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Tracking a Markov-Modulated Stationary Degree
Distribution of a Dynamic Random Graph

Maziyar Hamdi, Vikram Krishnamurthy, Fellow, IEEE, and George Yin, Fellow, IEEE

Abstract— This paper considers a Markov-modulated
duplication-deletion random graph where at each time instant,
one node can either join or leave the network; the probabilities
of joining or leaving evolve according to the realization of a finite
state Markov chain. Two results are presented. First, motivated
by social network applications, the asymptotic behavior of the
degree distribution is analyzed. Second, a stochastic approxima-
tion algorithm is presented to track empirical degree distribution
as it evolves over time. The tracking performance of the algorithm
is analyzed in terms of mean square error and a functional central
limit theorem is presented for the asymptotic tracking error.
Also, a Hilbert-space-valued stochastic approximation algorithm
that tracks a Markov-modulated probability mass function with
support on the set of nonnegative integers is analyzed.

Index Terms— Adaptive algorithms, complex networks, degree
distribution, Markov-modulated random graphs, power law,
social networks, stochastic approximation algorithms.

I. INTRODUCTION

STOCHASTIC approximation algorithms have several
applications in diverse areas such as target tracking,

change detection, communication systems, and economics
[1]–[7]. The ubiquitous use of stochastic approximation algo-
rithms is mainly due to their ability to track a time-varying
unknown parameter of a system; this is called “tracking
capability”, see [5]. In this paper, motivated by social network
applications, we consider a class of stochastic approximation
algorithms to track a time-varying probability mass function
that evolves according to a finite-state Markov chain whose
transition matrix is close to identity. In the context of social
network analysis, the time-varying probability mass function
which we aim to track is the expected degree distribution of
a dynamic random graph.

Dynamic random graphs have been widely used
to model social networks, biological networks [8] and
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Internet graphs [9]. Such dynamic models can be viewed
as a sequence of graphs where the random graph at each
time may depend on all the earlier graphs (snapshots of
the evolving graph at earlier times) [9]. Motivated by
analyzing social networks, we introduce Markov-modulated
duplication-deletion random graphs1 where at each time
instant, nodes can either be added to or eliminated from the
graph with probabilities that change according to a finite-state
Markov chain. Such graphs mimic social networks where the
interactions between nodes evolve over time according to a
Markov process that undergoes infrequent jumps. An example
of such a social network is the friendship network among
residents of a city, where the dynamics of the network
change in the event of a large festival. A class of stochastic
approximation algorithms are used to track the expected
degree distribution of such Markov-modulated dynamic
graphs.

A. Why Analyze the Degree Distribution?

The degree of a node in a network (also known as the
connectivity) is the number of connections the node has in that
network. The most important measure that characterizes the
structure of a network (specially when the size of the network
is large and the connections—adjacency matrix of the under-
lying graph—are not given) is the degree distribution of the
network. The degree distribution can further be used to inves-
tigate the diffusion of information or disease through social
networks [10]–[12]. The existence of a “giant component”2 in
complex networks can be studied using the degree distribution.
The size and existence of a giant component has important
implications in social networks in terms of modeling informa-
tion propagation and spread of human disease [13]–[15].

B. Main Results and Paper Organization

Sec.II describes the construction of Markov-modulated
duplication-deletion random graphs. Sec.III provides an
asymptotic degree distribution analysis for the non-Markov
modulated case of two different scenarios: (i) fixed
size duplication-deletion random graph, and (ii) infinite

1The duplication-deletion procedure for Markov-modulated random graphs
is described in Sec.II.

2A giant component is a connected component of size O(η), where η is
the number of vertices in the graph. If the average degree of a random graph
is strictly greater than one, then there exists a unique giant component with
probability one [9], and the size of this component can be computed from the
expected degree distribution.
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duplication-deletion random graph. Theorem 3.1 in Sec.III-A
asserts that the expected degree distribution of the fixed
size Markov-modulated random graph at each time can be
computed in terms of the expected degree distribution of the
graph at the previous time and the dynamics of the graph
via recursive equation (8). Sec.III-B extends the results of
Sec.III-A to infinite random graphs. Theorem 3.2 parameter-
izes the degree distribution of such a graph by the power law
exponent which depends on the dynamics of the graph.

Sec.IV considers the problem of adaptively estimating
the degree distribution of a fixed size Markov-modulated
duplication-deletion random graph given observations of the
degree distribution. A stochastic approximation algorithm is
presented for tracking the degree distribution as it evolves
over time. In particular, Sec.IV presents three results regarding
the tracking performance of the stochastic approximation
algorithm:

• Mean square error analysis: Theorem 4.1 analyzes the
asymptotic mean square error between the expected
degree distribution and the estimate obtained via the
stochastic approximation algorithm. Deriving this result
uses error bounds on two-time scale Markov chains and
perturbed Lyapunov function methods.

• Weak convergence analysis: Theorem 4.2 shows that
the asymptotic behavior of the stochastic approximation
algorithm converges weakly to the solution of a switched
Markovian ordinary differential equation.

• Functional central limit theorem for scaled tracking
error: Finally, Theorem 4.3 investigates the asymptotic
behavior of the scaled tracking error. Similar to [16],
it is shown that the interpolated scaled tracking error
converges weakly to the solution of a switching diffusion
process.

Sec.V extends the results of Sec.IV to infinite (denumerable)
duplication-deletion random graphs where the number of
nodes in the graph (and so the support of degree distribution)
is no longer fixed and increases over time. A Hilbert-space-
valued stochastic approximation algorithm is proposed to
track the degree distribution of the infinite graph with support
on the set of non-negative integers. To study the tracking
performance of such a Hilbert-space-valued stochastic
approximation algorithm, limit system characterization and
asymptotic analysis of scaled tracking error are provided.
Numerical examples are presented in Sec.VI.

C. Related Works

For a comprehensive development of stochastic approx-
imation algorithms, see [1], [5], [17]. Tracking capability
of regime switching stochastic approximation algorithms is
further investigated in [18]. For the applications of stochastic
approximation algorithms in interactive sensing and decision
making see [19], [20]. Also, see [17], [21]–[23] for the
performance analysis of adaptive algorithms in discrete-time.
A detailed exposition of random graphs is provided in [24].
The dynamics of random graphs are investigated in the math-
ematics literature, for example, see [9], [25], [26] and the
reference therein. In [27], a duplication model is proposed

where at each time step a new node joins the network.
However, the probabilities of joining in this model do not
evolve over time. In [9], it is shown that the degree distribution
of such networks satisfies a power law.

II. MARKOV-MODULATED DYNAMIC RANDOM GRAPH

OF DUPLICATION-DELETION TYPE

This section outlines the construction of Markov-modulated
dynamic random graphs of duplication-deletion type. Let
n = 0, 1, 2, . . . denote discrete time. Denote by θn a discrete-
time Markov chain with state space

M = {1, 2, . . . ,m}, (1)

and initial probability distribution π0.
Assumption 2.1: The Markov chain θn evolves according to

the transition matrix

Aρ = I + ρQ. (2)

Here, I is an m × m identity matrix, ρ is a small positive
real number, and Q = [qi j ] is an irreducible3 generator of a
continues-time Markov chain satisfying

qi j > 0 for i �= j, and Q1 = 0, (3)

where 1 and 0 represent column vectors of ones and zeros,
respectively. The transition probability matrix Aρ is therefore
close to identity matrix. Here and henceforth, we refer to such
a Markov chain θn as a “slow” Markov chain. The initial
distribution π0 is assumed independent of ρ.

A Markov-modulated duplication-deletion random graph is
parameterized by the 7-tuple (m, Aρ, π0, r, p, q,G0). Here,
p and q are m-dimensional vectors with elements p(i) and
q(i) ∈ [0, 1], i = 1, . . . ,m, where p(i) denotes the connection
probability, and q(i) denotes the deletion probability. Also,
r ∈ [0, 1] denotes the probability of the duplication step, and
G0 denotes the initial graph at time 0. In general, G0 can be
any finite simple connected graph. For simplicity, assume that
G0 is a simple connected graph with size η0. The duplication-
deletion random graph is constructed via the duplication-
deletion Procedure 1.4

The Markov-modulated random graph generated by the
duplication-deletion Procedure 1 mimics social networks
where the interactions between nodes evolve over time due
to the underlying dynamics (state of nature) such as seasonal
variations (e.g., the high school friendship social network
evolving over time with different winter/summer dynamics).
In such cases, the connection/deletion probabilities p, q evolve
with time. Procedure 1 models these time variations as a finite
state Markov chain θn with transition matrix Aρ .

3The irreducibility assumption implies that there exists a unique stationary
distribution π ∈ R

m×1 for this Markov chain such that π ′ = π ′ Aρ .
4In Procedure 1, Step 1 is executed with probability r . Then, regardless of

execution of Step 1, Step 2 is implemented. For convenience in the analysis,
assume that a node generated in the duplication step cannot be eliminated
in the deletion step immediately after its generation. Also, nodes whose
degrees change in the edge-deletion part of Step 2, remain unchanged in the
duplication part of Step 2 at that time instant. Finally, to prevent formation of
isolated nodes, assume that the neighbor of a node with degree one cannot be
eliminated in the deletion step. Note also that the duplication step in Step 2
ensures that the graph size does not decrease.
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Procedure 1 Markov-Modulated Graph Parameterized by
(m, Aρ, π0, r, p, q,G0)

At time n, given the graph Gn and Markov chain state θn ,
simulate the following events:
Step 1: Duplication step: With probability r implement the
following steps:

• Choose node u from graph Gn randomly with uniform
distribution.

• Vertex-duplication: Generate a new node v.
• Edge-duplication:

– Connect node u to node v. (A new edge between u
and v is added to the graph.)

– Connect each neighbor of node u with probability
p(θn) to node v. These connection events are statis-
tically independent.

Step 2: Deletion Step: With probability q(θn) implement the
following steps:

• Edge-deletion: Choose node w randomly from Gn with
uniform distribution. Delete node w along with the con-
nected edges in graph Gn .

• Duplication Step: Choose a node from graph x from Gn

randomly and implement Vertex-duplication and Edge-
duplication processes as described in Step 1.

Step 3: Denote the resulting graph by Gn+1. Generate θn+1
(Markov chain) using transition matrix Aρ . Set n → n + 1
and go to Step 1.

III. ASYMPTOTIC DEGREE DISTRIBUTION ANALYSIS

FOR NON-MARKOV MODULATED CASE

This section presents degree distribution analysis for
duplication-deletion random graphs generated according
Procedure 1 for the non-Markov modulated case, i.e., m = 1.
The stationary degree distribution obtained in Sec.III-A below
will be used in the Markov modulated case. The results in this
section constitute a minor extension of [9] to the duplication-
deletion random graphs.

Notation: At each time n, let ηn denote the number of
nodes of graph Gn . Also, let Fn be a ηn dimensional vector
such that its i -th element, Fi

n , denotes the number of vertices
of graph Gn with degree i . Clearly F ′

n1 = ηn where 1 denotes
the vector of ones. Here, ′ is used to denote the transpose
of a vector or matrix. Define the “empirical vertex degree
distribution” as

Gn = (Gi
n, i = 1, 2, . . .), where Gi

n = Fi
n

ηn
. (4)

Note that Gn can be viewed as a probability mass function
since all of its elements are non-negative and G′

n1 = 1.

A. Fixed Size Random Graph

This subsection analyzes the evolution of the expected
degree distribution for a fixed size duplication-deletion random
graph generated according to Procedure 1 with r = 0, m = 1.
(Recall r denotes the probability of Step 1 in Procedure 1.)
Therefore, the number of vertices in the graph remains fixed,

i.e., ηn = η0 for n = 0, 1, 2, . . .. Theorem 3.1 below gives a
recursion for the expected degree distribution of the fixed size
Markov-modulated duplication-deletion random graph.

Theorem 3.1: Consider the fixed size duplication-deletion
random graph generated according to Procedure 1, where
r = 0, m = 1. Let Gn denote the expected degree distribution
of nodes at time n. Then, Gn satisfies the recursion

Gn+1 = (I + 1

η0
L ′)Gn, (5)

where L is a generator matrix5 with elements
(for 1 ≤ i, j ≤ η0):

l j i =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, j < i − 1,
qpi−1 + q

(
1 + p(i − 1)

)
, j = i − 1,

iqpi−1(1 − p)− q
(
i + 2 + pi

)
, j = i,

q
(i+1

i−1

)
pi−1(1 − p)2 + q(i + 1), j = i + 1,

q
( j

i−1

)
pi−1(1 − p) j−i+1, j > i + 1.

(6)

Proof: The proof is presented in Appendix A.
Theorem 3.1 shows that evolution of the expected degree

distribution in a fixed size Markov-modulated duplication-
deletion random graph satisfies (5). One can rewrite (5) as

Gn+1 = B ′
η0

Gn, where Bη0 = I + 1

η0
L . (7)

Since L is a generator matrix, Bη0 can be considered as
the transition matrix of a slow Markov chain. It is also
straightforward to show that Bη0 is irreducible and aperi-
odic.6 Hence, there exists a unique stationary distribution
G = (G

i
, i = 1, 2, . . .) such that

G = B ′
η0

G. (8)

The stationary distribution G is the stationary expected degree
distribution of a fixed size duplication-deletion random graph
generated according to Procedure 1 where r = 0.

B. Power Law Exponent for Infinite Duplication-Deletion
Random Graph

The degree distribution analysis provided in the previous
subsection was for a fixed size random graph generated
according to the duplication-deletion Procedure 1 with r = 0.
This section extends this analysis to infinite duplication-
deletion random graphs (obtained by choosing r = 1). Assume
that G0 is an empty set. Since r = 1, at time n, the graph Gn

has n nodes. By employing the same approach as in the proof
of Theorem 3.1, it will be shown that the infinite duplication-
deletion random graph without Markovian dynamics satisfies
a power law. An expression is further derived for the power
law exponent.

Definition 3.1 (Power Law Distribution): The degree dis-
tribution G = (Gi , i = 1, 2, . . .), of a graph G has a power

5That is, each row adds to zero and each non-diagonal element of L is
positive.

6It is straightforward to show that all elements of (Bη0 )
η0 are strictly greater

than zero. Therefore, Bη0 is irreducible and aperiodic.
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law distribution7 if there exists an integer i∗ such that for all
i ≥ i∗,

log Gi = α − β log i

where α is a constant8 and β > 1. Parameter β is called the
power law exponent.

The power law is satisfied in many networks such as
WWW-graphs, peer-to-peer networks, phone call graphs,
co-authorship graph and various massive online social net-
works (e.g. Yahoo, MSN, Facebook) [29]–[33]. The following
theorem states that the graph generated according to
Procedure 1 with r = 1 and m = 1 satisfies a power law.

Theorem 3.2: Consider the infinite random graph with
Markovian dynamics Gn obtained by Procedure 1 with 7-tuple
(1, 1, 1, 1, p, q,G0) with the expected degree distribution Gn .
Then, if log p + p < q

1+q < p, the expected degree of nodes
in Gn has a power law distribution with exponent β > 1. The
power law exponent is computed from

(1 + q)(pβ−1 + pβ − p) = 1 + βq. (9)

Here, p and q are the probabilities defined in duplication and
deletion steps, respectively.

Proof: The proof is similar to that of Theorem 3.1 with
some modifications, see [34]. Here, we only present an outline
of the proof which is comprised of two steps: (i) finding
the power law exponent, and (ii) showing that the degree
distribution converges to a power law with the computed
exponent as n → ∞. To find the power law exponent, we
derive a recursive equation for the number of nodes with
degree i + 1 at time n + 1, denoted by Fi+1

n+1, in terms of the
degrees of nodes in graph Gn . Then, rearranging this recursive
equation yields an equation for the power law exponent.
To prove that the degree distribution satisfies a power law, we
show that limn→∞

∑i
k=1 E{Fk

n } = ∑i
k=1 ck−β , where β > 1

is the power law exponent computed in the first step and Fk
n

is the k-th element of Fn .
Theorem 3.2 asserts that the infinite duplication-deletion

random graph without Markovian dynamics generated by
Procedure 1 satisfies a power law and provides an expression
for the power law exponent. The significance of this theorem
is that it ensures, with use of one single parameter (the power
law exponent), we can describe the degree distribution of
graphs with relatively large number of nodes. The above result
slightly extends [8], [27], where only a duplication model was
considered. Theorem 3.2 allows us to explore characteristics
(such as searchability, diffusion, and existence/size of the giant
component) of large networks which can be modeled with the
infinite duplication-deletion random graphs.

7There is a difference between “power law” and “power law distribution”.
Power law is a functional relationship between two parameters where one
parameter is proportional to the power of another, i.e., x ∝ y−β , where β can
be any real number. In comparison, the exponent of a power law distribution
is strictly greater that one [28]. Otherwise, the probability distribution does
not add up to one.

8The normalization constant α is computed from α = − log[ζ(β, i∗)],
where ζ(β, i∗) = ∑∞

k=i∗ k−β denotes the incomplete Riemann ζ -function.

IV. ESTIMATING (TRACKING) THE DEGREE DISTRIBUTION

OF THE FIXED SIZE MARKOV-MODULATED

DUPLICATION-DELETION RANDOM GRAPH

In Sec.II, an expression was given for the unique stationary
degree distribution G for the non-Markov modulated case,
see (8). In this section, we consider fixed size Markov mod-
ulated duplication deletion random graphs. Consider Proce-
dure 1 and assume that there are m possible stationary degree
distributions, namely G = {G(1),G(2), . . . ,G(m)} corre-
sponding to the m states of a Markov chain. Here each G(i)
is computed using (8) where the corresponding parameters
p(i), q(i) are used. At each time n, a stationary distribution
G(θn) ∈ G is chosen where θn evolves according to an
m-state Markov chain as described in Sec.II. We assume that
the stationary degree distribution of the graph is sampled by
a network administrator. How can the network administrator
track the expected degree distribution of the fixed size Markov-
modulated duplication deletion random graph without knowing
the dynamics of the graph? The motivation for tracking the sta-
tionary degree distribution stems from social networks where
the dynamics of the degree distribution evolve on a faster time
scale than the Markov chain θn . Therefore, it suffices to track
G(θn) given observations.

At each time n, the network administrator samples a node
from the graph based on degree distribution G(θn) and records
its degree yn(θn). Let Yn(θn) = eyn(θn) denote the observation
vector where ei ∈ R

η0×1 is the i -th standard unit vector.
Such a sampling procedure can be time correlated. Therefore,
we allow Yn(θn) to be a mixing process with thee following
assumption:

Assumption 4.1: For each θ ∈ M, the sequence {yn(θ)}
is stationary φ-mixing with sufficiently fast mixing rate such
that the sequence {yn(1), . . . , yn(m)} is independent of {θn}
and that for each θ ∈ M, {Yn(θ)} is a stationary φ-mixing
sequence with mixing rate ψn satisfying

∑∞
j=0 ψ

1/2
j < ∞.

Remark 4.1: Because {yn(θ)} is a stationary φ-mixing
sequence for each θ ∈ M, {Yn(θ)} is a bounded sequence
of φ-mixing process for each θ ∈ M [35, p. 82] (see also
[36, p.170]). The stationarity implies that

EYn(θ)=EY1(θ)=
∞∑

i=0

ei P(y1(θ)= i)=
∞∑

i=0

G
i
(θ)ei =G(θ)

(10)

The mixing rate given requires that for any positive integers
i and j ,

‖Ek I{yn (θ)=i} − G
i
(θ)‖ ≤ ψn−k for n ≥ k,

‖E[I{yl (θ)= j } − G
j
(θ)][I{yn=i} − G

i
(θ)]‖ ≤ ψ

1/2
n−lψ

1/2
l−k

for any k < l < n,
(11)

where Ek denotes the conditional expectation on the past data
up to time k (i.e., condition on the σ -algebra Fk generated by
{Y j (θ) : j ≤ k}) and I {·} denotes the indicator function. Here,
‖ · ‖ is used to denote the Euclidean norm.

The analysis in this paper can be generalized to include cer-
tain non-stationary cases for the observation process {yn(θ)}.
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For example, for each θ ∈ M, suppose {ζn(θ)} is an ergodic
finite state Markov chain.9 Let yn(θ) = f̃ (ζn(θ)). The n-step
transition probability matrix of the Markov chain converges
to a matrix (with identical rows consisting of its stationary
distribution) with exponential rate. Then it can be verified
similar to [36, p. 178] that yn(θ) is mixing. Although (10)
does not hold, the analysis using mixing inequalities can still
be obtained.

Given the observation sequence Yn(θn), n = 0, 1, 2, . . ., the
aim is to adaptively estimate G(θn) via the following stochastic
approximation algorithm with (small positive) constant step-
size ε:

Ĝn+1 = Ĝn + ε
(
Yn(θn)− Ĝn

)
, Ĝ0 = e1 (12)

To summarize, the evolution of the slow Markov chain θn and
stochastic approximation algorithm (12) form a two-time-scale
Markovian system as follows when ρ, ε = o( 1

η0
)

⎧
⎪⎪⎨

⎪⎪⎩

True system: G(θn) ∈ {G(1), . . . ,G(m)},
where θn evolves according to Aρ = I + ρQ,

Algorithm: Ĝn+1 = Ĝn + ε
(
Yn(θn)− Ĝn

)
,

Yn(θn) = eyn(θn), where yn(θn) ∼ G(θn).

(13)

Note that the stochastic approximation algorithm (12) does not
assume any knowledge of the Markov-modulated dynamics
of the graph. The Markov chain assumption for the random
graph dynamics is only used in our convergence and tracking
analysis. By means of the stochastic approximation (12), the
network administrator can track the stationary expected degree
distribution G(θn).

A. Tracking Error of the Stochastic Approximation Algorithm

The goal here is to analyze how well algorithm (12) tracks
the empirical degree distribution of the fixed size Markov-
modulated duplication-deletion graph. Define the tracking
error as G̃n = Ĝn − G(θn). Theorem 4.1 below shows that the
difference between the sample path and the stationary degree
distribution is small—implying that the stochastic approxima-
tion algorithm can successfully track the Markov-modulated
node distribution given the noisy measurements. We again
emphasize that no knowledge of the Markov chain parameters
are required in the algorithm. It also finds the order of this
difference in terms of ε and ρ.

Theorem 4.1: Consider the random graph (m, Aρ, π0,
p, q, r,G0). Suppose ρ2  ε and Assumptions 2.1 and 4.1
hold.10 Then, for sufficiently large n, the tracking error of the
stochastic approximation algorithm (12) is

E‖G̃n‖2 = O

(

ε + ρ + ρ2

ε

)

. (14)

Proof: The proof uses the perturbed Lyapunov function
method and is provided in Appendix B.

9Respondent driven sampling (RDS) was introduced in [37] as an approach
for sampling from hidden populations in social networks. RDS has been
selected by the U.S. Centers for Disease Control and Prevention as part of
the HIV behavioral surveillance system. RDS can be viewed as a form of
Markov Chain Monte Carlo sampling [38].

10In this paper, we assume that ρ = O(ε). Therefore, ρ2  ε.

Remark 4.2: Most existing literature analyzes stochastic
approximation algorithms for tracking a parameter that evolves
according to a “slowly time-varying” sample path of a
continuous-valued process so that the parameter changes by
small amounts over small intervals of time. When the rate
of change of the underlying parameter is slower than the
adaptation rate of the stochastic approximation algorithm
(e.g., a slow random walk), the mean square tracking error can
be analyzed as in [1], [17], [21]–[23], and [39]. In comparison,
our analysis covers the case where the underlying parameter
evolves with discrete jumps that can be arbitrarily large in
magnitude on short intervals of time. Also, the jumps occur
on the same time scale as the speed of adaptation of the
stochastic approximation algorithm. We explicitly consider
this Markovian time-varying parameter in our mean square
error and weak convergence analysis.
As a corollary of Theorem 4.1, we obtain the following mean
square error convergence result.

Corollary 4.1: Under the conditions of Theorem 4.1, if
ρ = O(ε),

lim
n→∞ E‖G̃n‖2 = O(ε).

Therefore,

lim
ε→0

lim
n→∞ E‖G̃n‖2 = 0.

�

B. Limit System of Regime-Switching
Ordinary Differential Equations

The following theorem asserts that the sequence of estimates
generated by the stochastic approximation algorithm (12)
follows the dynamics of a Markov-modulated ordinary
differential equation (ODE).

Before proceeding with the main theorem below, let us
recall a definition.

Definition 4.1 (Weak Convergence): Let Zk and Z be
R

r -valued random vectors. We say Zk converges weakly to Z
(Zk ⇒ Z ) if for any bounded and continuous function f (·),
E f (Zk) → E f (Z) as k → ∞.

Weak convergence is a generalization of convergence in
distribution to a function space.11

Theorem 4.2: Consider the Markov-modulated random
graph generated according to Procedure 1, and the sequence
of estimates {Ĝn}, generated by the stochastic approximation
algorithm (12). Suppose Assumptions 2.1 and 4.1 hold and
ρ = O(ε). Define the continuous-time interpolated process

Ĝε(t) = Ĝn, θ
ε(t) = θn for t ∈ [nε, (n + 1)ε). (15)

Then, as ε → 0, (Ĝε(·), θε(·)) converges weakly to
(Ĝ(·), θ(·)), where θ(·) is a continuous-time Markov chain
with generator Q, Ĝ(·) satisfies the Markov-modulated ODE

dĜ(t)

dt
= −Ĝ(t)+ G(θ(t)), Ĝ(0) = Ĝ0 (16)

and G(θ) ∈ G. �
11We refer the interested reader to [1, Ch. 7] for further details on weak

convergence and related matters.



6614 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 10, OCTOBER 2014

The above theorem asserts that the limit system associ-
ated with the stochastic approximation algorithm (12) is a
Markovian switched ODE (16). As mentioned in Sec.I, this is
unusual since typically in averaging of stochastic approxima-
tion algorithms, convergence occurs to a deterministic ODE.
The intuition behind this is that the Markov chain evolves on
the same time-scale as the stochastic approximation algorithm.
If the Markov chain evolved on a faster time-scale, then the
limiting dynamics would be a deterministic ODE weighed by
the stationary distribution of the Markov chain. If the Markov
chain evolved slower than the dynamics of the stochastic
approximation algorithm, then the asymptotic behavior would
also be a deterministic ODE with the Markov chain being a
constant.

C. Scaled Tracking Error

Next, we study the behavior of the scaled tracking error
between the estimates generated by the stochastic approxi-
mation algorithm (12) and the expected degree distribution.
The following theorem states that the tracking error should
also satisfy a switching diffusion equation and provides a
functional central limit theorem for this scaled tracking error.
Let νk = Ĝk−G(θk)√

ε
denote the scaled tracking error.

Theorem 4.3: Suppose Assumptions 2.1 and 4.1 hold.
Define νε(t) = νk for t ∈ [kε, (k + 1)ε). Then, (νε(·), θε(·))
converges weakly to (ν(·), θ(·)) such that ν(·) is the solution
of the following Markovian switched diffusion process

ν(t) = −
∫ t

0
ν(s)ds +

∫ t

0
�

1
2 (θ(τ ))dω(τ). (17)

Here, ω(·) is an R
η0 -dimensional standard Brownian motion.

The covariance matrix �(θ) in (17) can be explicitly computed
as

�(θ) = Z(θ)′D(θ)+ D(θ)Z(θ)− D(θ)− G(θ)G
′
(θ). (18)

Here, D(θ) = diag(G(θ)) and Z(θ) = (
I − Bη0(θ) +

1G
′
(θ)

)−1
, where G(θ) ∈ G. For each θ ∈ M, Bη0(θ)

is computed using (7) where the corresponding parameters
p(i), q(i) are used. �

For general switching processes, we refer to [40]. In fact,
more complex continuous-state dependent switching rather
than Markovian switching are considered there. Equation (18)
reveals that the covariance matrix of the tracking error depends
on Bη0(θ) and G(θ) and, consequently, on the parameters
p and q of the random graph. Recall from Sec.II that
Bη0(θ) is the transition matrix of the Markov chain which
models the evolution of the expected degree distribution in
duplication-deletion random graphs and can be computed from
Theorem 3.1.

V. ESTIMATING THE DEGREE DISTRIBUTION OF INFINITE

DUPLICATION-DELETION RANDOM GRAPHS

This section has two results: First, the results of Sec. IV
are extended to infinite random graphs without Markovian
dynamics generated according to Procedure 1. Second, we
show how this analysis can be extended to Markov-modulated
probability mass functions with denumerable support.

The analysis is non-standard, since it is formulated on a Hilbert
space.

A. Infinite Random Graphs Without Markovian Dynamics

Consider the infinite duplication-deletion random graph
without Markovian dynamics generated according to
Procedure 1 with 7-tuple (1, 1, 1, 1, p, q,G0). In this section,
let Gn represent the degree distribution of the infinite graph
with support on the set of non-negative integers; its elements
are denoted by Gi

n, i = 0, 1, 2, . . .. Recall from Sec.III-B
that, the size of such a graph increments at each time by
one and thus the size of the graph at time n is equal to n;
that is ηn = n. Therefore, the maximum degree of the
graph at time n cannot exceed n − 1 and G j

n = 0 for
j ≥ n. Similar to the proof of Theorem 3.1, the following
theorem asserts that the expected degree distribution of the
infinite duplication-deletion random graph satisfies a recursive
equation.

Theorem 5.1: Consider the infinite duplication-deletion
random graph without Markovian dynamics generated accord-
ing to Procedure 1 with 7-tuple (1, 1, 1, 1, p, q,G0), Let
Gn = E{Gn} denote the expected degree distribution of
nodes with support on the set of non-negative integers. Then,
Gn satisfies the following recursion

Gn+1 = Gn + 1

n
L(n)′Gn, (19)

where L(n) is a generator matrix of infinite size with elements:

l(n)j i =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1 + q)
(

pi−1 + 1 + p(i − 1)
)
,

j = i − 1, 1 ≤ i, j ≤ n

(1 + q)
(
i pi−1(1 − p)+ 1 + pi

) − q(i + 1),

j = i, 1 ≤ i, j ≤ n

(1 + q)
(i+1

i−1

)
pi−1(1 − p)2 + q(i + 1),

j = i + 1, 1 ≤ i, j ≤ n

(1 + q)
( j

i−1

)
pi−1(1 − p) j−i+1,

j > i + 1, 1 ≤ i, j ≤ n

0, otherwise

(20)

Proof: The proof is similar to the proof of Theorem 3.1
and is omitted due to the lack of space.

Remark 5.1: Theorem 3.2 in Sec.III-B asserts that the
expected degree distribution converges to a power law prob-
ability distribution G with exponent β > 1, if log p +
p < q

1+q < p; that is limn→∞ G
i
n = i−β

ζ(β) . We assume
that the dynamics of the degree distribution evolve on a
faster time scale than the stochastic approximation algorithm.
Therefore, it suffices to track the stationary degree distribution
G given observations. At each time n, the network adminis-
trator samples from the graph and records the degree of a
randomly chosen vertex of the graph which is denoted by yn .
Let Yn = eyn denote the observation vector. Here, ei is the i -th
standard unit vector with support on the set of non-negative
integers (i.e., ei = (0, . . . , 1, . . .)′ ∈ R

∞). The following
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stochastic approximation algorithm is used to estimate the
expected degree distribution of the graph from such samples.

Ĝn+1 = Ĝn + ε
(
Yn − Ĝn

)
. (21)

Here, ε > 0 denote a small positive step size and
Ĝ0 = e1. Therefore, (21) is a Hilbert-space-valued stochas-
tic approximation algorithms. By means of the stochastic
approximation (21), the network administrator can track the
expected degree distribution of the infinite graph whose size
increases over time.

Define

Ĝε(t) = Ĝn for t ∈ [nε, nε + ε).

Then Ĝε(·) ∈ D([0,∞) : �2) the space of functions defined
on [0,∞) taking values in �2 = {z ∈ R

∞ : ∑∞
i=0 ‖zi‖2 < ∞}

such that the functions are right continuous and have left limits
endowed with the Skorohod topology. Here, we obtain a weak
convergence result of the interpolated sequence of iterates.
Theorem 5.2 below asserts that the mean square tracking error
is bounded and shows that the sequnce of estimates obtained
by (21) converge to the solution of an ODE. Before proceeding
to the main theorem, we shall use the following conditions.

Theorem 5.2: Suppose Assumption 4.1 holds with the mod-
ification that m = 1, i.e., there is no Markovian dynamics.
Define G̃n = G − Ĝn Then, limn→∞ E‖G̃n‖2 = O(ε). Also,
Ĝε(·) is tight in D([0,∞) : �2). Any convergent subsequence
has a limit Ĝ(·) that is the solution of the differential equation

dĜ(t)

dt
= G − Ĝ(t), Ĝ(0) = e1. (22)

Proof: The proof is presented in Appendix E. The
proof of the theorem is divided into several steps, which
uses techniques in stochastic approximation [1] but with the
modification that �2 is a Hilbert space (see [41], [42]).

The above result concerns n → ∞ and ε → 0, εn remains
to be bounded. We next obtain a result with ε → 0, n → ∞,
εn → ∞.

Corollary 5.1: Consider Ĝε(· + tε), where tε → ∞ as
ε → 0. Under the condition of Theorem 5.2, Ĝε(· + tε) → G
in probability as ε → 0.

Proof: Note that {Ĝk} is tight. Define Ĝε,large(·) =
Ĝε(· + tε). Using the same approach, we can show that
{Ĝε,large(·)} is tight. We extract a weakly convergent subse-
quence of (Ĝε,large(·), Ĝε,large(· − T )) with limit denoted by
(Ĝ(·), ĜT (·)). We note that Ĝ(0) = ĜT (T ) and that ĜT (0)
belongs to a set that is bounded in probability. Writing it in
variational form, we obtain

ĜT (T ) = e−T ĜT (0)+
∫ T

0
e−(T−t)Gdt

= e−T ĜT (0)+ G −
∫ ∞

T
e−t dt

→ G as T → ∞.

The desired result then follows. �
To study the rate of variation of estimation error, we define

the sequence of scaled estimation error νn = (Ĝn − G)/
√
ε.

Theorem 5.3 asserts that the scaled estimation error satisfy a

differential equation and provides a weak convergence results
for it.

Theorem 5.3: Suppose assumptions of Theorem 5.2 hold.
Then, for sufficiently small ε there is an Nε such that
E{〈νn, νn

〉} = O(1) for all n > Nε . Define the sequence of
continuous-time interpolation of estimation error as

νε(t) = νn for t ∈ [(n − Nε)ε, (n − Nε + 1)ε).

Under the assumptions of Theorem 5.2, {νε(·)} is tight
in D([0,∞); �2). Moreover, suppose that νε(0) converges
weakly to ν(0), νε(·) converges weakly to ν(·) such that ν(·)
is the solution of the following stochastic differential equation

dν(t) = −ν(t)dt + dW (t). (23)

Here, W (t) = ∑∞
i=0 Wi (t)ei and the covariance operator is

given by

E
〈
W (t), v

〉〈
W (t), z

〉 = t
〈
z, �v

〉

= t
∞∑

i=0

σ 2
i

〈
ei , v

〉〈
ei , z

〉
for v, z ∈ �2,

where Wi (·) is a real-valued Wiener process with covariance
tσ 2

i and

σ 2
i = E[〈Y0 − G, ei

〉]2 + 2
∞∑

j=1

E
〈
Y0 − G, ei

〉〈
Y j − G, ei

〉
.

Proof: The proof is presented in Appendix F.
Note that the covariance σ 2

i depends on the stationary expected
degree distribution G and thus is a function of the power law
exponent β.

B. Markov-Modulated Probability Mass Functions
With Denumerable Support

Here, we extend the above results to the problem of tracking
a time-varying probability mass function with infinite support.
The aim is to track a probability mass function with support
on the set of non-negative integers that evolves according to
a slow Markov chain θn with m states and initial probability
distribution π0. The state space M, and the transition proba-
bility matrix Aρ of the underlying Markov chain θn are defined
in (1) and (2), respectively. For each θ ∈ M, let

G(θ) = [G1
(θ),G

2
(θ), . . .]′, (24)

be a probability mass function with support on the set
of non-negative integers such that

∑∞
i=1 G

i
(θ) = 1 and

G
i
(θ) ∝ i−βθ , where βθ > 1. When the underlying Markov

chain θn jumps from one state to another within M, G(θn)
switches accordingly.

At each time n, we sample yn(θn) from PMF G(θn); that is
yn(θn) ∼ G(θn). Let Yn(θn) = eyn(θn) denote the observation
vector. To estimate G(θn), the following constant step size
stochastic approximation algorithm is deployed

Ĝn+1 = Ĝn + ε(Yn(θn)− Ĝn). (25)

Here ε > 0 denotes a small positive step size and Ĝ0 = e1.
We further assume that the Markov chain is slowly changing
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in that the rate of changes is an order slower than that of
adaptation (25); that is ρ = ε2.

To analyze the asymptotic properties of the stochastic
approximation algorithm, we define the sequence of
continuous-time interpolation Ĝε(t) = Ĝn for t ∈
[nε, nε + ε). Similar to what have been obtained thus far for
the non-Markovian case, with the details omitted, we obtain
the following weak convergence results. Theorem 5.4 states
that the sequence of estimates obtained via Hilbert-space-
valued stochastic approximation algorithm (25) converges
weakly to the solution of an ODE which depends on the
initial distribution of the underlying Markov chain.

Theorem 5.4: Suppose Assumptions 2.1 and 4.1 hold. Then
Ĝε(·) is tight in D([0,∞) : �2). Any convergent subsequence
has a limit Ĝ(·) that is the solution of the differential equation

dĜ(t)

dt
=

m∑

θ=1

G(θ)pθ − Ĝ(t), Ĝ(0) = e1, (26)

where

G(θ) =
∞∑

i=0

G
i
(θ)ei , and (pθ : θ ≤ m) = π0

is the initial probability distribution of Markov chain.
Proof: The proof is presented in Appendix G.

Furthermore, we can obtain the following corollary. The
proof is similar to that of Corollary 5.1 and thus omitted.

Corollary 5.2: Consider Ĝε(· + tε), where tε → ∞ as
ε → 0. Under the condition of Theorem 5.4, Ĝε(· + tε) →
G = ∑m

θ=1 pθG(θ) in probability as ε → 0.
Redefine νn = (Ĝn − G)/

√
ε. It can be shown that there

exists Nε such that the sequence {νn : n ≥ Nε} is tight. Next,
redefine νε(t) = νn for t ∈ [ε(n− Nε), ε(n− N −ε)+ε). With
a little more effort, we can also obtain the associated rates of
convergence result, which is stated in the next theorem.

Theorem 5.5: Suppose Assumptions 2.1 and 4.1 hold.
Then, {νε(·)} is tight in D([0,∞); �2). Moreover, suppose that
νε(0) converges weakly to ν(0), then νε(·) converges weakly
to ν(·) such that ν(·) is the solution of the following stochastic
differential equation (SDE)

du(t) = −ν(t)dt +
m∑

θ=1

pθdW (θ, t), (27)

where for each θ ∈ M, W (θ, ·) is a Wiener process as given
in Theorem 5.3.

Proof: The proof is similar to the proof of Theorem 5.3
with modifications similar to those of the proof of
Theorem 5.4.

VI. NUMERICAL EXAMPLES

In this section, numerical examples are given to illustrate
the results from Sec.II, and Sec.IV.
The main conclusions are:

(i) The infinite duplication-deletion random graph with-
out Markovian dynamics generated by the duplication-
deletion Procedure 1 satisfies a power law as stated in
Theorem 3.2; see Example 1.

Fig. 1. The degree distribution of the duplication-deletion random graph
satisfies a power law. The parameters are specified in Example 1 of Sec.VI.

Fig. 2. The degree distribution of the fixed size duplication-deletion random
graph. The parameters are specified in Example 2 of Sec.VI.

(ii) The degree distribution of the fixed size duplication-
deletion random graph generated by the duplication-
deletion Procedure 1 can be computed from Theorem 3.1.
When η0 (the size of the random graph) is sufficiently
large, numerical results show that the degree distribution
satisfies a power law as well; see Example 2.

(iii) The estimates obtained by stochastic approximation
algorithm (12) follow the expected probability distribu-
tion precisely without information about the Markovian
dynamics; see Example 3.

Example 1: Consider an infinite duplication-deletion ran-
dom graph without Markovian dynamics (so m = 1) generated
by Procedure 1 with p = 0.5 and q = 0.1. Theorem 3.2
implies that the degree sequence of the resulting graph satisfies
a power law with exponent computed using (9). Fig.1 displays
the un-normalized degree distribution on a logarithmic scale.
The linearity in Fig.1 (excluding the nodes with very small
degree), implies that the resulting graph from duplication-
deletion process satisfies a power law. As can be seen in Fig.1,
the power law is a better approximation for the middle points
compared to both ends.

Example 2: Consider the fixed size duplication-deletion
random graph generated by Procedure 1 with r = 0, η0 = 10,
p = 0.4, and q = 0.1. We consider m = 1 (no Markov-
ian dynamics) to illustrate Theorem 3.1. Fig. 2 depicts the
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Fig. 3. Degree distribution of the fixed size duplication-deletion random
graph satisfies a power law when η0 is sufficiently large. The parameters are
specified in Example 2 of Sec.VI.

Fig. 4. The estimates obtained by SA algorithm (12) follows the expected
PMF precisely with no knowledge of the Markovian dynamics. The parameters
are specified in Example 3.

normalized degree distribution of the fixed size duplication-
deletion random graph obtained by Theorem 3.1. As can be
seen in Fig. 2, the computed degree distribution is close to
that obtained by simulation. The numerical results show that
the degree distribution of the fixed size random graph also
satisfies a power law for some values of p when the size of
random graph is sufficiently large. Fig. 3 shows the number
of nodes with specific degree for the fixed size random graph
obtained by Procedure 1 with r = 0, η0 = 1000, p = 0.4,
and q = 0.1 on a logarithmic scale for both horizontal and
vertical axes.

Example 3: Consider the fixed size Markov-modulated
duplication-deletion random graph generated by Procedure 1
with r = 0 and η0 = 500. Assume that the underlying Markov
chain has three states, m = 3. We choose the following
values for probabilities of connection and deletion: state (1):
p = q = 0.05, state (2): p = 0.2 and q = 0.1, and state (3):
p = 0.4, q = 0.15. The sample path of the Markov chain
jumps at times n = 3000 from state (1) to state (2) and
n = 6000 from state (2) to state (3). As the state of the
Markov chain evolves, the expected degree distribution, G(θ),
obtained by (8) evolves over time. The corresponding values
for the expected degree distribution for nodes of degree i = 3
are displayed in Fig. 4 using a dotted line. The estimated
probability mass function, Ĝn , obtained by the stochastic
approximation algorithm (12) is plotted in Fig. 4 using a

solid line. The figure shows that the estimates using by the
stochastic approximation algorithm (12) follow the expected
degree distribution (8) satisfactorily even though the algorithm
has no information about the underlying Markovian dynamics.

VII. CONCLUSION

Markov-modulated duplication-deletion random graphs are
analyzed in terms of their degree distribution. When the size
of graph is fixed (r = 0) and ρ is small, the expected
degree distribution of the Markov-modulated duplication-
deletion random graph can be computed from (5) for each
state of the underlying Markov chain. This result allows us
to express the structure of network (degree distribution) in
terms of the dynamics of the model. We also showed that, the
infinite duplication-deletion random graph without Markovian
dynamics generated according to Procedure 1 (r = 1,m = 1)
satisfies a power law with component computed from (9).
The importance of this result is that a single parameter (power
law component) characterizes the structure of a possibly very
large dynamic network.

Also a stochastic approximation algorithm was presented to
adaptively estimate the degree distribution of random graphs.
The stochastic approximation algorithm (12) does not assume
knowledge of the Markov-modulated dynamics of the graph.
Theorem 4.1 showed that the tracking error of the stochastic
approximation algorithm is small and is in order of O(ε).
As a result of this bound, we showed that the scaled tracking
error weakly converges to a diffusion process. Motivated by
the analysis of social networks, we presented a Hilbert-space-
valued stochastic approximation algorithm to estimate the
expected degree distribution of the infinite duplication-deletion
random graph without Markovian dynamics. The asymptotic
behaviour of such an algorithm is analyzed in terms of the
power law degree distribution. Finally, we extended the analy-
sis to a Hilbert-space-valued stochastic approximation algo-
rithm that aims to track a Markov-modulated probability mass
function with denumerable support. Using weak convergence
methods, it was shown that the estimates obtained via such
an algorithm converge weakly to the solution of an ordinary
differential equation. It was also shown that the interpolated
sequence of scaled tracking error converges weakly to the
solution of a stochastic differential equation.

APPENDIX

A. Proof of Theorem 3.1

The proof is based on the proof of [9, Lemma 4.1, Ch. 4,
p. 79]. To compute the expected degree distribution of the
Markov-modulated random graph, we find a relation between
the number of nodes with specific degree at time n and the
degree distribution of the graph at time n − 1. Recall that the
i -th element of Fn , Fi

n , denotes the number of vertices with
degree i at time k. Given the resulting graph at time n, the
aim is to find the expected number of nodes with degree i + 1
at time n + 1. The following events can occur that result in a
node with degree i + 1 at time n + 1:

• Degree of a node with degree i increments by one in
the duplication step (Step 1 of the duplication-deletion
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Procedure 1) and remains unchanged in the deletion step
(Step 2):

– A node with degree i is chosen at the duplication
step as a parent node and remains unchanged in the
deletion step. The probability of occurrence of such
an event is

r

(

1− q(i +1)+ q(1+ pi)−q(1+ pi)(i +1)/ηn

ηn

)
Fi

n

ηn
;

the probability of choosing a node with degree i is
Fi

n
ηn

and the probability of the event that this node
remains unchanged in the deletion step is12

1 − q(i + 1)+ q(1 + pi)− q(1 + pi)(i + 1)/ηn

ηn
.

– One neighbor of a node with degree i is selected
as a parent node; the parent node connects to its
neighbors (including the node with degree i ) with
probability p in the edge-duplication part of Step 1.
The probability of such an event is

r
Fi

n pi

ηn(

1− q(i +2)+q(1+ p(i +1))−q(1+ p(i +1))(i +2)/ηn

ηn

)

.

Note that the node whose degree is incremented by
one in this event should remain unaffected in Step 2;
the probability of being unchanged in Step 2 for such
a node is

1− q(i +2)+q(1+ p(i +1))−q(1+ p(i +1))(i +2)/ηn

ηn
.

• A node with degree i + 1 remains unchanged in both
Step 1 and Step 2 of Procedure 1:

– Using the same argument as above, the probability
of such an event is

Fi+1
n

(

1 − q
i + 3 + p(i + 1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
(

1 − r
p(i + 1)+ 1

ηn

)

.

• A new node with degree i + 1 is generated in Step 1:

– The degree of the most recently generated node
(in the vertex- duplication part of Step 1) increments

12The deletion step (Step 2 of Procedure 1) comprises an edge-deletion
step and a duplication step. The probability that the degree of node with
degree i changes in the edge-deletion step is q(i+1)

ηn
; either this node or

one of its neighbors should be selected in the edge-deletion step. Also given
that the degree of this node dose not change in the edge-deletion step, if
either this node or one of its neighbor is selected in the duplication step
(within Step 2) then the degree of this node increments by one with probability
1+pi
ηn

. Therefore, the probability that the degree of a node of degree i remains
unchanged in Step 2 is

1 − q(i + 1)+ q(1 + pi)− q(1 + pi)(i + 1)/ηn

ηn
.

Note that for simplicity in our analysis, it is assumed that the nodes whose
degrees change in the edge-deletion part of Step 2, remain unchanged in the
duplication part of Step 2 at that time instant. Also, the new node, which
is generated in the vertex-duplication step of Step 1, remains unchanged in
Step 2.

to i + 1; the new node connects to “i" neighbors of
the parent node and remains unchanged in Step 2.
The probability of this scenario is

r

(

1 − q
i + 3 + p(i + 1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
∑

j≥i

F j
n

ηn

(
j

i

)

pi (1 − p) j−i .

• Degree of a node with degree i + 2 decrements by one in
Step 2:

– A node with degree i + 2 remains unchanged in
the duplication step and one of its neighbors is
eliminated in the deletion step. The probability of
this event is

q

(
i + 2

ηn

) (

1 − p(i + 2)+ 1

ηn

)

.

• A node with degree i + 1 is generated in Step 2:

– The degree of the node generated in the vertex-
duplication part of duplication step within Step 2
increments to i + 1. The probability of this
event is

q
∑

j≥i

1

ηn
F j

n

(
j

i

)

pi (1 − p) j−i .

• Degree of a node with degree i increments by one in
Step 2:

– A node with degree i remains unchanged in Step 1
and its degree increments by one in the duplication
part of Step 2. The corresponding probability is

q(1 + pi)

ηn

(

1 − 1 + pi

ηn

)

.

Let � denote the set of all arbitrary graphs and Fn denote the
sigma algebra generated by graphs Gτ , τ ≤ n. Considering the
above events that result in a node with degree i + 1 at time
n +1, the following recurrence formula can be derived for the
conditional expectation of Fi+1

n+1:

E{Fi+1
n+1|Fn}

=
(

1 − q
i + 3 + p(i + 1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
(

1 − r
p(i + 1)+ 1

ηn

)

Fi+1
n

+ r

(

1 − q(i + 1)+ q(1 + pi)− q(1 + pi)(i + 1)/ηn

ηn

)

×
(

1+ pi

ηn

)

Fi
n +r

(

1−q
i +3+ p(i +1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
∑

j≥i

F j
n

ηn

(
j

i

)

pi (1 − p) j−i

+ q
∑

j≥i

F j
n

ηn

(
j

i

)

pi (1 − p) j−i + q

(
i + 2

ηn

)
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×
(

1− p(i +2)+1

ηn

)

Fi+2
n + q(1+ pi)

ηn

(

1− 1+ pi

ηn

)

Fi
n .

(28)

Let F
i
n = E{Fn}. By taking expectation of both sides of (28)

with respect to trivial sigma algebra {�,∅}, the smoothing
property of conditional expectations yields:

F
i+1
n+1

=
(

1 − q
i +3+ p(i +1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
(

1 − r
p(i +1)+1

ηn

)

F
i+1
n

+ r

(

1 − q(i + 1)+ q(1 + pi)− q(1+pi)(i+1)
ηn

ηn

)

×
(

1 + pi

ηn

)

F
i
n + r

(

1−q
i +3+ p(i +1)− (1+p(i+1))(i+2)

ηn

ηn

)

×
∑

j≥i

F
j
n

ηn

(
j

i

)

pi (1− p) j−i + q
∑

j≥i

1

ηn
F

j
n

(
j

i

)

pi (1− p) j−i

+ q

(
i + 2

ηn

) (

1 − p(i + 2)+ 1

ηn

)

F
i+2
n

+ q(1 + pi)

ηn

(

1 − 1 + pi

ηn

)

F
i
n . (29)

Assuming that size of the graph is sufficiently large, each term

like F
i
n
η2

n
can be neglected. Eq. (29) can be written as

F
i+1
n+1 =

(

1 − q(i + 2)+ (
r + q

)(
p(i + 1)+ 1

)

ηn

)

F
i+1
n

+
(
(1 + pi)

(
r + q

)

ηn

)

F
i
n + q

(
i + 2

ηn

)

F
i+2
n

+ q
∑

j≥i

1

ηn
F

j
n

(
j

i

)

pi (1 − p) j−i . (30)

Using (29), we can write the following recursion for the
(i + 1)-th element of Gn+1:

G
i+1
n+1 =

(
ηn − (

q(i + 2)+ (
r + q

)(
p(i + 1)+ 1

))

ηn+1

)

G
i+1
n

+
(
(1 + pi)

(
r + q

)

ηn+1

)

G
i
n + q

(
i + 2

ηn+1

)

G
i+2
n

+ q
∑

j≥i

1

ηn+1
G

j
n

(
j

i

)

pi (1 − p) j−i . (31)

Since the probability of duplication step r = 0, the number
of vertices does not increase. Thus, ηn = η0 and (31) can be
written as

G
i+1
n+1 =

(
1 − 1

η0

(
q(i + 2)+ q

(
p(i + 1)+ 1

)) )
G

i+1
n

+ 1

η0

(
(1 + pi)qG

i
n + 1

η0
q(i + 2)G

i+2
n

)

+ 1

η0
q

∑

j≥i

G
j
n

(
j

i

)

pi (1 − p) j−i . (32)

It is clear in (32) that the vector Gn+1 depends on elements
of Gn . Using matrix notation, (32) can be expressed as

Gn+1 =
(

I + 1

η0
L ′

)

Gn (33)

where L is defined as (6).
To prove that L is a generator, we need to show that lii < 0

and
∑η0

i=1 lki = 0. Accordingly,

η0∑

i=1

lki = − (q(k + 1)+ q(1 + pk))+ (1 + pk)q

+ qk + q
∑

k≤i−1

(
k

i − 1

)

pi−1(1 − p)k−i+1

= −q + q
∑

k≤i−1

(
k

i − 1

)

pi−1(1 − p)k−i+1. (34)

Let m = i − 1. Then, (34) can be rewritten as

η0∑

i=1

lik = −q + q
k∑

m=0

(
k

m

)

pm(1 − p)k−m

= −q + q(1 − p)k
k∑

m=0

(
k

m

) (
p

1 − p

)m

. (35)

Knowing that
∑k

m=0

( k
m

)
am = (1 + a)k , (35) can be written

as

η0∑

i=1

lik = −q + q(1 − p)k
(

1

1 − p

)k

= 0. (36)

Also, it can be shown that lii < 0. Since pi−1 ≤ 1, pi−1 <
1+ 2

i + p+ pi . Consequently, iqpi−1(1− p)−q(i +2+i p) < 0.
Therefore, lii < 0 and the desired result follows.

B. Proof of Theorem 4.1

Define the Lyapunov function V (x) = (x ′x)/2 for x ∈ R
N0 .

Use En to denote the conditional expectation with respect to
the σ -algebra Hn generated by {Y j (θ j ), θ j , j ≤ n}. Then,

En{V (G̃n+1)− V (G̃n)}
= En

{
G̃′

n[−εG̃n +ε (
Yn(θn)−G(θn)

)+G(θn)−G(θn+1)]
}

+ En

{
‖− εG̃n +ε (

Yn(θn)−G(θn)
)+G(θn)−G(θn+1)‖2

}

(37)

where Yn(θn) and G(θn) are vectors in R
N0 with elements

Y i
n(θn) and G(θn)

i , 1 ≤ i ≤ N0, respectively. Due to
the Markovian assumption and the structure of the transition
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matrix of θn , defined in (2),

En{G(θn)− G(θn+1)}
= E{G(θn)− G(θn+1)|θn}
=

m∑

i=1

E{G(i)−G(θn+1)|θn = i}I {θn = i}

=
m∑

i=1

⎡

⎣G(i)−
m∑

j=1

G( j)Aρi j

⎤

⎦ I{θn=i}

= −ρ
m∑

i=1

m∑

j=1

G( j)qi j I {θn = i} = O(ρ) (38)

where I {·} denotes the indicator function. Similarly, it is easily
seen that

En{‖G(θn)− G(θn+1)‖2} = O(ρ). (39)

Using K to denote a generic positive value (with the
notation K K = K and K + K = K ), a familiar inequality
ab ≤ a2+b2

2 yields

O(ερ) = O(ε2 + ρ2). (40)

Moreover, we have ‖G̃n‖ = ‖G̃n‖ · 1 ≤ (‖G̃n‖2 + 1)/2. Thus,

O(ρ)‖G̃n‖ ≤ O(ρ)
(
V (G̃n)+ 1

)
. (41)

Then, detailed estimates lead to

En

{∥
∥
∥ − εG̃n + ε

(
Yn(θn)− G(θn)

) + G(θn)− G(θn+1)
∥
∥
∥

2}

≤ K En

{

ε2‖G̃n‖2 + ε2‖(Yn(θn)− G(θn)‖2

+ ε2
∥
∥G̃′

n

(
Yn(θn)− G(θn+1)

) ∥
∥

+ ε‖G̃′
n

(
G(θn)− G(θn+1)

) ‖
+ ε‖ (

Yn(θn)− G(θn)
)′ (

G(θn)− G(θn+1)
) ‖

}

+ En{‖G(θn)− G(θn+1)‖}2. (42)

It follows that

En

{∥
∥
∥ − εG̃n + ε

(
Yn(θn)− G(θn)

) + G(θn)− G(θn+1)
∥
∥
∥

2}

= O(ε2 + ρ2)(V (G̃n)+ 1). (43)

Furthermore,

{V (G̃n+1)− V (G̃n)}
= −2εV (G̃n)+ εEn{G̃′

n[Yn(θn)− G(θn)]}
+ En{G̃′

n[G(θn+1)− G(θn)]} + O(ε2 + ρ2)(V (G̃n)+ 1).

(44)

To obtain the desired bound, define V ρ
1 and V ρ

2 as follows:

V ρ
1 (G̃, n) = ε

∑∞
j=n G̃′En{Y j (θ j )− G(θ j )},

V ρ
2 (G̃, n) = ∑∞

j=n G̃′En{G(θ j )− G(θ j+1)}. (45)

It can be shown that

|V ρ
1 (G̃, n)| = O(ε)(V (G̃)+ 1),

|V ρ
2 (G̃, n)| = O(ρ)(V (G̃)+ 1). (46)

Define W (G̃, n) as

W (G̃, n) = V (G̃)+ V ρ
1 (G̃, n)+ V ρ

2 (G̃, n). (47)

This leads to

En{W (G̃n+1, n + 1)− W (G̃n, n)}
= En{V ρ

1 (G̃n+1, n + 1)− V ρ
1 (G̃n, n)}

+ En{V (G̃n+1)− V (G̃n)}
+ En{V ρ

2 (G̃n+1, n + 1)− V ρ
2 (G̃n, n)}. (48)

Moreover,

En{W (G̃n+1, n+1)−W (G̃n, n)} = −2εV (G̃n)

+O(ε2+ρ2)(V (G̃n)+1).

(49)

Equation (49) can be rewritten as

En{W (G̃n+1, n + 1)− W (G̃n, n)}
≤ −2εW (G̃n, n)+ O(ε2 + ρ2)(W (G̃n, n)+1). (50)

If ε and ρ are chosen small enough, then there exists a small
λ such that −2ε+ O(ρ2)+ O(ε2) ≤ −λε. Therefore, (50) can
be rearranged as

En{W (G̃n+1, n + 1)} ≤ (1 − λε)W (G̃n , n)

+O(ε2 + ρ2). (51)

Taking expectation of both sides yields

E{W (G̃n+1, n + 1)} ≤ (1 − λε)E{W (G̃n , n)}
+O(ε2 + ρ2). (52)

Iterating on (52) then results

E{W (G̃n+1, n + 1)} ≤ (1 − λε)n−NρE{W (G̃Nρ , Nρ)}

+
n∑

j=Nρ

O(ε2+ρ2)(1−λε) j−Nρ . (53)

As a result,

E{W (G̃n+1, n + 1)} ≤ (1 − λε)n−NρE{W (G̃Nρ , Nρ)}
+O

(
ε + ρ2/ε

)
. (54)

If n is large enough, one can approximate (1 − λε)n−Nρ =
O(ε). Therefore,

E{W (G̃n+1, n + 1)} ≤ O

(

ε + ρ2

ε

)

(55)

Finally, using (46) and replacing W (G̃n+1, n + 1) with
V (G̃n+1), we obtain

E{V (G̃n+1)} ≤ O

(

ρ + ε + ρ2

ε

)

. (56)
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C. Sketch of the Proof of Theorem 4.2

Since the proof is similar to [18, Th. 4.5], we only indicate
the main steps in what follows and omit most of the verbatim
details.

Step 1: First, we show that the two component process
(Ĝε(·), θε(·)) is tight in D([0, T ] : R

η0 ×m). Using techniques
similar to [43, Th. 4.3], it can be shown that θε(·) converges
weakly to a continuous-time Markov chain generated by Q.
Thus, we mainly need to consider Ĝε(·). We show that

lim
�→0

lim sup
ε→0

E

[

sup
0≤s≤�

Eεt
∥
∥Ĝε(t + s)− Ĝε(t)

∥
∥2

]

= 0 (57)

where Eεt denotes the conditioning on the past information up
to t . Then, the tightness follows from the criterion [35, p. 47].

Step 2: Since (Ĝε(·), θε(·)) is tight, we can extract weakly
convergent subsequence according to the Prohorov theorem;
see [1]. To figure out the limit, we show that (Ĝε(·), θε(·)) is a
solution of the martingale problem with operator L0. For each
i ∈ M and continuously differential function with compact
support f (·, i), the operator is given by

L0 f (Ĝ, i) = ∇ f ′(Ĝ, i)[−Ĝ + G(i)]
+

∑

j∈M
qi j f (Ĝ, j), i ∈ M. (58)

We can further demonstrate the martingale problem with oper-
ator L0 has a unique solution (in the sense of in distribution).
Thus, the desired convergence property follows.

D. Sketch of the Proof of Theorem 4.3

The proof comprises of four steps as described below:
Step 1: First, note

νn+1 = νn − ενn + √
ε(yn+1 − EG(θn))

+E[G(θn)− G(θn+1]√
ε

. (59)

The approach is similar to that of [18, Th. 5.6]. Therefore, we
will be brief.

Step 2: Define an operator

L f (ν, i) = −∇ f ′(ν, i)ν + 1

2
tr[∇2 f (ν, i)�(i)]

+
∑

j∈M
qi j f (ν, j), i ∈ M, (60)

for function f (·, i) with compact support that has continuous
partial derivatives with respect to ν up to the second order.
It can be shown that the associated martingale problem has a
unique solution (in the sense of in distribution).

Step 3: It is natural now to work with a truncated process.
For a fixed, but otherwise arbitrary r1 > 0, define a truncation
function

qr1(x) =
{

1, if x ∈ Sr1 ,
0, if x ∈ R

η0 − Sr1 ,

where Sr1 = {x ∈ R
η0 : ‖x‖ ≤ r1}. Then, we obtain the

truncated iterates

νr1
n+1 = νr1

n − ενr1
n qr1(νr1

n )+ √
ε(yn+1 − EG(θn))

+E[G(θn)− G(θn+1]√
ε

qr1(νr1
n ). (61)

Define νε,r1(t) = νr1
n for t ∈ [εn, εn + ε). Then, νε,r1(·) is an

r -truncation of νε(·); see [1, p. 284] for a definition. We then
show the truncated process (νε,r1(·), θε(·)) is tight. Moreover,
by Prohorov’s theorem, we can extract a convergent subse-
quence with limit (νr1(·), θ(·)) such that the limit (νr1(·), θ(·))
is the solution of the martingale problem with operator Lr1

defined by

Lr1 f r1(ν, i) = −∇′ f r1(ν, i)ν + 1

2
tr[∇2 f r1(ν, i)�(i)]

+
∑

j∈M
qi j f r1(ν, j) (62)

for i ∈ M, where f r1(ν, i) = f (ν, i)qr1(ν).
Step 4: Letting r1 → ∞, we show that the un-truncated

process also converges and the limit, denoted by (ν(·), θ(·)),
is precisely the martingale problem with operator L defined
in (62). The limit covariance can further be evaluated as in
[18, Lemma 5.2].

E. Proof of Theorem 5.2

The proof of the theorem is divided into several steps
and uses techniques in stochastic approximation [1] but with
the modification that �2 is a Hilbert space (see [41], [42]).
Whenever possible, we only indicate the main idea and refer
to the literature of stochastic approximation.

Step 0: Note that (22) has a unique solution for each initial
condition since it is linear in Ĝ(·).

Step 1: Preliminary estimates. From (21), we obtain that for
0 < ε < 1, the elements of Ĝn are non-negative and add up
to one. Thus, Ĝn is bounded.

In addition, define V (Ĝ) = 1
2

〈
Ĝ − G, Ĝ − G

〉
, which can

be thought of as a Lyapunov function. Then using perturbed
Lyapunov function argument [1], it can be shown

EV (Ĝn) = O(ε). (63)

Step 2: Tightness of {Ĝε(·)}. Henceforth, we often use t/ε
and (t +s)/ε to denote �t/ε� and �(t +s)/ε�, the integer parts
of t/ε and (t + s)/ε, respectively. By using the boundedness
of {Ĝn} established in the first step together with the Hölder
inequality, we have for each 0 < T < ∞, any t ≥ 0, any
0 < δ, any 0 < s ≤ δ, and ε > 0,

Eεt ‖Ĝε(t + s)− Ĝε(t)‖2 ≤ Eεt

∣
∣
∣
∣
∣
∣
ε

(t+s)/ε−1∑

j=t/ε

[Y j − Ĝ j ]
∣
∣
∣
∣
∣
∣

2

≤ K ε

(
t + s

ε
− t

ε

)

≤ K s,

where K > 0 is independent of ε and Eεt denotes the
conditional expectation with respect to Fε

t . Thus

Eεt ‖Ĝε(t + s)− Ĝε(t)‖2 ≤ K s,

lim
δ→0

lim sup
ε→0

E[ sup
0<s≤δ

Eεt ‖Ĝε(t + s)− Ĝε(t)‖2] = 0. (64)

The tightness criterion (see [35, Th. 3, p. 47] with R
r replaced

by �2; see also [41]) enables us to conclude that {Ĝε(·)} is tight
in D([0,∞) : �2).
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Step 3: Characterization of the limit process. Since {Ĝε(·)}
is tight, by Prohorov’s theorem, we can extract a convergent
subsequence. Select such a sequence and still denote it by
Ĝε(·) with limit denoted by Ĝ(·). By using the Skorohod
representation, with a slight abuse of notation, we may assume
that Ĝε(·) converges to Ĝ(·) w.p.1 and the convergence is
uniform on any bounded time interval. We shall show that
Ĝ(·) is a solution of the martingale problem with operator

L f (Ĝ) = 〈∇ f (Ĝ), [G − Ĝ]〉

for any f (·) ∈ C1
0 (�2 : R) (collection of real-valued C1

functions defined on �2 with compact support). We need to
show that

f (Ĝ(t))− f (Ĝ(0))−
∫ t

0
L f (Ĝ(τ ))dτ is a marginale.

To prove the martingale property, we pick out any bounded
and continuous function h(·) defined on �2, any T < ∞, any
0 < t, s ≤ T , any positive integer κ , and tl1 ≤ t for any l ≤ κ .
To derive the desired property, we need only show that

Eh(Ĝ(tl1) : l1 ≤ κ)

×
(

f (Ĝ(t+s))− f (Ĝ(t))−
∫ t+s

t
L f (Ĝ(τ ))dτ

)

= 0. (65)

To prove (65), we work with the process indexed by ε. First,
by the weak convergence and the Skorohod representation,

lim
ε→0

Eh(Ĝε(tl1) : l1 ≤ κ)[ f (Ĝε(t + s))− f (Ĝε(t))]
= Eh(Ĝ(tl1) : l1 ≤ κ)[ f (Ĝ(t + s))− f (Ĝ(t))]. (66)

Choose a sequence of integers {mε} such that mε → ∞ as
ε → 0 but �ε = εmε → 0. Next, we note

f (Ĝε(t + s))− f (Ĝε(t))

= f (Ĝ(t+s)/ε)− f (Ĝt/ε)

=
(t+s)/ε−1∑

lmε=t/ε

[ f (Ĝlmε+mε )− f (Ĝlmε )]

= ε

(t+s)/ε−1∑

lmε=t/ε

〈∇ f (Ĝlmε ),

lmε+mε−1∑

j=lmε

[Y j − Ĝ j ]
〉 + o(1)

=
(t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

[Y j − Ĝ j ]
〉 + o(1),

where o(1) → 0 in probability as ε → 0. The stationarity and
the mixing condition imply that

1

mε

lmε+mε−1∑

j=lmε

ElmεY j → EY0 =
∞∑

i=0

ei P(y0 = i)

= G (in probability).

Therefore,

Eh(Ĝε(tl1) : l1 ≤ κ)

[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

Y j
〉
]

= Eh(Ĝε(tl1) : l1 ≤ κ)

×
[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

ElmεY j
〉
]

→ Eh(Ĝ(tl1) : l1 ≤ κ)

×
(∫ t+s

t

〈∇ f (Ĝ(τ )),G
〉
dτ

)

as ε → 0. (67)

Likewise,

Eh(Ĝε(tl1) : l1 ≤ κ)

×
[

−
(t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

∑lmε+mε−1
j=lmε

Ĝ j

mε

〉
]

→ Eh(Ĝ(tl1) : l1 ≤ κ)

[

−
∫ t+s

t

〈∇ f (Ĝ(τ )), Ĝ(τ )
〉
dτ

]

.

(68)

Combing (66)–(68), (65) follows. �

F. Proof of Theorem 5.3

In the proof of Theorem 5.3, we use several lemmas and
propositions described below. From (21),

νn+1 = νn − ενn + √
ε(Yn − G). (69)

Lemma 7.1: Under assumption Theorem 5.2, for suffi-
ciently small ε, there is an Nε such that EV (νn) = O(1)
for all n ≥ Nε .

Proof: The proof uses a perturbed Lyapunov function
argument.

To proceed, recall the definition of covariance operator
and Wiener process [42], [44] on �2. A covariance � of
an �2-valued random variable y is an operator from �2 to
�2 defined by �v = EY

〈
v, y

〉
for any v ∈ �2. A process W (·) is

a zero mean (stationary increment) �2-valued Wiener process
if there are mutually independent real-valued, zero mean,
Wiener processes {Wi (·)} with covariances tρi satisfying
∑∞

i=0 ρi < ∞ and there is an orthonormal sequence {βi } with
βi ∈ �2 such that W (t) = ∑∞

i=0 Wi (t)βi . For v, z ∈ �2, the
covariance operator of W (t) is defined by

E
〈
W (t), v

〉〈
W (t), z

〉 = t
〈
z, �v

〉 = t
∞∑

i=0

ρi
〈
βi , v

〉〈
βi , z

〉
. (70)

Lemma 7.2: Assume the conditions of Theorem 5.2. For
any natural number i ∈ N, define

W ε
i (t) = √

ε

t/ε−1∑

j=0

〈
Y j − G, ei

〉
.

Then W ε
i (·) converges weakly to a real-valued Wiener process

Wi (·) with covariance tσ 2
i , where

σ 2
i = E[〈Y0 − G, ei

〉]2 + 2
∞∑

j=1

E
〈
Y0 − G, ei

〉〈
Y j − G, ei

〉
. (71)
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Proof: Note that with the use of inner product in �2,
{〈Yn − G, ei

〉} is a real-valued mixing sequence with mean 0.
The desired convergence follows from the functional invari-
ance principle for mixing process; see [1, Ch. 7] (see also
[36], [41]). �

Lemma 7.3: Under the conditions of Lemma 7.2, for i �= l,
EW ε

i (t)W
ε
l (t) = 0. As a result, the limit Wiener processes

Wi (·) and Wl(·) are independent.
Proof: It is straightforward that

EW ε
i (t)W

ε
l (t) = εE

t/ε−1∑

k=0

t/ε−1∑

j=0

〈
Y j − G, ei

〉〈
Yk − G, el

〉

= εE
t/ε−1∑

k=0

t/ε−1∑

j=0

〈
Y j − G, ei e′

l(Yk − G)
〉

= 0 since ei e′
l = 0 ∈ R

∞×∞.

Since EW ε
i (t) = 0, we conclude that �(W ε

i (t),W ε
l (t)) = 0.

Consequently, �(Wi (t),Wl (t)) = 0, and as a result Wi (t) and
Wl(t) are independent Wiener processes. �

Proposition 7.4: Under the conditions of Lemma 7.2,
define

W ε(t) = √
ε

t/ε−1∑

j=0

[Y j − G]. (72)

Then W ε(·) converges weakly to W (·) such that

W (t) =
∞∑

i=0

Wi (t)ei , (73)

and the covariance operator is given by

E
〈
W (t), v

〉〈
W (t), z

〉 = t
〈
z, �v

〉

= t
∞∑

i=0

σ 2
i

〈
ei , v

〉〈
ei , z

〉
for v, z ∈ �2,

(74)

where σ 2
i is defined in (71).

Proof: In view of the definition of (72), for any δ > 0,
t > 0, 0 < s ≤ δ, with Eεt denotes the conditional expectation
with respect to Fε

t , using the mixing properties, we can show
that

lim
δ→0

lim sup
ε→0

[
sup

0≤δ≤s
Eεt

〈
W ε(t + s)− W ε(t),W ε(t + s)

− W ε(t)
〉] = 0.

Thus W ε(·) is tight in D([0,∞); �2). We can extract any
weakly convergent subsequence and denote the limit by W (·).
We next characterize its limit.

Again, using (72)

W ε(t) =
∞∑

i=0

W ε
i (t)ei = √

ε

∞∑

i=0

t/ε−1∑

j=0

〈
Y j − G, ei

〉
ei .

Therefore, for each l ∈ N,

E[〈W ε(t), el
〉]2 = E‖W ε

l (t)‖2 = tσ 2
l .

By virtue of exponential decay property of G
i ∝ i−β ,

∑∞
l=0 σ

2
l < ∞. By Lemma 7.2, W ε

i (·) converges weakly
to Wi (·). By virtue of Lemma 7.3, Wi (·) are independent
Wiener processes. In view of the definition of Wiener process
on �2, we conclude that W ε(·) converges weakly to W (·) such
that (73) holds. In addition, the structure of the covariance
operator (74) is obtained. �

We proceed to obtain the desired weak convergence of νε(·).
Since the stochastic differential equation (23) is linear, there
is a unique solution for each initial condition. The rest of
the proof is similar to the finite dimensional counter part
with necessary modifications similar to that of the proof of
Theorem 5.2.

G. Proof of Theorem 5.4

Before proceeding to the main proof, we first state a
preliminary result. The proofs of the assertions below can be
found in [43, Ths. 3.6 and 4.3] and are thus omitted.

Lemma 7.5: Under Assumption 2.1, the following claims
hold:

(a) Denote pρn = [P(θρn = 1), . . . , P(θρn = m)] and the
n-step transition probability by (Aρ)n with Aρ given
in (2) with ρ = ε2. Then

pρn = p(ρn)+ O(ρ + ρ−k0 t/ρ),

(Aρ)n−n0 = �(ρn, ρn0)+ O(ρ + e−k0(t−t0)/ρ), (75)

where p(t) ∈ R
1×m and �(t, t0) ∈ R

m×m are the
continuous-time probability vector and transition matrix
satisfying

dp(t)

dt
= p(t)Q, p(0) = p0,

d�(t, t0)

dt
= �(t, t0)Q, �(t0, t0) = I, (76)

with t0 = ρn0 and t = ρn.
(b) θρ(·) converges weakly to θ(·), a continuous-time

Markov chain generated by Q.
To analyze the algorithm, the techniques developed in the

proof of Theorem 5.2 are used along with the ideas and
methods developed in [45]. The developments are similar in
the approach and the results, but are more complex due to
the added switching process. For example, with modifications,
Step 1 in the proof of Theorem 5.2 can still be carried out.
Also Step 2 can be proved. So the sequence {Ĝε(·)} is tight.

To characterize the limit, we still use martingale averaging
techniques. We shall only highlight the main difference here.
In carrying out the analysis similar to that of Step 3 in the
proof of Theorem 5.2, we will encounter the following term

Eh(Ĝε(tl1) : l1 ≤ κ)

×
[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

Y j (θ j )
〉
]

= Eh(Ĝε(tl1) : l1 ≤ κ)

×
[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

ElmεY j (θ j )
〉
]
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= Eh(Ĝε(tl1) : l1 ≤ κ)

×
[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

m∑

θ=1

lmε+mε−1∑

j=lmε

ElmεY j (θ)I{θ j =θ}
〉
]

. (77)

Since Y j (θ) and θ j are independent, we have

1

mε

m∑

θ=1

lmε+mε−1∑

j=lmε

ElmεY j (θ)I{θ j =θ} (78)

= 1

mε

m∑

ι0=1

m∑

θ=1

lmε+mε−1∑

j=lmε

ElmεY j (θ)P(θ j =θ |θlmε = ι0)I{θlmε=ι0}.

(79)

For each θ ∈ M, the averaging of Y j (θ) can be carried out
as in Case 1. We concentrate on the term involving Markov
chain. By virtue of Lemma 7.5, noting ρ = ε2 and using (75),
we have

[Aρ] j−lmε = �(ε2 j, ε2lmε)+ O(ε2 + e−k0(ε
2 j−ε2lmε)/ε

2
).

Because we are working with (25) and the stepsize is ε.
In the interval [l�ε, l�ε + �ε) with �ε = εmε, it is readily
seen that �(ε2 j, ε2lmε) → �(0, 0) = I as ε → 0. As a
result,

P(θ j = θ |θlmε = ι0)+ oε(1) = δι0,θ + oε(1)

=
{

1, if ι0 = θ
0, otherwise

+ oε(1),

where o(1) → 0 as oε(1) → 0 as ε → 0. Putting the above
estimates in (78), we obtain the limit in probability of

1

mε

lmε+mε−1∑

j=lmε

ElmεY j (θ)P(θ j = θ |θlmε = ι0)I{θlmε=ι0}

is the same as that of

∞∑

i=1

eiθi(θ)δι0θ I{θε2 (ε2lmε)=θ0}.

This further leads to that as ε → 0,

Eh(Ĝε(tl1) : l1 ≤ κ)

×
[ (t+s)/ε−1∑

lmε=t/ε

�ε
〈∇ f (Ĝlmε ),

1

mε

lmε+mε−1∑

j=lmε

Y j (θ j )
〉
]

→ Eh(Ĝ(tl1) : l1 ≤ κ)

×
[ ∫ t+s

t

〈∇ f (Ĝ(τ )), θi (θ)P(θ(0) = θ)
〉
dτ

]

= Eh(Ĝ(tl1) : l1 ≤ κ)

[ ∫ t+s

t

〈∇ f (Ĝ(τ )), θi (θ)ei pθ
〉
dτ

]

.

�
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