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Abstract— This paper presents a novel technique for Blind Source
Separation (BSS) of anechoic speech mixtures in the underdetermined
case. A demixing algorithm that exploits the sparsity of the short
time Fourier transform (STFT) of speech signals is proposed. The
algorithm merges constrained optimization with ideas based on the
degenerate unmixing estimation technique (DUET) [1]. Thus, the
novelty in the proposed approach is twofold. First, the algorithm
utilizes all available mixtures in the anechoic scenario, where both
attenuations and arrival delays between sensors are considered. Sec-
ond, it is demonstrated that lq minimization with q < 1 outperforms
the standard choice of q = 1. Experimental results on both synthetic
and real mixtures indicate significant performance gains over other
BSS algorithms reported in the literature.
Keywords - blind source separation, sparse signal representa-
tion, DUET, time-frequency representations, Gabor expansion,
underdetermined signal un-mixing, over-complete representa-
tions

I. INTRODUCTION
Over the last few years, BSS algorithms have been devel-

oped for a wide variety of models, ranging from instantaneous,
anechoic, and echoic mixing on one hand to over-determined,
even-determined and under-determined scenarios on the other
hand.

For instantaneous mixing, especially in the even-determined
case, a powerful tool that has found increasing use is inde-
pendent component analysis (ICA). First expressed in [2],
then developed in an information maximization framework
by Bell and Sejnowski [3], standard ICA assumes statistical
independence of the sources and tries to extract n sources from
n recorded mixtures. Lewicki and Sejnowski [4], and Lee et
al. [5] expanded ICA into the instantaneous under-determined
case, where there are more sources than available mixtures,
by using a maximum a posteriori approach and exploiting
sparsity. For an extensive overview of ICA see [6]. Other
BSS approaches e.g. [7], [8] and [9] assume sparsity of the
sources in some transform domain as well as a linear mixing
model to solve the BSS problem for instantaneous mixtures
in the under-determined case. These approaches generally use
constrained l1 minimization for separation assuming that this
maximizes sparsity of the estimated sources in the transform
domain.

Another set of algorithms that deal with anechoic under-
determined mixing scenarios were proposed. Jourjine et al.

[10] and Yılmaz and Rickard [1] developed an algorithm,
called DUET, that exploits sparsity in the short time Fourier
transform (STFT) domain and uses masking to extract multiple
sources from only two mixtures. The assumption they refer
to as W-Disjoint Orthogonality is that of only one source
being active at every point in the time-frequency (TF) domain.
Bofill [11] proposed another anechoic demixing algorithm
for under-determined mixtures that extracts the attenuation
coefficients using a scatter plot technique and the delays by
maximizing a kernel function. After the amplitudes and delays
are extracted, Bofill uses second order cone programming,
a technique that can be used for l1 minimization in the
complex domain, to recover the sources in the TF plane
from two mixtures. Vielva et al [12] considered the case of
underdetermined instantaneous blind source separation where
source densities are parametrized by a sparsity factor, and
presented a maximum a posteriori method for separation,
while [13] focused on the estimation of the mixing matrix
for under-determined BSS under the sparsity assumption. A
recent survey of available methods in blind source separation
over the range of assumptions made and models used can be
found in [14].

In this paper, a new BSS technique for extracting sources
in an under-determined anechoic environment is proposed.
In solving the problem of extracting a number of sources
that exceeds the number of available mixtures, the ‘standard’
two stage approach as formalized by Theis et al [15] is
adopted. In the first stage the mixing parameters are estimated
by clustering feature vectors which are constructed from the
Gabor coefficients (or Short-time Fourier transform) of the
mixtures. These parameters, as well as a sparsity assumption
on the Gabor expansions of speech signals, are then used
in the second stage to extract the sources. In particular, an
lq- minimization based algorithm, with q < 1, is used to
estimate the sources in the STFT domain. Accordingly, the
novel aspects of the proposed approach are:

• Generation of feature vectors incorporating both attenu-
ation and delay parameters for an arbitrary number of
mixtures in the underdetermined BSS case.

• Proposing the use of lq minimization with q < 1
which is shown to significantly improve the separation
performance.
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• Comparing the performance of source extraction based on
`q minimization and `q-basis-pursuit for values 0 ≤ q ≤ 1
in STFT domain, and illustrating that the best separation
performance for speech is obtained for 0.1 ≤ q ≤ 0.4.

Experiments conducted on both synthetic and real mixtures
indicate significant performance gains over other BSS algo-
rithms reported in the literature.

II. MIXING MODEL AND PROBLEM FORMULATION

Assuming n time domain sources, s1(t), . . . , sn(t) and m
mixtures x1(t), . . . , xm(t) such that

xi(t) =
n∑

j=1

aijsj(t− δij), i = 1, 2, . . . , m (1)

where m < n and aij ∈ R+ and δij ∈ R are attenuation
coefficients and time delays associated with the path from the
jth source to the ith receiver, respectively. Equation (1) defines
an anechoic mixing model. Without loss of generality, one can
set δ1j = 0 and scale the source functions sj such that

m∑

i=1

a2
ij = 1 (2)

for j = 1, . . . , n.
By taking the STFT of x1,. . . ,xm with an appropriate

window function, the mixing model (1) can be written as

x̂(τ, ω) = A(ω)ŝ(τ, ω), (3)

where
x̂ = [x̂1 . . . x̂m]T , ŝ = [ŝ1 . . . ŝn]T , (4)

x̂i and ŝj denote the STFT of xi and sj , respectively, and

A(ω) =




a11 . . . a1n

a21e
−iωδ21 . . . a2ne−iωδ2n

...
...

...
am1e

−iωδm1 . . . amne−iωδmn


 . (5)

Note that, by (2), the column vectors of A have unit norm.
Using the equivalent discrete form of the continuous STFT,

i.e., the samples (Gabor coefficients) of s on a sufficiently
dense lattice in the TF plane given by

ŝj [k, l] = ŝj(kτ0, lω0) (6)

where τ0 and ω0 are the time-frequency lattice parameters.
Similar notation will be used for the mixing matrix A and the
Gabor coefficients of the mixtures xi.

The following two sections describe the two stages of
the proposed algorithm, i.e., the parameter estimation and
extraction of original sources, both of which depend on the
sparsity of the Gabor expansions of speech signals.

III. MIXING PARAMETERS RECOVERY

This section presents the method used to recover the mixing
model parameters, i.e., the delay and attenuation coefficients.

A. Speech Sparsity of STFT Coefficients
Signal sparsity in certain transform domains facilitates

mixing parameter estimation. Cardoso [16] noted that the
accuracy with which the mixing parameters in a BSS model
can be estimated depends on non-Gaussianity of the sources.
Furthermore, sparser sources allow better separation quality,
e.g., [8]. Thus a transformation that yields a sparse represen-
tation of the data is desirable, both for estimating the mixing
parameters accurately, and for separation. It was shown in
[1] that Gabor expansions of speech signals are sparse. To
further illustrate the sparsity exhibited by speech in the STFT
domain, Figure 1 shows the average cumulative powers of
the sorted Gabor (STFT) coefficients along with the average
cumulative power of the time domain sources as well as
of their Fourier (DFT) coefficients. The STFT with 64ms
window-size is sparser, capturing 98% of the total signal power
with only approximately 9% of the coefficients.
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Fig. 1. Average cumulative power of 50 3 s speech signals in time domain,
frequency (Fourier) domain, and TF domain for window sizes of 32 ms,
64 ms and 128 ms. The STFT with 32 ms and 64 ms window length yield
significantly sparser representations of the data (more power represented in
fewer coefficients).

B. Parameter Estimation
Consider the feature vectors at each TF point [k,l] given by

F[k, l] :=

[∣∣∣ x̂1[k,l]
‖x̂[k,l]‖

∣∣∣ · · ·
∣∣∣x̂m[k,l]
‖x̂[k,l]‖

∣∣∣
∆̂21[k, l] · · · ∆̂m1[k, l]

]
.

(7)
where ‖ · ‖ denotes the Euclidean norm and

∆̂j1[k, l] := − 1
lω0

∠ x̂j [k, l]
x̂1[k, l]

. (8)

as in [1]. If only one source sJ is nonzero at a TF point, the
feature vector at that TF point will reduce to

F[k, l] =
ˆ

a1J · · · amJ · · · δ2J · · · δmJ

˜

:= FJ

Thus, the feature vectors calculated at any TF point [k, l] at
which source J is the only active source will be identical, and
equal to FJ .
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Given the sparsity assumption for the sources in the TF
domain, it can be expected that there will be many points with
a single active source. A clustering approach, in the feature
space, such as k-means can thus be used to estimate the delay
and attenuation parameters of the mixing model. In summary,
the proposed Parameter Estimation Algorithm is as follows:

1) Compute the mixture vector x̂[k, l] at every TF point
[k, l].

2) At every TF point [k, l], compute the corresponding
feature vector F[k, l], as in (7),

3) Perform some clustering algorithm (e.g. K-means) to
find the n cluster centers in the feature space. The cluster
centers will yield preliminary estimates āij and δ̄ij of
the mixing parameters aij and δij , respectively.

4) Normalize the attenuation coefficients to obtain the final
attenuation parameter estimates ãij , i.e.,

ãij := āij/(
m∑

i=1

ā2
ij)

1/2.

The final delay parameter estimates are given by δ̃ij :=
δ̄ij .

IV. SOURCE SEPARATION
This section presents a method for extracting the original

sources using the parameters estimated as described in section
III.

First the estimated mixing matrix Ã[l] is constructed as

Ã[l] =




ã11e
−ilω0δ̃11 . . . ã1ne−ilω0δ̃1n

ã21e
−ilω0δ̃21 . . . ã2ne−ilω0δ̃2n

...
...

...
ãm1e

−ilω0δ̃m1 . . . ãmne−ilω0δ̃mn




(9)

where, ãij and δ̃ij are the estimated attenuation and delay
parameters. Note that each column vector of Ã[l] is a unit
vector in Cm.

The next step is to compute estimates se
1, s

e
2, ..., s

e
n of the

original sources s1, s2, ..., sn that satisfy

Ã[l]̂se[k, l] = x̂[k, l], (10)

where ŝe = [ŝe
1, ...ŝ

e
n]T is the vector of source estimates in the

TF domain. At each TF point [k, l], (10) provides m equations
(corresponding to the m available mixtures) with n > m
unknowns (ŝe

1, ...ŝ
e
n). Assuming that this system of equations

is consistent, it has infinitely many solutions. To choose a
reasonable estimate among these infinitely many solutions the
sparsity of the sources in the TF domain can be exploited.

A. Sparsity and lq minimization

To find, at each time frequency point, the “sparsest” ŝe that
solves (10), the problem can be formally stated as

min
ŝe
‖ŝe‖sparse subject to Ãŝe = x̂, (11)

where ‖x‖sparse denotes some measure of sparsity of the vector
x.

Given a vector x = (x1, . . . , xn) ∈ Cn, one measure of its
sparsity is given by the number of the non-zero components
of x, commonly denoted by ‖x‖0. Replacing ‖x‖sparse in
(11) with ‖x‖0, gives rise to the so-called P0 problem, e.g.,
[17]. Solving P0 is, in general, combinatorial and the solution
is very sensitive to noise. More importantly, the sparsity
model for the Gabor coefficients of speech signals essentially
suggests that most of the coefficients are very small, however
not identically zero. In this case, P0 fails as it does not take
into account the value of the components. Alternatively, one
can consider

‖x‖q := (
∑

i

|xi|q)1/q,

where 0 < q ≤ 1, as a measure of sparsity. Smaller values of
q simply indicate more emphasis on sparsity of x, e.g., [18].

Motivated by this, the vector of source estimates ŝe can be
computed by solving at each TF point [k, l] the Pq problem
defined by replacing ‖ŝe‖sparse in (11) with ‖ŝe‖q .

B. Solving Pq

The optimization problem Pq is not convex, thus computa-
tionally challenging. Under certain conditions, it can be shown
that a near minimizer can be obtained by solving the convex P1

problem [17], [19]. However, one would not want to impose
any a priori conditions on the sparsity of the Gabor coefficients
of the source vectors. Without such conditions, only local
optimization algorithms are available in the literature [19]. On
the other hand, we demonstrate here that the Pq problem with
0 < q < 1 can be solved in combinatorial time whenever the
mixing matrix A is real.

Theorem 1: Let A = [a1|a2| . . . |an] be an m × n matrix
with n > m, Aij ∈ R, and the column vectors ai have unit
norms. Suppose A is full rank. For 0 < q < 1, the Pq problem

min
s
‖s‖q subject to As = x

where x ∈ Rn, has a solution s∗ = (s∗1, ...s
∗
n) which

has k ≤ m non-zero components. Moreover, if the non-
zero components of s∗ are s∗i(j), j = 1, . . . , k, then the
corresponding column vectors {ai(j) : j = 1, . . . , k} of A
are linearly independent.
The proof of this theorem is long, and therefore will be omitted
in this paper.

Theorem 1 renders the Pq problem computationally
tractable, as it shows that there are only a finite number of
solutions of Pq , and suggests a combinatorial algorithm to
solving Pq . More precisely, let A be the set of all m × m
invertible sub-matrices of A (A is non-empty as A is full
rank). The solution of Pq will then be given by the solution
of

min ‖B−1xB‖q where B ∈ A. (12)

Here, for B = [ai(1)| · · · |ai(m)], xB := [xi(1) · · ·xi(m)]. Note
that #A ≤ (

n
m

)
, (12) is a combinatorial problem in the case

when the mixing matrix A and the mixture x are real-valued.
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Though Theorem 1 in general does not hold when the matrix
A is complex (a counter example and discussion can be found
in [20]) the goal of finding the solution with the smallest lq

norm is to impose sparsity. We thus propose to extract the
sources using an lq - basis pursuit approach, i.e. to find the best
basis composed by a subset of columns of A that minimizes
the lq norm of the solution vector. As shown above, this is
equivalent to solving the Pq problem in the real-valued case.
Moreover, in the complex-valued case, [20] demonstrated that
for q = 1, the combinatorial solution is a good approximation
of the true solution and can be obtained much faster.

Thus, the proposed separation algorithm can be summa-
rized as follows. At each T-F point [k, l]:

1) Construct the estimated mixing matrix Ã[l] as in (9).
2) Solve the `q-basis-pursuit problem with A = Ã[l] as

described above for some 0 < q < 1 to find the
estimated source vector ŝe[k, l].

3) Repeat steps 1 and 2 for all T-F points and then re-
construct se(t), the time domain estimate of the sources
from the estimated Gabor coefficients.

V. INTERFERENCE SUPPRESSION AND DISTORTION
REDUCTION

A slight variation to the algorithm is introduced where ρ, a
user set parameter, is introduced to refine the source estimates
by increasing sparsity. At each TF point the estimates of the
smallest sources whose combined power contribution is less
than 100(1 − ρ)% of the total power are set to zero. Thus,
for ρ = 0 only the highest estimate is kept, and for ρ = 1 all
estimates are kept. The idea here is to remove contributions
due to noise or due to errors in estimating the mixing matrix.

VI. EXPERIMENTS AND RESULTS

To test the performance of the proposed algorithm, we use
three measures defined in [21], Signal-to-Interference (SIR),
Signal-to-Artifact (SAR) and Signal-to- Distortion (SDR) Ra-
tios. SIR measures the amount of interference due to other
sources present in a certain estimated source, while SAR
measures artifacts due to algorithmic effects such as forced
or unnatural zeros in the STFT of sources, and SDR is an
aggregate measure of distortion in an extracted source relative
to the original.

The importance of the algorithm being able to use all the
available mixtures is highlighted by performing demixing of
5 sources using a decreasing number of mixtures starting
with the even-determined case, and comparing the separation
performance against that of DUET. To generate the 5 mixtures,
a mixing model composed of random attenuation ∼ U(0.5, 1)
and delay parameters ∼ U(−1, 1) was employed. The pro-
posed BSS algorithm was first applied using 5 available
mixtures and the experiment was repeated using 4, 3 and
finally 2 mixtures. Figure 2 shows the SDR, SIR and SAR
resulting from separation as a function of q varying from
0 to 1 in steps of 0.1. As expected, separation performance
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Fig. 2. Average SDR, SIR and SAR (over the five sources) obtained from
demixing various number of simulated anechoic mixtures of 5 sources as a
function of the norm with a preserved power parameter of 0.8. The horizontal
line represents the results obtained using DUET. Across all results, the user
estimates the existence of 6 sources.

drops as the number of mixtures used drops. Notably, even in
the case of 2 mixtures, our proposed algorithm outperforms
DUET, which is designed to deal with exactly 2 mixtures. In
a set of experiments to further assess the performance of the
algorithm, an anechoic room mixing model [22] was used.
The simulated scenario involved 3 microphones and several
sources placed in the room. The setup involved extracting 4
underlying sources from the 3 mixtures and experiments were
repeated 60 times by varying both the speech sources and their
locations in the room. The results are presented in Figure 3
along with the results obtained using DUET, for comparison.
Next, to provide an example on a real mixture, we test the
aglorithm using the mixtures posted on [23], which have 2
sources and 2 microphones. The microphones are placed 35cm
apart, and the sources are placed 60o degrees to the left of
the microphones and 2m on the mid-perpendicular of the
microphones respectively [23], [24]. Table 1 shows that the
proposed algorithm outperforms that of [24] for which the
audio separation results can be found at [23].

VII. CONCLUSION

This paper presents a novel BSS algorithm for demixing
under-determined, anechoic mixtures. The technique is capable
of using all available mixtures where both attenuations as well
as arrival delays between sensors are considered. Moreover,
the proposed technique improves the separation performance
by incorporating lq minimization with q < 1 to inforce
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Table 1. Demixing Performance (in dB) with 2 real mixtures of 2 sources, ρ = 0.7, n̂ = 2
SIR [24] SIR (proposed algorithm) SAR [24] SAR (proposed algorithm) SDR [24] SDR (proposed algorithm)

s1 26.232 40.7632 4.5363 7.4011 4.4967 7.3987
s2 55.410 43.4322 5.6433 10.4101 5.6433 10.4077

mean 40.821 42.0977 5.0898 8.9056 5.0700 8.9032
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Fig. 3. Average SDR, SIR and SAR (over 4 sources in 60 experiments)
obtained from demixing 3 mixtures when the user estimates the existence
of 5 sources. Results are plotted as a function of the q for varying preserved
power parameter. The horizontal line represents results obtained using DUET.

sparsity. By adopting a two-stage approach the proposed
method combines the strengths of lq minimization and DUET.
In the blind mixing model recovery stage, feature vectors are
constructed and used to extract the parameters of the mixing
model via clustering. This is followed by a blind source
extraction stage based on lq minimization which performs the
demixing at every TF point. Experimental results indicate that
the proposed algorithm provides significant gains over other
BSS techniques capable of using only two mixtures.
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