less the number of retransmissions ,
the flatter the curve, and so the sufficient condition becomes less
demanding.

2) Contraction Mapping Property of Algorithm 4.1 and
Phase Transition of Nash Equilibrium: For Gaussian noise and
prior ( , ), , and , our goal
here is to plot the expected reward of a
sensor evaluated using (51) versus for various values of noise
variance .

The first step is to evaluate the threshold by solving nu-
merically the functional (33). For , using Lemma 4.1, it
follows that is a contraction mapping so that Algorithm 4.1
will always converge to a unique fixed point . This is despite
the phase transition behavior described below. The tolerance
in Algorithm 4.1 was chosen as .
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Fig. 3. Plot of expected reward illustrating phase transi-
tion behavior in the Nash equilibrium as the noise variance becomes small.
The plots are for (graph with rightmost zero crossing), , ,

, and (graph with left most zero crossing). For and ,
threshold policies form Nash equilibria since the curves cross zero upward only
once.

Fig. 4. Plot of expected reward for Gaussian noise and
prior. As the prior variance , the switching point converges to that
of the uniform case; see (41) and Corollary 3.1.

Given , the second step was to evaluate
using (51). The graph of versus in Fig. 3
shows that for large variance , there is a single crossing and so
threshold policies are Nash equilibria. That is, it is optimal for
each sensor to select “High_Res” mode if , since the
expected reward is positive in this case, and for each sensor to
select “Low_Res” mode if , where the expected reward
is negative. Fig. 3 illustrates the phase transition behavior of the
Nash equilibrium described in Section IV-B as the variance gets
smaller. As the variance gets smaller (for example, due to
averaging of measurements at the sensors), threshold policies
are no longer Nash equilibria. For example, for , 0.9 and
0.8, as shown in Fig. 3, crosses zero twice
meaning that a threshold policy cannot be a Nash equilibrium.

Fig. 5. Illustration of complex interaction amongst sensors for multiple sensor
classes. Lower noise can result in more fluctuation in expected utility but does
but necessarily result in a lower threshold.

3) Uniform Noise Bound for Large Prior Variance Gaussian:
For large Gaussian prior variance , we now verify numerically
that the threshold point coincides with that of the uniform
noise case. [Recall (41) of Corollary 3.3.] As shown in Fig. 4,
the switching point approaches that of the uniform noise case
(dashed line), as the prior standard deviation increases from
1.25 to 20.

B. Multiple Utilities

We consider two classes of sensors, . We chose
sensors with sensors for class 1 and

sensors for class 2. We chose , ,
Gaussian prior , and Gaussian observation noise
variance specified below.

Recall for the case of a single class of sensors, (e.g.,
Fig. 3), larger noise variances result in smaller threshold
values . However, in the case of multiple sensor classes,
the interaction between sensors is quite complex as the fol-
lowing example reveals. Fig. 5(a)–(c) plots the expected
rewards , , for variances

, , ,
respectively. For all three cases, we have ; yet
for and for . This
implies that the interaction between sensors is complex, which
may not be appreciated by a more naive approach. Fig. 5(c) il-
lustrates the phase transition behavior for smaller standard devi-
ation . The graphs of ,

cross zero three times implying that a threshold
policy is not a Nash equilibrium.

VI. CONCLUSION

The application of global games developed in this paper
provides a new perspective on the problem of decentralized,
self-configuring sensor network design, allowing sensors to
act independently while accounting for such issues as bias,
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algorithm complexity, and noise. Our analysis reveals that there
are conditions under which self-configuration and decentralized
operation are straightforward, leading to performance guaran-
tees in the form of a Nash equilibrium for simple threshold
behavior. Moreover, by providing the proper motivation to
each sensor, this Nash equilibrium can be made to reflect the
overall design goals of the sensor network. The result is a truly
decentralized solution, in which sensors use local information
to independently contribute to a global goal. The results of this
paper indicate that an easily implementable, threshold Nash
equilibrium for mode selection exists when congestion is low
or noise is high, and we give several simple tests for checking
for such equilibria. This extends the known existence of Nash
equilibrium threshold policies from supermodular global games
to global games with congestion and multiple player classes.

APPENDIX

PROOFS

Proof of Theorem 2.1: We prove the first asser-
tion since the others follow straightforwardly from it.
Strategy [see (8)] can be represented by the func-
tion . We then have

, where is
implicitly a function of . The objective (to be maximized) can
be written as

(45)

Hence, an optimal strategy function satisfies (recall
below denotes indicator function)

(46)

whenever , since this maximizes the expectation
by removing the negative portions of the integral.

Preliminary Results: To prove Theorem 3.1, we state the
following definitions and preliminary results.

Definition A.1: [First-order stochastic dominance and
Monotone likelihood ratio (MLR) ordering, [17].] Let and

be two probability density functions. Then
(i) first order stochastically dominates if

for all .
(ii) is greater than with respect to the MLR or-

dering—denoted as , if

(47)

Result A.1 ((17)):
(i) first order stochastically dominates iff for

all increasing functions ,
.

(ii) MLR dominance implies first order stochastic dominance.

(iii) From (i) and (ii): If then for any increasing
function , .

The following result from [20] relates MLR dominance of
likelihoods to MLR dominance of a posteriori distributions.

Lemma A.1 (Theorem 4): Given a prior , then the
posterior density for iff for
all , the likelihoods satisfy

Proof of Theorem 3.1: From Theorem 2.1, a sufficient con-
dition for a threshold policy is that is
increasing in , i.e., implies

. [As in (15), we use the notation
instead of for clarity.] From Result A.1 (iii), a sufficient con-
dition for this is

(48)
is increasing in (49)

From Lemma A.1, a necessary and sufficient condition for (48)
is that , or in the notation of (4),

for , which is equivalent to
(18) by (47).

Next (49) holds if . Using
from (16) we require

. This is (19).
To prove (20), consider (19). Recall that we now assume

where . Since for all
(it is a probability density function)

So
, is a sufficient condition for (19) to hold.
Proof of Theorem 3.2: Since

, it is straight-
forward to check that (18) holds. The maximum of the pdf

for the uniform noise case is .
Substituting this into (20) yields (23).

To evaluate the threshold point , consider the expected re-
ward (17). It follows from Bayes’ rule that

. So the expected
reward (17) can be rewritten as shown in (50) at the bottom of
the next page, where and is
evaluated in (24). Substituting this into (14) yields (24).

To establish (25), recall from Statement (ii) of Corollary 2.1
that a collection of threshold policies is not a Nash equilibrium if

at . The result follows
directly by evaluating the derivative of (50) with respect to .

Proof of Corollary 3.2: Start with Theorem 3.2 and the
hypotheses and for all

. Define the variable ,
then . So , can be expressed
in terms of as
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, and similarly for . So the integral in (24)
becomes

Proof of Theorem 3.3: It is straightforward to check
that (18) holds for Gaussian densities. Next recall that

by assumption where . As shown
above, (20) is a sufficient condition for (19) to hold. The max-
imum value of a Gaussian density is .
Then (23) follows.

To determine the threshold value , note that the expected
reward (17) is

(51)

[see (30) and (31) for notation]. By (14) of Theorem 2.1, setting
(51) equal to zero establishes (33).

To establish (34), consider Statement (ii) of Corollary 2.1.
which gives a derivative-based condition for a threshold policies
not to be Nash equilibria. Evaluating the derivative of (51) yields

Inequality (34) follows by setting:

at according to Corollary II.1.

Proof of Corollary 3.3: Since it is scaled by , we
only need to show that the LHS of (34) is negative. (The RHS

becomes negligible as .) Denote .
Since for all , then from (31) and (30)

(52)

(53)

So consider . For and “small,” we
get ; for we get

. (For “large”, the term
in (34) makes the integrand small and irrelevant.) For ,
we get simply . So with the thresholds
arranged in ascending order, we have

(54)
Now consider the second term in the integrand of (34). Since

, using a similar argument to above, we obtain 0
for and , for . Therefore, the outer summa-
tion in (34) vanishes for . Substituting these expressions
into (34) yields that for a threshold policy not to be a Nash we
require that as

Finally, defining , noting and
yields (39).

To prove the second assertion, substituting (54) into (33) and
setting as above yields (40). The final assertion
follows similarly by substituting (53) into (33) and with

.
Proof of Lemma 4.1: Start with (33), set (and

so omit subscripts) and differentiate with respect to . This

(50)
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where

yields the equation at the top of the page, where denotes
the standard Gaussian pdf. So using the fact that ,
we have

where . A sharper bound can be
obtained by evaluating .
After some tedious algebra it yields

.
Let us evaluate for the utility function

in (9) for (a more tedious computation holds for
general ). ,
and by elementary calculus, attains a local minimum at

at . So for the case where the
number of sensors is large,

.
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