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Abstract: A control system design problem involves making trade-offs among multiple competing objectives. This paper
studies two multiple objective control problems via nonsmooth analysis. First, a hew minimax solution approach to the
multiple objective linear-quadratic optimal control problem is presented. The solution to this problem is characterized by a
set of coupled Riccati equations. Second, the solution to the SISO multifliskcontrol problem is pursued. Optimality
conditions, and, in special cases, either all-pass properties or optimal performance values are obtained.
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1. INTRODUCTION analysis is proposed and the solution to this problem is ob-
tained directly.

In a single objective optimal control problem such as the
LQG or the’H,,, problem, competing criteria are combined ) o
into a single objective function and performance tradeoffs Second, the general multiple ObJ_ECt_'%OO control prob-
are accomplished by adjusting the weighting functions to re-'€M. @lso referred to as the multi-disk., control prob-
flect the relative importance of performance and robustnesd€M is studied. This problem_ requires finding a stabilizing
specifications. This can be time consuming. A better ap-controller such that the maximum of sevefdl, norms
proach would be to formulate and solve multiple objective of trans_fer funcpons of interest is minimized. In complete
control problems. This paper solves two multiple objective generality, multi-diski{.. problems have only been solved

control problems via nonsmooth analysis (Clarke, 1989). numerically by convex optimization (see, for example, Boyd
and Barratt, 1991; Rotea and Prasanth, 1994) and are hard

. . L i ) to solve explicitly. However, some qualitative properties of
First, the multiple objective linear-quadratic optimal control 4 optimum have been reported (Helton and Howe, 1986;
problem, where the functional to be minimized is the max- y5|ohan and Safonov, 1992). Holohan and Safonov (1992)
imum of several quadratic performance indices, is studied.g; ,gied the nominal loop shaping problem for SISO systems,

Various theoretical results have been obtained by Medanic,hich is transformed into a two-disk., problem. They

and Andjelic (1971), Makila (1989), Khargonekar and Rotea ,se function space duality theory to obtain bounds and all-
(1991) and Li (1990), to name a few. In (Khargonekar and 555 properties. While the results obtained here are similar
Rotea, 1991; Makila, 1989), the set of noninferior solutions t, the results of Holohan and Safonov (1992), the problem

for multiple-objective linear-quadratic control problems is esented here is more general and the solution is simpler.
characterized, while in (Medanic and Andjelic, 1971; Li,

1990), the minimax solution is obtained from the set of

noninferior solutions by searching weighting coefficients The rest of the paper is organized as follows: in the next
through either convex approximation or an equalizer strat-section, some convex and nonsmooth analysis preliminaries
egy. In this paper, a new solution approach via nonsmoothare given; in Section 3 the solution to the multiple objective



linear-quadratic optimal control problem is presented; in Define a functionf : ¥ — R via

Section 4, the multi-disi .., control problem is formulated

and solved; and finally some concluding remarks are offered fly) =max{fo(v)}. 4)
in Section 5. ber

Then the subdifferential of is given by
2. SOME PRELIMINARIES

We shall be making use of the following results on optimal-
ity conditions and subdifferentials of max-type functions in
nonsmooth analysis (Clarke, 1989). L¥t be a Banach A
space and_' be a nonempty subset &f. The subdifferen- Here,M(y) = {0 € T": fo(y) = f(y)} denotes the “active
tial of the convex functionf at the pointy is denoted by  set” and for any subsét of 7', P[S] signifies the collection

aﬂw:{/éﬁ@mwrﬂeﬂM@@. ©

df(y) and the normal cone of the convex €&tC Y aty of probability Radon measures supported.$n

by Ne(y). N 2 {1,2,..., N}. The unit simplex inR™ is

denoted by, 2 {u e R pu >0, Z = 1}. 3. MULTIOBJECTIVE LQ CONTROL PROBLEMS
i=1

Consider the linear system described by

Lemma 1 (Clarke, 1989): Consider the optimization prob-

lem & = Az + Bu, x(0) = o, (6)

OP: min{f(y):y€C'CV}, (1) and theN (N > 2) performance indices defined by

whereC' C Y is closed and convex anfl: U — R is

finite-valued and convex on some open convexl&ép Y. 1, 1 " . .
Then7 is the solution ofOP if and only if Ji(u) = i (tp)Fa(ty) + 5 / (a7 Qiz + v Ryu)dt,
’ 7
0 € 0f(7) + Ne (). @ i

for « € N, wherex € R” is the state vectory € RP

is the control vectorf; is the time horizon, and’;, @);
Lemma 2 (Clarke, 1989): Lel/ C Y be an open convex and R; are symmetric matrices of appropriate dimensions.
set. Supposg; : U — R, i € N, is a finite collection ~ Assume throughout that the matricEsand ; are positive
of functions each of which is finite-valued and convex on semidefinite while the matriceis; are positive definite, and
U. Define f(y) = max {f;(y) : i € N}, and denote by(y) that eachJ; has a finite minimum value. The multiple
the set of “active” indices for which f;(y) = f(y). Then objective linear-quadratic control problem is formulated as
the functionf is convex onl/ and its subdifferential obeys follows:

01(5) = coldf(w).i € I(1)) MOLQP : min J ()= minmax {J;(u)}
= { dN& &€y A >0, Y A= 1}3) st. & =Ax+ Bu, (0)=z9. (8)
i€I(y) i€I(y)

Before we go further note that the overall objective function,
In particular, at any poiny where eacly; is differentiable, ~ J/(u), is not necessarily differentiable addOLQP is not
we may taket; = Vf;(y) in (3). in a form that can be handled by the usual methodd.1Qr

design. HoweveMMOLQP can be solved by using the

tools of nonsmooth analysis.
Lemma 3 (Clarke, 1989): Lefy be a Banach space and

fo be a family of functions orY” parametrized by € T

. . Notice thatM OLQP is equivalent to minimizing the func-
whereT' is a compact topological space. Assume

tion

1. Each fy(y), 6 € 1T, is Lipschitz aty, and J(u, z,v) 2 maX{Ji(quJv)Ji c M} (9)
{fs(y) : 6 € T} is bounded; _ 2 |

2. fy(y) is continuous as a function ¢ and convex as  Over the affine subspace &f x L? x R" defined by

a function ofy. -
S =(0,7,%(ts)) + 5, (10)



where

ty
1 1
§UTF7;U—|—§/($TQ7;x+uTR7;u)dt, (11)

0

Ji(u, z,v)

Z(t) = ey,

(12)
andS is the space defined as a subspacé®ok 1.2 x R :

6;” [Az(s) + Bu(s)]ds,

v=u(ls)
(13)
It can be easily shown that and S satisfy the conditions
of Lemma 1. Consequentlyw, 7 7) is the solution to
MOLQP if and only if

0 € 0J(u,7,7) + Nx(7, 7, 7). (14)

N N
Now for anyA € Ey, let Fy = >° N EF;, Qxr = >0 M@,
i=1

i=1
N
andR, = >_ A R;. An optimal control can be obtained by

:1
the foIIowZing theorem.

Theorem 1:  Assume that all performance indices
Ji(i € N) conflict with each other and have the same
numerical value for the minimizing control. If some vector
A € By and matrixP = PT € R**" satisfy the coupled
Riccati equations (16)-(18) below, theIOLQP has a
solution of the form

7=—R; B P%. (15)
The equations are
P+PA+ATP4+Q,—PBR;'BTP =0,P(t;) = Fy, (16)
W, + W,(A— BRy*B"P) 4+ (A— BR*B"P)"W,
+Q.+ PBR;'R;R;'B"P = 0,W;(t;) = F,,i € N,
2o (Wi(0) = W,(0)ao = 0,4,j € N.

(17)
(18)

Proof: By assumption and from Lemma 2, @, 7,v), the
subdifferential ofJ is given by

{Z/\VJ T, T, 7) AGEN}, (19)

with V(w,z,v) € L? x L? x R,

EU:

8. (m,

< VJi(u,F,7), (u, &, v) >
r
=< F7,0 > —|—/(< QiT, x>+ < R;u,u >)dt.(20)

0

From (10),
N’S“(H)T;U) = NS(H)T_EE;U_%(tf))) (21)
and sinceS is a subspace of? x L? x R",
Ns(@, 7 — 2,7 —%(t;)) = S, (22)

where S+ is the orthogonal complement &f given by
Loewen (1993) as follows:

={(B" —p(ty)) 1 p € AC([0,4;); R™)}.
(23)
Therefore, from (14) and (19) to (22, Z,7) is the solu-
tion to MOLQP if and only if

p.p+Alp,

0€dJ(az,v)+ 5%, (24)
The inclusion (24) is equivalent to the existence of a vector
A and an absolutely continuous functignsatisfying the
following two conditions:

Ryu+ B"p =0, (25)
QT +p+A"p=0, and (26)
plty) = Fi. (27)
If (16) has a solution® = PT | then the choice
o) = PE(t) (28)

will satisfy (26) as a consequence of (6), and hence (15)
will hold as a consequence of (25). Defining

2" (OWi(t)e(t)

:xT(tf)E;x(tf)—i—/(xTQix—l—uTRiu)dt, (29)
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substitution of the control (15) into the state equation (6) and
the performance index (7) gives, after some manipulation,
the following expression for the performance index:

1

§l’0 W(O)l‘(),l c M,

J; (30)
where W;(t) satisfies equation (17). The condition (18)
follows easily from the assumption that all the performance
indices{J;,i € N} have the same numerical value for the
minimizing control. W

Note that the active indices that are involved at the optimum
can be identified beforehand through an exhaustive search.
A better method to do this would be to use convex duality
(Loewen et al., 1996).



From Theorem 1, we need to sol(& + 1) x $n(n + 1)+

N (N > 2) equations, with the same number of unknown : !
variables: P = PT W, = W7 (i € N), and\;(i € N). It e Gy
seems likely that for well-behaved systems, these equations
will have a unique solution. There exist some numerical al-

- 71

gorithms for the solution of the above coupled Riccati equa- - <

tions (Richter, 1987). The solution SMIOLQP depends

on the initial states via (18) and is an open-loop control Figure 1 The multiple objective control problem
optimal only for the particular initial conditions. This is o _ _ )
different from the solution of the single-objectifg) opti- The multi-disk problem(7°) is defined as follows: find a

mal control problem, where one can always get a feedbacksStabilizing controllerk such thati minimi_zes the maxi-
control law. To illustrate this, a simple problem given in Mum of the#., norms of the transfer functiori& (i € m),
(Medanic and Andjelic, 1971) was solved by Theorem 1 for i-€., Solve

two different initial conditions.

(PO) : min _ max {HTz (K)

stabilizing K i€m.

S AN E )

Example 1 (Medanic and Andjelic, 1971): whereT; (i € m) denotes the closed-loop transfer function
from an inputw; (j € ny) to an outputz, (k € n.) .

J* = min max { % / (2" Qix +u” Riu)dt,i € 2}, By introduction of the Q-parametrization of the stabilizing
' 0 controllers (Youla, et al., 1976); (¢ € m) are affine trans-
st.# = Ar+ Bu, #(0) = xy, where, (31) fer functions in free parameter€ H.,. So the multi-disk
H.. problem for SISO system§P’) is equivalent to the
following problem:

5 1 o (') + mip max {[lacg — b2 }. (34)
Q1 = [1 1]7 QQI [_1 3 :|J
Ri=2 Ry=1 where,a; andb; (i € m) are known stable transfer functions

’ ’ that can be obtained directly from the plant. Each of the
A= [8 é] ,and B = [2] ) (32) transfer functions can be mapped from the left half plane to

the unit disk by using bilinear transformation. Furthermore,
for technical reasons, we reduce the space over which the
minimization is performed in (34) to the Banach algebra

The results are obtained by solving (15) to (18): Ay of H., functions that are continuous on the unit circle

51 .. _ (Garnett, 1981). Note that the probleff?’) is convex and

1. Forag = 2] , J* = 55.0208, and the optimal control  opgifferentiable. Nonsmooth analysis provides a powerful

u* = [-1.000 —2.0690]z. tool for problems with this structure.

-2 . .

2. Forz = 5 | J* = 24.7723, and the optimal Let f(-) : Ay — R be given by

control v* = [-1.000 —1.9310]z.

f9) = Iggg{llazq bzlloo}
4. MULTI-DISK H., CONTROL PROBLEMS = max {max {|a7;q —b;]° (679)}}
iem | €T

In this paper, only multi-disk{., problems for SISO sys- — maxmax{mq — b (6;'9)}
tems are considered. The framework of general control sys- PeT iem
tems as shown in Fig. 1 is used, whé¥ds the generalized = max fo(q), (35)

plant, which has absorbed all weighing functions, with two

sets of inputs: the exogenous inputs= (w; w; ... wnw)T,

and control inputs:. The plantG also has two sets of out- where f; is a family of functions onA, parametrized by

puts: the measured outputsand the controlled outputs ¢ ¢ 72 [0,27], and is given by

2= (2 2 ..2,,) . K is the controller to be designed. It

is assumed that’ and K are real-rational and proper. folq) = max{mq _ bi|2<6j9)}. (36)
1EM



Clearly (P1) is equivalent to Proof: We consider Case (1):

(PQ) : 4,12,1411 f(a), (37) Zm: [ai(aﬁ— bi)*ai] <6j9) £0,V0€ET, (a4)
and the optimality condition fof P?) is i=1 i
0 € df(q). (38) and Case (2):3¢ € S(g) such that
The trivial case in whichu;g — b = 0 (i € m) have a S [os(asd — b @] (<) = 0. (45)
solution inA, is excluded. To get the optimality condition o

for (P2), the subdifferential off is computed by using
Lemma 3. It can be verified that the conditions in Lemma \ypere, a(@) ex.
3 are satisfied. From Lemma 3, for any directiore A,
— jnf
f < 0fs,h > dp(0) : € P[S(q)], For Case (1), chooske = ¢? n > 0. Then (42) becomes
< df(q), h>= ; .
he A 39) /ew ST [eulaig — ;)" a;] () du(9) = 0,n > 0. (46)

where, S(q) 2 {0 €T:f(q)= fo(q9)}. By Lemma 2, for T -

any directionf € A, .
From (Douglas, 1972)3f(ei’) € H; such that

< dfa(q),h >= ZRG{Z: [i(aig = b:)" ] (") (e )} :

() € S, h(c1®) € Ao : Z ai(a;q — b;)" 4] (ejﬁ) du(0) = f(ejﬁ)db’. (47)
(40) =
From (38) to (40), Since ;1 is a positive measure, and by the assumption,
g solves (P?) > [ai(@ig —b:) ;] (?) # 0,¥6 € T, f is a nonzero
= 0€9f(Q) function in’Hy. Therefore the support of is
= 3p(f) € P[S(q)] such that Vh € Ay, A
m . supp(f) = supp(|f|) =T. (48)
0= /Re Z [vi(@; g — b;)"a;]h ¢ () dp(6). (41)
b4 = From (Rudin, 1966), sincé&y > 0 and d8 > 0, (47)
becomes
Since for a fixedh, (—jh) also satisfies (41), therefore m
i > ei(aiq = bi) o] | dp = | £] dob. (49)
0:/{Z[ai(aiqA—bi)*ai]h}(eje)du(b’). (42) =
o Ni= Therefore
supp(p) = supp(|f]) = 7, (50)

The following theorem gives the all-pass properties of the

solution, and, in special cases, the optimal performancei.€., (1) of Theorem 2 holds. In this case, the “all-pass”

value. property from single-objectivé{., control theory extends
to the multiobjective case.

Theorem 2: Assume that;¢ — b, = 0 (¢ € m) have no .
solution in.Ay. If the multi-diskH., problem(m >2) has  For Case (2), since; (/) # 0, V6 € T, from (45),
a solutiong € Ay, then either

~ o\ = b; 5
i3 — b (e = const. ,V0 € T AP L A A
@) max{|a,q /| (e '),ZE m} cons ,VAE . or Z [a,|a,| (q ai)] (e ) 0, (51)
(2) if for eachi € m, a; (¢7%) # 0, V0 € T, then3d € S(9), =1
the active set corresponding to the optimal solugge” ), which immediately gives the desired result in (43) by choos-
such that ing

Bi (ejé) a _aial” (eﬁ) (iem)® (52

() =5 8@ 5 sen @ E ool
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