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An Analysis of Price Competition in Heterogeneous
Electric Vehicle Charging Stations

Woongsup Lee, Robert Schober, and Vincent W.S. Wong

Abstract—In this paper, we investigate the price competition
among electric vehicle charging stations (EVCSs) with renewable
power generators (RPGs). Both a large-sized EVCS (L-EVCS)
and small-sized EVCSs (S-EVCSs), which have different capac-
ities, are considered. Moreover, the price elasticity of electric
vehicles (EVs), the effect of the distance between an EV and
the EVCSs, and the impact of the number and type of charging
outlets at the EVCSs on the behavior of EVs are taken into
account. The electricity demand of the EVCSs is modeled and
analyzed using a multiplicatively-weighted Voronoi diagram. The
price competition between EVCSs is studied by using a Stack-
elberg game and the electricity price is determined. Through
simulations, the correctness of our analysis is validated and the
payoff of the EVCSs is examined for various environments. Our
results reveal that although the payoff of the EVCSs is generally
small, it is higher than when the electricity from the RPGs is
directly sold to the power grid. We also find that the payoff of the
EVCSs is significantly affected by the elasticity of the electricity
demand of the EVs. Furthermore, the payoff of the L-EVCS is
inversely proportional to that of the S-EVCSs.

Index Terms—Electric vehicle charging station, electric vehicle,
pricing, renewable power generation, Voronoi diagram.

I. INTRODUCTION

In recent years, many car manufacturers are accelerating
the transition from traditional internal combustion engine
vehicles to electric vehicles (EVs). The proliferation of EVs
will result in the need for EV charging at electric vehicle
charging stations (EVCSs), similar to the refueling of vehicles
employing internal combustion engines at gas stations.

As the use of EVs becomes popular, the EVCSs are
expected to be under different ownerships, which inevitably
results in a price competition among the EVCSs to attract
customers. This is analogous to the heterogeneity of the gas
prices at different gas stations. In this environment, the EV
owners may visit the EVCS which can offer the lowest elec-
tricity price. Game theory can be used to analyze the behavior
of the EVCSs. For example, in [1], a robust Stackelberg
game was used to investigate the optimal pricing of EVCS
in the presence of demand uncertainty. The authors of [2]
investigated the price competition between EVCSs using non-
cooperative game. Moreover, different types of game-theoretic
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models were used to study the interaction between EVs and
EVCSs, including supermodular game [3], congestion game
[4], mean-field game [5], and potential game [6].

When considering the price competition between EVCSs,
the effect of distance, the price elasticity of EVs, the capacity
of the EVCSs, and possible renewable generation at the
EVCSs have to be taken into account. First, the distance be-
tween EVCS and EVs will affect the price competition because
an EV owner may prefer to visit an EVCS which is nearby
[2]. Second, the price elasticity of the EVs, i.e., the fact that
the amount of electricity used by each EV at EVCSs depends
on the electricity price, also has to be considered to model
the price competition accurately. In [7], the price elasticity
of EVs was considered for designing an optimal charging
navigation algorithm. Third, the capacity of the EVCSs, i.e.,
the number and type of charging outlets at the stations, has
to be taken into account. For example, EVs may prefer not to
choose EVCSs with small numbers of charging outlets and low
charging rate, due to potentially longer expected EV charging
times. The authors of [8] considered the price competition
between two EVCSs where the expected waiting time of the
EV was a criterion for EVCS selection. Fourth, the generation
of renewable electricity at the EVCSs is also an important
factor. EVCSs can generate their own electricity by using
renewable power generators (RPGs) such as photovoltaic (PV)
panels and sell the electricity to the EVs. The use of PV
panels at EVCSs has been widely considered in practice1.
Specifically, the cities of San Diego, Palo Alto, and Fresno
County in California, United States (US), and the city of
Brampton in Ontario, Canada, have recently deployed public
EVCSs with PV panels [9]–[11], and the newly built Warm
Springs BART Station in California is also equipped with
EVCSs with PV panels [12]. Moreover, there are multiple
vendors which manufacture EVCS facilities with PV panels,
such as Envision Solar [13], Oksolar [14], and Solarcity [15].
In addition, the Environmental Protection Agency (EPA) of
the US government has launched the EV Charging and Solar
Initiative, which promotes the installation of EVCSs with solar
energy systems [16]. Thus, the price competition between
EVCSs could possibly be affected by the capacity of the RPG
available at each EVCS. The authors of [17] investigated the
pricing of EVCSs with RPGs using Lyapunov optimization.

Unlike traditional gas stations, the size of EVCS (i.e.,
the number of EVs that can be charged simultaneously) can
vary greatly. For example, 37% and 40% of EVCSs that are

1In order to utilize solar power, the EVCSs need to have sufficient space
to install PV panels and the equipment required to charge the EVs using the
electricity generated by the PV panels.
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Fig. 1: System model depicting the operation of EVCSs.

currently deployed in US have just one and two charging
outlets, respectively. Yet large sized EVCS with more than 20
charging outlets also exist [18]. Moreover, according to [18],
the average number of charging outlets is 2.6 and the variance
of the number of charging outlets is 12.4. This indicates the
significant variation of the size of EVCSs. Accordingly, this
variation in the size of EVCS should be taken into account
in the analysis of price competition, because EVCSs with
different sizes will have different characteristics. In this paper,
we refer to an EVCS with less than 9 charging outlets as small
EVCS (or S-EVCS), and an EVCS with 9 or more charging
outlets as large EVCS (or L-EVCS). Approximately 2% of the
EVCSs currently deployed in US fall into the latter category
[18].

Although several previous works have investigated the price
competition between EVCSs [2], [3], [8], to the best of
our knowledge, there is no prior work which considers all
the aforementioned characteristics of EVCSs, especially, the
imbalance in the size of the EVCSs. However, in practice, all
these characteristics will affect the operation of EVCSs, and
it is important to consider them jointly in order to model the
price competition accurately. Moreover, the electricity price
of EVCSs as a result of price competition between EVCSs is
difficult to capture in closed form. This can be an obstacle for
gaining insight for the design of practical systems.

Herein, we analyze the price competition between different
types of EVCSs with RPGs based on an analytical model
that accounts for the characteristics of the EVCSs. The main
contributions of our work are as follows:

1) We model the price competition between multiple S-
EVCSs and one L-EVCS with RPGs based on a game
theoretical framework. In our model, the effects of
distance, price elasticity of EVs, capacity of EVCSs, and
renewable generation are properly taken into account.

2) We show that a multiplicatively-weighted Voronoi dia-
gram can be used for the analysis of the price competi-
tion. We use a Stackelberg game to determine the elec-

tricity demand of EVCSs as a function of the electricity
price.

3) We examine the payoff of the EVCSs based on sim-
ulations. Thereby, realistic simulation parameters are
adopted, e.g. measured renewable generation profiles.
Our results verify the correctness of the analysis and
show that the payoff of EVCSs depends on the elasticity
of the electricity demand of the EVs. Moreover, we find
that the payoff of the L-EVCS is inversely proportional
to that of the S-EVCSs. Finally, we observe that although
the payoff of the EVCSs is generally small, it is still
much higher than when the electricity from the RPGs is
directly sold to the power grid.

The rest of this paper is organized as follows. We present
the system model in Section II. In Section III, the coverage
of the EVCSs is characterized using multiplicatively-weighted
Voronoi tessellation. The game-theoretic model for competing
EVCSs is developed in Section IV. Simulation results and
conclusion are provided in Sections V and VI, respectively.

II. SYSTEM MODEL

In this section, we first describe the capabilities of L-
EVCS and S-EVCS. We then present the pricing schemes and
explain how an EV selects the EVCS. The nomenclature used
throughout this paper is provided in Table I. The considered
system model is depicted in Fig. 1.

A. Electric Vehicle Charging Stations

In our system model, there are multiple EVCSs which have
different owners and the EVCSs are capable of producing
electricity using RPGs. The heterogeneous EVCS system
includes two types of EVCS, namely S-EVCS and L-EVCS,
cf. Fig. 1. The L-EVCSs have a larger number of electric
plugs with higher charging rate, e.g. DC fast chargers [19].
S-EVCSs are equipped with fewer electric plugs with lower
charging rates, e.g. type 2 charging [19]. Moreover, L-EVCSs
have much more RPG capacity compared to S-EVCS. In this
paper, we consider a system with one L-EVCS and multiple
S-EVCSs. We denote the amount of electricity that EVCS i
can generate with its own RPGs by Wi, where i ∈ I and I
is the set of all EVCSs. Although Wi changes over time, we
assume that EVCS i can accurately predict the current value
of Wi [20]. Note that the proposed analysis is also applicable
to EVCSs without RPGs by letting Wi = 0.

Let φi denote the total expected electricity demand at EVCS
i. The operation of an EVCS depends on the values of φi
and Wi. First, when φi > Wi, i.e., the amount of electricity
generated by the RPG is insufficient to satisfy the electricity
demand, EVCS i buys additional electricity from the power
grid at retail price prp. On the other hand, when φi ≤Wi, i.e.,
the amount of electricity generated by the RPG is sufficient
to satisfy the electricity demand, its surplus electricity, i.e.,
Wi − φi, can be sold to the power grid2 at wholesale price
pwp. Moreover, we assume that the electricity price of EVCS

2In our system model, we do not assume the availability of local energy
storage facilities at the EVCSs.
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TABLE I: List of Nomenclature.

I Set of EVCSs
J Set of EVs
Wi Amount of electricity generated by the RPG of EVCS i
φi Total expected electricity demand at EVCS i
pwp Wholesale price of electricity
prp Retail price of electricity
pi Electricity price of EVCS i
νi Average amount of charging for an EV at EVCS i
Cmax Maximum amount of electricity that can be charged by an EV
Ssoc

avg Average SoC of an EV
β Price elasticity of an EV
di,j Distance between EVCS i and EV j

α Tuning parameter to account for the impact of distance on EVCS selection
ki Function which models the impact of the number electric plugs and type of charger for EVCS i
ni Number of electric plugs at EVCS i
ti Type of electric charger at EVCS i
Ai Coverage of EVCS i
Aj

i Coverage of EVCS i with respect to EVCS j
λ Density of EVs
dmax Maximum distance between the L-EVCS and S-EVCSs
dmin Minimum distance between any two S-EVCSs
S Total considered area
Ri Revenue of EVCS i
Qi Payoff of EVCS i

i, which we denote as pi, is between the wholesale price and
the retail price, i.e., pwp ≤ pi ≤ prp. In addition, we assume
that either an electric double layer capacitor (EDLC) [21] or
a special type of charger [22] is used to flatten the fluctuating
electricity generated by the PV panel, such that the lifetimes
of the batteries of the EVs are not adversely affected during
charging.

B. Selection of EVCS by an EV

We assume that the EVs that want to charge their batteries
at an EVCS are uniformly distributed in a given area. The
price elasticity of the EVs is taken into account by making the
amount of charging of an EV dependent on the electricity price
of the EVCS [23], e.g. when the electricity price is high, the
EV owners are more likely to charge smaller amount of elec-
tricity. Although the price elasticity of the EVs has not been
empirically measured, the price elasticity of fuel demand of
internal combustion engine vehicles [24] and that of electricity
demand [25] have been measured empirically, which suggests
that price elasticity also exists for EV charging. Specifically,
let Cmax denote the maximum amount of electricity that can
be charged by one EV, and Ssoc

avg, where 0 ≤ Ssoc
avg ≤ 1, denote

the average state-of-charge (SoC) of an EV visiting an EVCS.
Then νi, which denotes the average amount of charging for
an EV at EVCS i, can be modeled as

νi = Cmax(1− Ssoc
avg)

(
pi
pwp

)−β
, ∀i ∈ I, (1)

where β indicates the level of price elasticity of EVs. Note
that β ≥ 0 such that the electricity demand decreases as the

electricity price increases. Moreover, when β is equal to 0, the
electricity demand of the EVs becomes inelastic.

We assume that an EV selects a particular EVCS based on
1) the electricity price offered by the EVCS, 2) its distance
from the EVCS, and 3) the number of available electric plugs
and the type of charger that the EVCS is equipped with3. To
ensure the tractability of our analysis, unlike e.g. [26], [27],
we do not take into account the planned route of the EVs and
the traffic pattern for EVCS selection.

Let J denote the set of EVs. To model the distance elasticity
of the EVs, we define the function g(di,j) = d2αi,j , where di,j
denotes the distance between EVCS i ∈ I and EV j ∈ J ,
and the nonnegative parameter α reflects the significance of
the distance for EVCS selection, i.e., EVs are more reluctant to
visit EVCSs which are far away when the value of α is large.
In this paper, we assume that all EVs use the same value of
α, which is known to the EVCSs. We note that g(di,j) reflects
the impact of the travel time and the electricity consumed to
reach the EVCS.

Furthermore, we denote the number of electric plugs at
EVCS i by ni and the type of charger at EVCS i by ti. EVs
will prefer an EVCS which has a larger number of electric
plugs because this EVCS is likely to provide shorter waiting
times. Moreover, EVs will also prefer an EVCS with fast
electric chargers due to the shorter charging time. We model
the effect that the number of electric plugs ni and the type of
charger ti at EVCS have by ki = (tini)

−2, which is a function
of ni and ti. Herein, the negative effect of waiting time is

3We note that the adopted criteria implicitly include the effects of the total
expected charging time and the monetary expenditure of the EV to reach an
EVCS.
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implicitly4 taken into account in our formulation. Furthermore,
we assume that the electricity price is identical for all types
of electric chargers. Then, EV j ∈ J selects EVCS i∗ ∈ I
based on the following equation5:

i∗ = argmin
i∈I

d2αi,jpiki. (2)

III. COVERAGE OF THE EVCSS

The coverage of EVCS i is defined as the region in which
the EVs will visit EVCS i for charging. The coverage of
EVCS i can be found by solving (2) for the considered area,
i.e., the area in which d2αi,jpiki is minimized for i. Then, the
coverage of EVCSs can be modeled by a multiplicatively-
weighted Voronoi diagram [31]–[34], in which the edges are
either straight lines or arcs. Specifically, let EVCS i be located
at (xi, yi). Then, we can obtain the set of points where d2αi,jpiki
of EVCS i, which is used in (2), is smaller than that of
EVCS j, which constitutes the relative coverage Aji from the
following theorem.

Theorem 1. The relative coverage Aji can be determined from
the following equation

Aji =



C
(xj+γi,j(xi−xj), yj+γi,j(yi−yj)), di,j

√
γi,j(γi,j−1)

for piki > pjkj

Cc
(xi+γj,i(xj−xi), yi+γj,i(yj−yi)), di,j

√
γj,i(γj,i−1)

for piki < pjkj

{(x, y) | (yi − yj) y + (xi − xj)x ≥
x2
i−x

2
j+y

2
i−y

2
j

2 }
for piki = pjkj ,

(3)
where C(x,y),r represents the set of points which are inside
a circle with the center located at (x, y) and radius r.
Moreover, Cc(x,y),r represents the complement of set C(x,y),r.

Furthermore, di,j =
√

(xj − xi)2 + (yj − yi)2 and γi,j =
(piki)

1/α

(piki)
1/α−(pjkj)1/α

.

Proof : Please refer to Appendix A.

Then, the coverage of EVCS i, i.e., Ai, can be derived
as the intersection of the Aji for all j except i, because Ai
corresponds to the set of points in which d2αi,jpiki of EVCS i
is smaller than that of all other EVCSs:

Ai =
⋂

j∈I\{i}
Aji . (4)

4In this paper, we assume that the EVs do not know the electricity demand
at the EVCSs during the selection process. In fact, the currently available
websites showing the locations of EVCSs do not provide such information
[28], [29]. Accordingly, the number of EVs that visit an EVCS can exceed
the number of electric plugs. In this case, EVs have to wait until an electric
plug is available.

5By referring the Reilly’s law of retail gravitation [30], the point of
indifference, at which the attractiveness of two points, A and B, is the same,
can be represented as dA

dB
=

√
PA
PB

, where dA and dB are the distance from
A and B, respectively, and PA and PB are the profits of visiting A and B,
respectively. Note that PA and PB can be replaced by the inverse of piki in
our system model. Then, the equation can be rewritten as P−1

A d2A = P−1
B d2B,

which has almost the same form as our formulation in (2) if we let α = 1.

Let λ denote the density of EV within a given area. The total
expected electricity demand, φi, at EVCS i can be calculated
as follows:

φi = λνi|Ai|

= Cmax(1− Ssoc
avg)λ

(
pi
pwp

)−β
|Ai|,

(5)

where |Ai| is the area of the shape defined by the boundary
of set Ai.

Let EVCS 0 denote the L-EVCS. In order to simplify the
analysis, we assume that A0

i ⊂ A
j
i for i ∈ I \ {0} and j ∈

I \ {i}, such that the coverage of the S-EVCSs becomes a
complete circle. This assumption is valid if the ratio between
the minimum distance and the maximum distance between
EVCSs satisfies the condition in the following theorem.

Theorem 2. Let dmax and dmin be the maximum distance
between L-EVCS and S-EVCS and the minimum distance
between any two S-EVCSs, respectively. Then, A0

i ⊂ A
j
i for

i ∈ I \ {0} and j ∈ I \ {i}, if the following inequality holds.

dmin

dmax
≥
γ∗1 − 1 +

√
γ∗1(γ∗1 − 1)

1− γ∗2 +
√
γ∗2(γ∗2 − 1)

, (6)

where γ∗1 = max
i∈I\{0}

γi,0 and γ∗2 = min
i,j∈I\{0},i6=j

γi,j .

Proof : Please refer to Appendix B.

Remark 1 Inequality (6) can be satisfied when the difference
between the number of electric plugs at L-EVCS and S-EVCS
is large and the L-EVCS has faster chargers. In this case,

γ∗1 → 1 such that
γ∗
1−1+

√
γ∗
1 (γ

∗
1−1)

1−γ∗
2+
√
γ∗
2 (γ

∗
2−1)

→ 0, i.e., (6) holds for

all cases. Moreover, in Section V, we show that A0
i ⊂ A

j
i

is satisfied approximately even when dmin
dmax

is smaller than
γ∗
1−1+

√
γ∗
1 (γ

∗
1−1)

1−γ∗
2+
√
γ∗
2 (γ

∗
2−1)

.

Then φi of S-EVCS i can be evaluated as in the following
lemma.

Lemma 1. When A0
i ⊂ A

j
i for i ∈ I \ {0} and j ∈ I \ {i},

φi of S-EVCS i can be written as follows:

φi(pi, p0) = Cmax(1− Ssoc
avg)λ

(
pi
pwp

)−β πd2i,0

(
piki
p0k0

)1/α
((

piki
p0k0

)1/α
− 1

)2 .

(7)
Proof : If A0

i ⊂ Aji for all j except i, then Ai =
∩

j∈I\{i}
Aji = A0

i , and the coverage of the S-EVCS becomes a

complete circle which is identical to the relative coverage of
the S-EVCS with respect to the L-EVCS, i.e., A0

i . From (3),

|A0
i | can be calculated as

πd2i,0

(
piki
p0k0

)1/α
((

piki
p0k0

)1/α
− 1

)2 and (7) can be

obtained by multiplying Cmax(1− Ssoc
avg)λ

(
pi
pwp

)−β
.
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Let S be the total considered area. The coverage area of
L-EVCS is equal to

S −
∑
i∈I\{0}

πd2i,0

(
piki
p0k0

)1/α
((

piki
p0k0

)1/α
− 1

)2 . (8)

Then, the electricity demand of L-EVCS, φ0, can be calcu-
lated as follows:

φ0(p0,p−0) = Cmax(1− Ssoc
avg)λ

(
p0
pwp

)−β

×

S −∑i∈I\{0}

πd2i,0

(
piki
p0k0

)1/α
((

piki
p0k0

)1/α
− 1

)2

 ,

(9)
where p−0 is the vector of the electricity prices of all S-
EVCSs.

IV. GAME THEORETIC MODEL AND ANALYSIS

In this section, we formulate the price competition between
the S-EVCSs and an L-EVCS as a Stackelberg game by using
the coverage of the EVCSs as determined in Section III, and
investigate the characteristics of the game. The S-EVCSs are
the followers and the L-EVCS is the leader of the game,
because the coverage of L-EVCS is affected by all S-EVCSs
and the coverage of S-EVCSs is only affected by the L-EVCS,
cf. (7) and (9). In our game-theoretic model, EVCSs change
their electricity price, pi, to maximize their own payoff where
pwp ≤ pi ≤ prp and the price adjustment of the S-EVCSs
and the L-EVCS will affect the expected electricity demand
at the EVCSs. In order to prevent frequent EV route changes
caused by the change of the electricity price, we assume that
the EVCSs have to maintain their electricity prices for a certain
period of time, e.g. 1 hour.

EVCS i can make a profit by charging EVs and selling the
excess electricity to the power grid. The amount of expected
revenue is piφi + pwp [Wi − φi]+, where [x]+ = max(x, 0).
Moreover, EVCS i purchases electricity from the power grid
if the amount of electricity from its own RPG is not sufficient
to satisfy the electricity demand of the EVs. In this case, the
amount of expected payment is prp [φi−Wi]

+. Therefore, the
revenue of S-EVCS i, Ri(pi, p0), can be expressed as

Ri(pi, p0) = piφi (pi, p0) + f (φi (pi, p0)−Wi) , (10)

where f(x) = pwp [−x]+ − prp [x]+. Here, φi is a function
of both pi and p0, because the demand at S-EVCS i depends
not only on the electricity price of S-EVCS i but also on the
prices of the L-EVCS, cf. (7).

The revenue of the L-EVCS is given by

R0(p0,p−0) = p0φ0
(
p0,p−0

)
+ f

(
φ0
(
p0,p−0

)
−W0

)
.

(11)
The payoff function of the L-EVCS, Q0(p0,p−0), is given

by
Q0(p0,p−0) = R0(p0,p−0). (12)

Then, the electricity price of the L-EVCS can be determined
by solving the following problem:

maximize Q0(p0,p−0)

subject to pwp ≤ p0 ≤ prp.
(13)

It is worth noting that the leader should consider the actions
of the followers, when determining its own action, because the
followers will change their actions, pi, according to the action
of the leader.

The payoff of the S-EVCSs, i.e., Qi(pi, p0), can be calcu-
lated as follows:

Qi(pi, p0) = Ri(pi, p0). (14)

Accordingly, the electricity price of S-EVCS i is set to
maximize its payoff, such that the optimal electricity price,
p∗i , can be written as

p∗i = argmax
pwp≤pi≤prp

Qi(pi, p0). (15)

In order to find p∗i , we calculate the partial derivative of
Qi(pi, p0) as shown in the following lemma.

Lemma 2. The partial derivative ∂Qi(pi,p0)
∂pi

for i ∈ I \ {0}
is given by

∂Qi(pi, p0)

∂pi
= φi(pi, p0)

×
(

1−
(

1− κ(pi)
pi

)(
η(pi,p0)

α + β
))

,

(16)
where

η(pi, p0) =

(
piki
p0k0

)1/α
+ 1(

piki
p0k0

)1/α
− 1

, (17)

κ(pi) =

{
prp, for pi < p̂Wi
pwp, otherwise,

(18)

and p̂Wi = argmin
pi

(φi −Wi)
2.

Proof : Please refer to Appendix C.
In the following, we assume that the L-EVCS has suffi-

ciently more electric plugs with higher charging rate compared
to the S-EVCS. In this case, given that the price gap between
the prp and pwp is not large in practice [35], piki � p0k0 and
accordingly η(pi, p0) ≈ 1. Then, p∗i can be determined based
on the following theorem.

Theorem 3. Let χ = β + 1
α . Then, for i ∈ I \ {0} when

χ ≤ 1, p∗i = prp and when χ > 1, p∗i can be determined as
follows:

p∗i = min
(

max
(

χ
χ−1pwp, p̂

W
i

)
, prp

)
. (19)

Proof : Please refer to Appendix D.
By using (19), the L-EVCS can predict the behavior of the

S-EVCSs and determine its electricity price. Let IA be the set
of S-EVCSs whose p̂Wi is less than χ

χ−1pwp, let IB be the set
of S-EVCSs whose p̂Wi is between χ

χ−1pwp and prp, and let
IC be the set of S-EVCSs whose p̂Wi is larger than prp. Then,
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the electricity price of the S-EVCSs in sets IA, IB , and IC is
determined as χ

χ−1pwp, p̂Wi , and prp, respectively. In this case,
φ0 can be determined as follows:

φ0(p0,p−0)

= Cmax(1− Ssoc
avg)λ

(
p0
pwp

)−β

×

(
S −

∑
i∈IA

πd2i,0

( χ
χ−1pwpki

p0k0

)1/α
(( χ

χ−1pwpki

p0k0

)1/α
− 1

)2

−
∑
j∈IB

πd2j,0

(
p̂Wj kj
p0k0

)1/α

((
p̂Wj kj
p0k0

)1/α

− 1

)2

−
∑
l∈IC

πd2l,0

(
prpkl
p0k0

)1/α
((

prpkl
p0k0

)1/α
− 1

)2

)
.

(20)

By using (20), the optimal solution of problem (13) can be
found using a simple one dimensional search, based on which
the L-EVCS can determine its electricity price.

V. PERFORMANCE EVALUATION

In this section, we present simulation results to verify
our analysis. Moreover, we investigate the impact of various
system parameters on the payoff of the EVCSs.

A. Simulation Environment

We assume that one L-EVCS is located at the center of a 5
km × 5 km area and 20 S-EVCSs are located randomly around
this L-EVCS. The maximum distance between the L-EVCS
and the S-EVCSs is set to 4.5 km. For the electricity prices,
we adopt the average wholesale and retail electricity prices in
Colorado in June 2016, i.e., the average wholesale electricity
price is 5.8 cents/kWh and the average retail electricity price
is 9.34 cents/kWh [35]. Moreover, we vary the values of α and
β to investigate the impact of the distance and price elasticity
of the EVs on the payoffs of the EVCSs.

We assume that the density of the EVs that visit the EVCSs,
λ, is 2.46 EVs/km2. We set the maximum battery capacity
of each EV, Cmax, to 75 kWh which corresponds to the
battery capacity of a Tesla Model-X [36], and set Ssoc

avg = 0.2.
Moreover, we assume that the number of electric plugs, ni,
of the L-EVCS is 20, which corresponds to that of the largest
Tesla Supercharger station, and that of the S-EVCSs is 1 or
2 with a probability of 50% for both cases, which is in line
with the current deployment of EVCSs in the US [18].

We assume that the RPG employs PV generation. Accord-
ingly, we use the hourly electricity generation data which
was measured at NREL Solar Radiation Research Laboratory
in Golden, Colorado during June 2016 [37]. We scale the
generation profile according to the size of the PV panel. The
size of the PV panel for the L-EVCS is set to 40 m × 40 m
and that of the S-EVCSs is set randomly to a value between

TABLE II: List of Default Simulation Parameters.

Parameter Value

|I| 21
Size of area 5 km × 5 km
dmax 4.5 km
pwp 5.8 cents/kWh
prp 9.34 cents/kWh
λ 2.46 EVs/km2

Cmax 75 kWh
Ssoc

avg 0.2
ni L-EVCS: 20, S-EVCS: 1-2
ti L-EVCS: 2, S-EVCS: 1

−5 0 5

−5

0

5

(a) α = 1.

−5 0 5

−5

0

5

(b) α = 2.

Fig. 2: Coverage areas of the S-EVCSs. The blue circles
correspond to the analytical results and the red area is obtained
by simulation. The L-EVCS is shown as a black cross.

4 m × 4 m and 8 m × 4 m. Accordingly, during midday, the
expected amount of electricity from renewable generation for
one hour is 182 kWh for the L-EVCS and 2.73 kWh for the
S-EVCS. The impact of the number and type of the electric
plugs on EVCS selection, ki, is modeled as (tini)

−2, where
the value of ti is 1 for the S-EVCSs and 2 for the L-EVCS.
The default simulation parameters are summarized in Table II.

B. Simulation Results

First, we validate Theorems 1 and 2 which characterize the
coverage of the S-EVCSs. In the simulations, the electricity
prices of the L-EVCS and the S-EVCSs are set to prp and pwp,
respectively.

In Fig. 2, we show the coverage area of the S-EVCSs for
two different values of α, namely α = 1 and α = 2, when
the minimum distance between any two S-EVCSs, dmin, is
1078 m. From (6), we can find that the minimum distance
to guarantee A0

i ⊂ A
j
i ,∀j ∈ I \ {i} is 1078 m for α = 1

and 3930 m for α = 2. Moreover, in Fig. 2, the coverage
area which is obtained via simulation6 is colored by red and
the analytical results (i.e., the relative coverage of S-EVCS
with respect to L-EVCS) obtained from (3) are shown as blue
circles. Furthermore, the L-EVCS is shown as a black cross.
We note that the area which is not colored is the coverage area
of the L-EVCS.

As we can see from the results, the coverage of the S-EVCSs
found by simulation and that found from the analysis coincide,

6In the simulation, the optimal value of i? in (2) is exhaustively calculated
for every point to find the coverage area.
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Fig. 4: Payoff of S-EVCS vs. electricity price.

and the relative coverage areas of the S-EVCSs with respect to
the L-EVCS (blue circles) do not overlap when dmin is larger
than the value predicted by (6), which validates Theorem 1.
However, when α = 2, dmin is not sufficiently large, such
that the relative coverage areas of the S-EVCSs overlap, i.e.,
A0
i 6⊂ A

j
i . We also observe that the coverage areas of the

S-EVCSs increase as α increases because the EVs are more
likely to visit the EVCS which is closest to them. Moreover,
we observe that S-EVCSs, which are closer to the L-EVCS,
have smaller coverage areas, which confirms our analysis, cf.
(7).

Next, we verify the validity of our assumption that the
relative coverage areas of the S-EVCSs with respect to the
L-EVCS do not overlap with each other. To this end, in Fig.
3, we show the fraction of overlapping S-EVCS coverage area,
which was found analytically as

πd2i,0

(
piki
p0k0

)1/α
((

piki
p0k0

)1/α
− 1

)2 ,

by varying dmin for different values of α.
From Theorem 2, dmin can be found as 135 m, 1078 m,

2435 m, 3929 m for α = 0.5, 1, 1.5, 2, respectively. As can
be observed from Fig. 3, the fraction of overlap decreases
as dmin increases and it becomes zero if dmin exceeds the
value provided in Theorem 2. Therefore, Fig. 3 confirms
Theorem 2. Moreover, we observe that the fraction of overlap
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Fig. 5: Daily payoff of L-EVCS in each hour.

increases as α increases because the coverage area of the S-
EVCSs increases. Furthermore, we can see that the fraction
of overlapped area is generally small, i.e., our assumption
approximately holds, even when dmin is much smaller than the
value provided in Theorem 2, e.g. for α = 1.5, the fraction of
overlapped area is less than 1% when dmin = 1000 m, which is
much smaller than 2435 m found from Theorem 2. Therefore,
we can conclude that our assumption, Ai = A0

i , will be valid
approximately, even when the distance between the EVCSs
does not satisfy (6).

To verify Theorem 3, in Fig. 4, we show the payoff of one S-
EVCS as a function of its electricity price for different values
of Wi. In this simulation, we assume that the distance between
the S-EVCSs and the L-EVCS is 1 km and the electricity
price of the L-EVCS is set to 9.34 cents/kWh. Moreover, α
= 0.5 and β = 1. Furthermore, the average generation profile
of the PV generators during midday is used, such that the
electricity generation at the S-EVCS is 3.87 kWh and 1.93
kWh when the size of the PV panel is 8 m × 4 m and 4
m × 4 m, respectively. For p̂Wi , we obtain 6.91, 8.05, and ∞
cents/kWh for Wi = 3.87, 1.93, and 0 kWh, respectively. Fig. 4
shows that when Wi = 3.87 kWh, the payoff of the S-EVCS
is maximized when the electricity price is 7.45 cents/kWh,
which corresponds to χ

χ−1pwp, i.e., Theorem 3 is confirmed,
because p̂Wi <

χ
χ−1pwp < prp. In this case, the S-EVCS

has a sufficient amount of electricity from RPG and it is
advantageous to keep the electricity price low. When Wi =
1.93 kWh, the payoff of the S-EVCS is maximized when the
electricity price is 8.05 cents/kWh, which is identical to p̂Wi
and again confirms Theorem 3. Finally, when Wi = 0 kWh,
the payoff is maximized when the electricity price is equal to
prp, which also confirms Theorem 3.

In Figs. 5 and 6, to investigate the impact of elasticity, we
show the payoff of the EVCSs for the proposed Stackelberg
game for different values of α and β. We consider α = 0.5,
α = 2, β = 0.3 (which corresponds to the price elasticity
of fuel for traditional internal combustion engine vehicles
[24]), and β = 3 (which corresponds to the price elasticity
of opportunistic electricity users [23]). In order to verify the
benefit of selling electricity to EVs directly, we also consider
the case when the EVCSs sell all their electricity generated
from the RPGs to the power grid which is referred to as
“Without EV”. In this case, EVCSs operate as small-scale
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Fig. 6: Average daily payoff of an S-EVCS in each hour.

electricity suppliers [38].
From the simulation results in Figs. 5 and 6, we observe that

the payoff of the EVCSs increases during day time (7 A.M.
to 7 P.M.) because the electricity is generated by the RPG
during this period, cf. generation profile in [37]. Moreover,
during night time when the RPGs do not generate electricity,
the payoff is zero because the EVCSs have to buy all electricity
from the power grid at a high price, i.e., prp. Moreover, we
observe that the payoff of the EVCSs is generally small,
especially for the S-EVCSs, e.g. less than 30 cents/hour. This
result is not surprising if we consider the electricity price and
the amount of electricity generated by the RPGs. Therefore,
from an economic point of view, the operation of EVCSs
is only attractive if there is significant government support
or the price of PV panels drops significantly. Nevertheless,
we note that EVCSs can still obtain a higher payoff by
selling electricity to EVs rather than selling to the power grid
(“Without EV”), because they can sell it at a higher price.
Since the price of electric plugs is much lower than that
of PV panels [39], it might be advantageous for small-scale
electricity suppliers who participate in the electricity market to
install electric plugs and sell the generated electricity to EVs,
i.e., direct trading of electricity between small-scale electricity
suppliers and end-users [38], rather than selling it to the power
grid.

In Figs. 5 and 6, we can observe that the payoff of the L-
EVCS is inversely proportional to that of the S-EVCSs, i.e.,
when the payoff of the L-EVCS is high, that of the S-EVCSs is
low, because the L-EVCS and S-EVCSs are in a competition.
Especially, when α is small, the EVs are willing to travel
long distances for charging such that they are more likely to
visit the L-EVCS, which improves the payoff of the L-EVCS
and deteriorates the payoff of the S-EVCSs. In this case, the
payoff of the S-EVCSs is almost the same as the payoff of
the S-EVCSs without EV.

To further study the impact of elasticity on the price
competition between the EVCSs, we investigate the electricity
price of the EVCSs during midday and the daily payoff as
functions of α and β in Figs. 7-10. From the simulation results
in Figs. 7 and 8, we observe that the electricity price of the
L-EVCS decreases while that of the S-EVCSs increases as α
increases. This is because for larger α, EVs prefer to visit a
nearby S-EVCS rather than the faraway L-EVCS, which in
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Fig. 7: Electricity price of L-EVCS during midday vs. α and
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Fig. 12: Average daily payoff of an S-EVCS vs. the density
of EVs λ.

turn has to decrease its electricity price to attract EVs. The
payoff of EVCSs shows a similar trend as the electricity price
of the EVCSs, i.e., the payoff of the L-EVCS decreases while
that of the S-EVCSs increases as α increases, see Figs. 9 and
10. Large values of α are beneficial for the S-EVCSs, which is
consistent with our conclusions from Figs. 5 and 6. Moreover,
we observe from Figs. 7-10 that the electricity price and payoff
of both the L-EVCS and the S-EVCSs slightly decrease as
β increases because, in this case, the electricity demand of
the EVs becomes more sensitive to the electricity price, i.e.,
the electricity demand decreases for a higher electricity price.
Therefore, the EVCSs have to reduce their electricity price
in order to maintain the electricity demand, which reduces
the payoff of the EVCSs. Furthermore, Figs. 7-10 reveal that
α has a more significant impact on the electricity price and
payoff of the EVCSs compared to β, i.e., α is a more important
parameter for the price competition between EVCSs.

In Figs. 11 and 12, we show respectively the daily payoff of
the L-EVCS and S-EVCSs vs. the density of the EVs, λ, for
different values7 of α and β = 0.3. As can be observed from
Fig. 11, the payoff of the L-EVCS increases as λ increases
when α ≤ 1 because more EVs will visit the L-EVCS.
However, when α is equal to 2, the EVs are not willing to
travel longer distances to obtain better service such that the
L-EVCS has to maintain a low electricity price which is close

7In the following simulations, we vary only the value of α, because α has
a larger impact on performance than β, cf. Figs. 7-10.
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Fig. 13: Daily payoff of L-EVCS vs. the number of electric
plugs at the L-EVCS.
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Fig. 14: Average daily payoff of an S-EVCS vs. the number
of electric plugs at the L-EVCS.

to pwp to attract EVs, see Fig. 7, which results in a constant
payoff of the L-EVCS for increasing λ. Moreover, we observe
that the payoff of the L-EVCS saturates when α = 0.5 because
the amount of electricity generated by the RPG is limited and
the electricity price of the EVCSs cannot exceed prp. Similar
to the payoff of the L-EVCS, the average payoff of an S-EVCS
increases as λ increases, except when α = 0.5, because in this
case, the S-EVCSs have to maintain a low electricity price to
attract EVs which are now willing to travel longer distances
to receive better service.

In Figs. 13 and 14, the daily payoff of the L-EVCS and
S-EVCSs vs. the number of electric plugs at the L-EVCS, n0,
is shown for β = 0.3. As n0 increases, the preference of the
EVs for the L-EVCS over the S-EVCSs increases such that
the daily payoff of the L-EVCS increases while that of the
S-EVCSs decreases. However, given that the electricity price
of the EVCSs is limited by prp, the daily payoff of the L-
EVCS is limited to $186 per day as can be observed in Fig.
13. In this case, n0 can be optimized to maximize the payoff
of the S-EVCSs without decreasing the payoff of the L-EVCS,
e.g., n0 = 8 for α = 0.5. A reduction of n0 is beneficial for
the L-EVCS due to the decreased installation cost for the EV
charging facility.

In Figs. 15 and 16, the daily payoff of the L-EVCS and S-
EVCSs vs. the wholesale price of electricity, pwp, is examined
for β = 0.3. As pwp increases, the daily payoff of the EVCSs
increases because the power grid buys the electricity from the
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Fig. 15: Daily payoff of L-EVCS vs. the wholesale price of
electricity, pwp.
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Fig. 16: Average daily payoff of an S-EVCS vs. the wholesale
price of electricity, pwp.

EVCSs at a higher price. When pwp and prp are equal, the
EVCSs achieve the same payoff by selling their electricity to
the power grid as by selling it directly to the EVs. The gap
between the payoff with EVs and without EV increases with
the difference between pwp and prp.

Finally, in Figs. 17 and 18, we examine the payoff improve-
ment of the EVCSs, which is the ratio between the daily payoff
achieved by selling electricity directly to EVs and the payoff
achieved by selling electricity to the power grid, as a function
of the size of the PV panel8 for β = 0.3. As can be observed
from Figs. 17 and 18, the payoff improvement of the EVCSs
decreases as the size of the PV panel increases, i.e., as the
amount of electricity generated by the RPG increases, because
the EVCSs have to decrease the electricity price to attract more
EVs. In other words, when the amount of renewable electricity
increases by ∆W , the EVCS needs a higher electricity demand
to be able to sell this excess electricity. As a result, the EVCS
has to decrease its electricity price to increase its coverage, and
thereby, increase the electricity demand, which results in the
decreased payoff improvement. Therefore, we can conjecture
that selling electricity directly to EVs is more beneficial for
small-scale electricity suppliers with small PV panels than for
large-scale electricity suppliers with large PV panels.

8In Fig. 17, the size of the PV panel of the L-EVCS is varied, and in Fig.
18, the size of the PV panel of a single S-EVCS is varied.
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Fig. 17: Payoff improvement of L-EVCS vs. the size of the
PV panel of the L-EVCS.
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Fig. 18: Payoff improvement of S-EVCSs vs. the size of the
PV panel of the S-EVCS.

VI. CONCLUSION

In this paper, the price competition between EVCSs with
RPG in smart grid was investigated where the effects of
distance, the price elasticity of the EVs, the number and type
of electric plugs at the EVCSs, and the different types of
EVCSs, i.e., L-EVCS and S-EVCS, were taken into account.
We analytically characterized the electricity demand of the
EVCSs using multiplicatively-weighted Voronoi tessellation,
and showed under what conditions the coverage areas of the S-
EVCSs become non-overlapping circles. Then, a Stackelberg
game was used to model the price competition, based on which
the electricity price of the EVCSs was obtained in closed form.
Through simulations, we validated our analysis and the payoff
of the EVCSs was examined. We found that the payoff of
the EVCSs heavily depends on the elasticity of the electricity
demand of the EVs.

Interesting topics for future work include the consideration
of multiple L-EVCSs and the incorporation of local storage
units at the EVCSs where surplus renewable energy can be
stored.

APPENDIX

A. Proof of Theorem 1

For EV l which is within the relative coverage Aji , the con-
dition d2αi,l piki ≤ d2αj,lpjkj should hold. Then, the point (x, y)
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which is within Aji , has to satisfy the following inequality:

(xi − x)2 + (yi − y)2

≤ ((xj − x)2 + (yj − y)2)

(
pjkj
piki

)1/α

.
(21)

For piki > pjkj , inequality (21) can be rearranged as follows:

(x− (xj + γi,j(xi − xj)))2 + (y − (yj + γi,j(yi − yj)))2

≤ d2i,jγi,j(γi,j − 1).
(22)

Inequality (22) can be rewritten as the first line of (3), i.e.,
C
(xj+γi,j(xi−xj), yj+γi,j(yi−yj)), di,j

√
γi,j(γi,j−1)

. We can also
rearrange inequality (21) for piki < pjkj and piki = pjkj in a
similar manner, and obtain (3). It is worth noting that γi,j > 1
when piki > pjkj and γj,i > 1 when piki < pjkj .

B. Proof of Theorem 2

In order to prove the theorem, we first need the following
two lemmas which characterize the change of the relative
coverage if the distance between the EVCSs and γi,j are
varied.

Lemma 3. Consider piki ≥ pjkj for i, j ∈ I, i 6= j. Let Âji
be the relative coverage when EVCS j increases its distance
to EVCS i from di,j to di,j+∆d for ∆d ≥ 0. Then, Aji ⊂ Â

j
i .

Proof : Without loss of generality, we can assume that EVCS
j and EVCS i are located at (0, 0) and (d, 0), respectively.
Then, from (3), the boundary of Aji is given as follows:

(x− dγi,j)2 + y2 = d2γi,j(γi,j − 1). (23)

Similarly, the boundary of Âji , which corresponds to the
case when EVCS j and EVCS i are located at (−∆d, 0) and
(d, 0), respectively, can be characterized as follows:

(x+ ∆d− (d+ ∆d)γi,j)
2

+ y2 = (d+ ∆d)
2
γi,j (γi,j − 1) .

(24)
In order to guarantee Aji ⊂ Â

j
i , it is sufficient to show that

for all (x̃, ỹ) which satisfy (23), (x̃+ ∆d− (d+ ∆d)γi,j)
2

+
ỹ2 ≤ (d+ ∆d)2γi,j(γi,j − 1), as follows:

(x̃+ ∆d− γi,j(d+ ∆d))
2

+ ỹ2

= x̃2 + ∆d2 + 2∆dx̃+ (γi,j)
2 (d+ ∆d)

2

− 2γi,j (d+ ∆d) (x̃+ ∆d) + ỹ2

(a)
= ∆d2 (γi,j − 1)

2
+ 2∆d (γi,j − 1) (dγi,j − x̃)

+ d2γi,j (γi,j − 1)
(b)

≤ ∆d2 (γi,j − 1)
2

+ 2∆d (γi,j − 1)
(
d
√
γi,j (γi,j − 1)

)
+ d2γi,j (γi,j − 1)

≤ ∆d2γi,j (γi,j − 1) + 2∆ddγi,j (γi,j − 1)

+ d2γi,j (γi,j − 1)

= (d+ ∆d)
2
γi,j (γi,j − 1) ,

(25)
where (a) is due to the fact that (x− dγi,j)2 + y2 =
d2γi,j(γi,j − 1) and (b) is due to the fact that the minimum
of x̃ is dγi,j − d

√
γi,j (γi,j − 1).

Lemma 4. Consider piki ≥ pjkj for i, j ∈ I, i 6= j. Let Áji
be the relative coverage when γi,j is increased to γi,j + ∆γ
for ∆γ ≥ 0. Then, Aji ⊂ Á

j
i .

Proof : The proof is similar to the proof of Lemma 3.
Therefore, the detailed proof is omitted here.

From the lemmas, we can find that the coverage of EVCS
i expands when a neighboring EVCS moves away or γi,j
increases, e.g. the difference between pjkj and piki increases.

Now, we will show that the relative coverage of S-EVCS
i with respect to L-EVCS, A0

i , is always within the relative
coverage of S-EVCS i with respect to other S-EVCS j, Aji .
Therefore, we consider the worst case, when the size of A0

i

is the maximum and that of Aji is the minimum. Accordingly,
we assume di,0 = dmax and γi,0 = max

k∈I\{0}
γk,0 = γ∗1 .

First, when piki > pjkj , EVs prefer EVCS j in general
such that the relative coverage of EVCS i is a circle. Given
that the relative coverage of an S-EVCS with another S-
EVCS is minimized when the distance between the two S-
EVCSs is dmin, which is the minimum distance between S-
EVCSs, we only need to consider the case when the distance
between two S-EVCSs is dmin to ensure A0

i ⊂ A
j
i . Note

that due to Lemma 3, if A0
i ⊂ A

j
i is satisfied when the

distance between two S-EVCSs is dmin, A0
i ⊂ A

j
i is satisfied

when the distance becomes larger. Moreover, we only need
to take into account the case when γi,j is minimized, i.e.,
γi,j = min

i,j∈I\{0},i6=j
γi,j = γ∗2 , due to Lemma 4. Therefore, to

ensure A0
i ⊂ A

j
i , the following inequality should hold:

dmax + dmin(1− γ∗2 ) + dmin
√
γ∗2(γ∗2 − 1)

≥ dmax(γ∗1 +
√
γ∗1(γ∗1 − 1)).

(26)

Then, (6) can be obtained accordingly.
Second, when piki ≤ pjkj , EVs prefer S-EVCS i such that

the relative coverage of EVCS i is the complement of the
circle. In this case, it is sufficient to show that A0

i ⊂ A
j
i when

γi,j =∞ due to Lemma 4. Then, the relative coverage of the
S-EVCSs becomes a half-plane such that in order to satisfy
A0
i ⊂ A

j
i , the following inequality should hold:

dmax + dmin
2 ≥ dmax(γ∗1 +

√
γ∗1(γ∗1 − 1)). (27)

Eq. (27) can be further reorganized as follows

dmin
dmax
≥ 2

(
γ∗1 − 1 +

√
γ∗1 (γ∗1 − 1)

)
. (28)

Given that 1

1−γ∗
2+
√
γ∗
2 (γ

∗
2−1)

≥ 2 for γ∗2 ≥ 1, inequality

(28) holds when (6) is satisfied.

C. Proof of Lemma 2

Referring to (10),
∂Qi(pi, p0)

∂pi
can be calculated as follows:

∂Qi(pi, p0)

∂pi
=

∂piφi (pi, p0)

∂pi
+
∂f (φi (pi, p0)−Wi)

∂pi
(a)
= φi (pi, p0) +

∂φi
∂pi

(pi − κ(pi)),

(29)
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where (a) is due to the fact that
∂f (φi −Wi)

∂pi
= −prp

∂φi
∂pi

when φi > Wi and
∂f (φi −Wi)

∂pi
= −pwp

∂φi
∂pi

when φi ≤
Wi. Given that φi is a decreasing function of pi, φi > Wi is
equivalent to pi < p̂Wi where p̂Wi = argmin

pi

(φi −Wi)
2.

Then,
∂φi
∂pi

can be calculated as

∂φi
∂pi

= −βφi
pi
− φi
αpi

(
piki
p0k0

)1/α
+ 1((

piki
p0k0

)1/α
− 1

)
= −βφi

pi
− φi
αpi

η(pi, p0).

(30)

By substituting (30) into
∂Qi(pi, p0)

∂pi
, we obtain (16).

D. Proof of Theorem 3

Since
(

1− κ(pi)
pi

)
< 1, we have 1 − χ

(
1− κ(pi)

pi

)
≥ 0

when χ ≤ 1. Therefore,
∂Qi(pi, p0)

∂pi
> 0, i.e., Qi increases

as pi increases, and accordingly p∗i = prp. In the following,
we consider the case when χ > 1.

First, when prp < p̂Wi , we have χ
(

1− κ(pi)
pi

)
< 0. In this

case,
∂Qi(pi, p0)

∂pi
> 0 for all valid pi, and hence p∗i = prp.

Second, when p̂Wi < pwp, the derivative of Qi is equal to 1
when pi = pwp and it decreases as pi increases. The derivative
becomes zero when pi =

χ
χ−1pwp, and a further increase of

pi will decrease the value of Qi. Therefore, if χ
χ−1pwp < prp,

the value of Qi is maximized when pi =
χ
χ−1pwp and when

χ
χ−1pwp ≥ prp, the value of Qi increases as pi increases until
it reaches prp.

Finally, when pwp ≤ p̂Wi ≤ prp, the value of Qi increases as
pi increases until pi ≤ p̂Wi . If p̂Wi >

χ
χ−1pwp, the derivative of

Qi becomes negative when pi ≥ p̂Wi , such that p∗i = p̂Wi . Oth-
erwise, if p̂Wi ≤

χ
χ−1pwp, p∗i = min

(
χ
χ−1pwp, prp

)
, because

the derivative of Qi becomes negative when pi >
χ
χ−1pwp. By

combining the three cases above, we arrive at (19).
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