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Abstract

In this paper, we study the problem of resource allocatiod aptimization for multiple-input
multiple-output (MIMO) cognitive radio (CR) systems undbe assumption of imperfect channel state
information (CSI) of the channels between the secondarysug&&Us) and the primary users (PUSs)
at the SUs. We formulate robust design optimization probléon CR systems with one or more SUs
communicating over a single or multiple frequency carrierthe presence of multiple PUs. We propose
a linear matrix inequality (LMI) transformation that fatites proper treatment of channel uncertainty
at the SU transmitter and we provide solutions to the desigblpms based on convex optimization
and Lagrange dual decomposition techniques. Finally, weahstrate the importance of the proposed

formulations and the implications of ignoring channel utaiaties when designing for CR systems.

Index Terms

Spectrum Management, Cognitive Radio Systems, Multiplei€aSystems, Partial Channel Knowl-

edge, Convex Optimization.

Part of this work was presented at the 2010 IEEE InternatiGoaference on Communications.



I. INTRODUCTION

Cognitive radio (CR) systems have received a growing atteritom the research community
in the last few years due to the increased interest in solthegscarcity problem of the radio
frequency (RF) resource. CR solutions rely on the well disiadd fact that the allocated
frequency spectrum is highly underutilized [1, 2]. Thus, R €ystem, consisting of one or
more secondary users (SUs), can be allowed to operate véthme-assigned spectrum band as
long as it guarantees no harmful disturbance to the opesatiy the spectrum owners (a.k.a.
primary users (PUs)). To this end, the CR system has to aiititelligent algorithms for sensing
and prediction of traffic by the PUs. Once a spectrum hole tealled, a secondary transmission
can take place under some restrictions to avoid causingignifisant interference to neighboring
active primary transmissiohs

Most of the work in the CR-related literature falls under arfig¢he following two categories.
The first set of work deals with the problem of measuring, sgnand prediction of the unused
resources, cf. e.g. [5, 6]. The other set of work deals withpgloblem of efficient utilization of
the discovered resources, cf. e.g. [7—11]. While both ofe¢hmategories are of great importance,
in this paper, we focus our attention to the latter.

Assuming perfect knowledge of the channels between the &séimitter and PUs at the SU
transmitter, the design of CR systems subject to conssraintthe interference caused at PUs
has been studied in [7, 8]. However, in practical scenapesfect knowledge of the channels to
PUs may not be possible. Under the assumption of partial ledwye of these channels at the
SU transmitter, robust design of a single-user CR systemaoeasidered in [9]. In [9], Zhang
et al. considered a CR system with multiple antennas at thér&t$mitter that communicates

with a single antenna SU receiver in the presence of a sindlevith a single receive antenna.

!In CR systems, either an ON/OFF model can be adopted in whickenondary transmission is allowed in the presence of
primary activity [3], or a limited interference model in vahi the maximum amount of interference generated at the pyima

receiver is specified [4].
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The assumption of a single antenna at the SU and PU receillevged the robust design to
be formulated as a second order cone programming (SOCPJ)eproBurthermore, while this
manuscript was under review, robust designs maximizingwbest case signal-to-interference
ratio (SINR) of the SUs subject to interference constraiotthe PUs for secondary and primary
systems with single-antenna receivers appeared in [12]E3]d

In our work, we study different design problems for CR systemith partial knowledge of
the CSI of PUs channels at the SU transmitter. We first congjdeeralpoint-to-pointsystems
with multiple antennas at both the transmitter and receWehe CR system in the presence of
multiple PUs with multiple receive antennas each. We foatauthe robust mutual information
(MI) maximization of such system, and we show its equivadete a convex optimization
problem that can be efficiently solved. Different from pos and concurrent works on robust
designs mentioned above, we distinguish between singleraitiple-carrier systems. The latter
makes different constraints on interference caused to Rigécable and renders a Lagrange
dual decomposition approach attractive to solve the reguthptimization problems. We also
demonstrate how the convex optimization formulation canapgplied to solve other related
problems such as the robust minimization of the CR transthjfbwer subject to rate constraints.
Finally, we study extensions of these design problems toasoes withmultipoint-to-point CR
systems withmultiple carriers.

Organization The rest of this paper is organized as follows. In Sectiomvél present the
system and channel uncertainty models to be used in thig.dap&ection 11l we formulate and
discuss the optimization problems for tpeint-to-point single and multiple-carrie€R case.
We extend the results from Section Il to theultipoint-to-point CRcase in Section IV. Finally,
in Section V we present performance results and we conchel@aper in Section VI.

Notationn In this paper, we use bold upper case and lower case letersmatrices and
vectors, respectively:]”, []”7, and[-] " denote transposition, Hermitian transposition, and matri

inversion, respectively. Tr) refers to the trace of a matrix, vied) converts the matrixA into
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a column vector, and,, denotes the: x n identity matrix.® denotes the Kronecker product of
two matriceslog det(A) refers to the base 2 logarithm of the determinant of the matriand
R(-) refers to the real part of a complex number. Finally, giverqaase matrixA, inequalities
of the form A > 0 denote that the matri is positive semidefinite, while inequalities of the

form a > 0 are treated element wise.

II. SYSTEM MODEL

In this section, we first introduce the CR transmission maahel then motivate and formulate

the adopted channel uncertainty model.

A. Point-to-Point and Multipoint-to-Point CR Systems

We consider CR communication systems that share a groupy gfarallel channels, i.e.,
multiple-carrier systems, with a numbek, of PUs which are the licensed owners of the
bandwidth. We repeatedly specialize to the caée= 1, which we refer to as single-carrier
case in the following. Furthermore, we distinguish betwg@emt-to-point and multipoint-to-
point CR systems, where in the latter SU transmitters communicate with a SU receiver. The
general multipoint-to-point CR transmission system isictegd in Figure 1

Let us first consider theoint-to-pointCR system, i.e. KX = 1. We assume that the SU
transmitter is equipped with/, s;; transmit antennas and communicates with a SU receiver that
is equipped withM/, s receive antennas. In this multiple-input multiple-out@utMO) system,

the vector of signals received at the SU receiver atthearrie can be written as

where H,, € CMrsuxMisu g the channel matrix between the SU transmitter and receiver
then!" carrier,z,, is the vector of transmitted signals from the SU transmitezarriern whose
covariance matrix i&£ {mnwf} = Q,,, andn,, is the i.i.d. circularly symmetric complex Gaussian

Note that we drop the carrier indexin the following when we specialize to the single-carriesed’ = 1.
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noise vector at carrier at the SU receiver whose covariance matriEi%nnn{j } =1y .., Vn

r,SU !
The transmission from the CR system will also be receiveddnheé”U because of thehared
bandwidth and the vector d@fterference signals observadthe n™ carrier at the/'" PU receiver

can be expressed as

yPU,Z,n — G&nmn, E E {1, .. .,L},TL 6 {1, . .,N}, (2)

where G,,, € CMrruxMusu js the channel matrix between the SU transmitter and¢theu
receiver over thex™ carrier. The received signal from the CR transmitigy,, ., will result in
added interference to the different PUs and typically aamsts that limit this interference are
enforced to protect the rights of the PUs as licensed owrfetsedbandwidth. We will consider

two types of interference constraints. The first is a peri@ainterference constraint

Tr{E {ypum ygw,n}} =Tr (Gg,nQntn) <Ipn, le{l,---,LY,ne{l,--- N}, (3)

in which we set a maximum limif,,, on the interference from each carrier. The second type of

constraints is a total interference constraint

N
ST (GenQ,GlL) <L, Le{l,... L} (4)
n=1

That is, the sum of CR interference from all carriers is assiito be below the maximum
allowable interference levdl at the/™" PU receiver resulting from the CR system transmission.
The maximum allowable interference level is often refetgeds thanterference temperature [4].
The interference temperature is usually set at a level thi#fes the quality-of-service (QoS)
requirement of the PU. We assume that this maximum level @vknat the SU transmitter.
This is possible through public regulatory guidelines thatern the use of the frequency band
of interest.

As will be shown in Section l1ll, the design formulation withet per-carrier interference
constraints (3) is more restrictive than that with the totdaérference constraint (4). Hence,
the latter gives more flexibility to the operation of CR sysge On the other hand, per-carrier

interference constraints (3) can be considered as a morganeed approach to interference
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limitation better suited to take into account spectral nsaskwhich different carriers have differ-
ent levels of interference tolerance [14]. Furthermorewaswill demonstrate in Section IlI-B,

design problems with per-carrier interference constsagén have lower complexity than the
corresponding ones with a total interference constraint.

The formulations of the interference constraints in (3) #dcan also be used to impose
constraints on the interference signal received by eaatnaatat the receiver of the PU, or by
different subsets of these antennas, cf. [7, Sec. II]. leuntlore, it is worth mentioning that the
presence of multiple antennas at the receiver of the PU al{spatial) processing of the received
signalsypy ., INt0 Ypyy,, = UrnYpurn = UenGrnx,. Thus, one could impose interference
constraints on the processed sighg|,,,,. However, this would require the availability of more
information at the SU. More specifically, each PU’s recegumatricedJ, ,, must be known to the
SU. This extra knowledge is only justifiable in CR systemshwvéthigher level of collaboration
between SU and PU systems (i.e., feedback from PUs to the &), but it is not obtainable
with an SU listening to PU signals only as described in Sedti@ and “far less appealing from
a practical standpoint” [10, Sec. Il]. Nevertheless, iflskaowledge is assumed, the approaches
that are described in the following sections can still beliadpto these constraints as well.

For the extension tanultipoint-to-point systemgsee Figure 1 forK > 1), we will use
k=1,...,K as the SU transmitter indeX{,,, is the the channel matrix between th& SU
transmitter and the SU receiver over th8 carrier,n = 1,..., N, and G, represents the

channel matrix between thé" SU transmitter and thé" PU receiver over the! carrier.

B. Channel Uncertainty Model

For readability, let us consider tip@int-to-pointCR system (the same model described here is
directly applicable to the multipoint-to-point system omper-SU basis). We make the common
assumption that the channels between the SU transmittereaed/er,H ,,, are perfectly known
at the SU transmitter (cf. e.g. [7-9]). However, we only assypartial channel knowledge of

the channelds,,, between the SU transmitter and PUs. The discrepancy intguzlichannel
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state information is clearly motivated by the fact that SEnsmitter and receiver belong to
the same communication system, which provides a number gdilpiéities for refining channel
estimation, while the SU and PUs do not cooperate to famlitgstimation of the channels
between SU transmitter and PU receivers. One possible soanawhich the SU may obtain

an estimate of the channels,,, is when both the PUs and SU are sharing the same frequency
band and the PU systems are time division duplex (TDD). Tginaihe SU’s knowledge of the

PUs’ pilot symbols, it can estimate the chann@ls,, e.g., [7, 9, 10]. Hence, we assume
Gé,n - G&n + EZ,n (5)

Whereém is the estimate ot7,,, and E,,, is the estimation error matrix.

Using this estimate and a confidence region that is selecsddoon the accuracy of the
estimation method used, the SU can obtain knowledge of ttiesenels with ébounded uncer-
tainty model[9], [10, Sec. V]2 Applying this model, the uncertainty in the channel estiorat

is described by the bounded region
U (Eé,n) = {Gé,n|Gé,n = Gf,n + Eé,na Tr (Eé,nRZ,nEfn) S E?,n} s (6)

where R, ,, is a Hermitianpositive definiteshaping matrix that describes the shape of the
uncertainty regiorl{ (e;,,). For example, assuming,,, as zero-mean with covariance matrix
E{Eangn} — Ypin Rin = (Zge,)”" has been used in [9, Sec. II] for the special case
M, py = 1. Similar models were also considered in the context of singder MIMO systems

(e.g. [15, 16]), and in the context of multiple-user systémg. [17]).

IIl. POINT-TO-POINT CR SYSTEMS

In this section, we consider the CR system with a single sgmgriransmitter and receiver. We
distinguish between the special caseNof= 1, i.e., single-carrier case, and the multiple-carrier

caseN > 1, since the two cases lead to different robust optimizatiablems.

3A bounded uncertainty model for SU-to-PU channels was affipted in [12, 13], which appeared while this manuscript

was under review.

December 14, 2010 DRAFT



A. Sngle-Carrier Case

For convenience, we drop the carrier indexn this section.

1) Mutual Information (MIl) Maximization Subject to a Power Constraint: We will start with
the MI maximization problem subject to a total transmittexver constraint and constraints to
limit interference with each of thé PUs. For the bounded channel uncertainty model in (6), we
will design CR systems such that the interference congsraire enforced for everq, € U (¢;).

This problem can be formulated as:

max  logdet (1+HQH") (7a)
st. Tr(@Q) <P, (7b)
T (GQG]') <I,, VG elUle), (€{1,--- L}, (7¢)
Q>0 (7d)

whereP is the total allowable power for the secondary transmiérile the problem formulation
in (7) is convex, the inequality in (7c) represeiitsets with infinitely many constraints, one for
eachG, in U(¢,)*. However, each of these infinite sets of constraints can hetlgxcharacterized
by a single LMI constraint. This result is summarized in tbéofving theorem.

Theorem 1: For the bounded channel uncertainty model in (6), the ogation problem in

(7) is equivalent to

H
QI%%?;[ log det (I +HQH ) (8a)
st Tr(Q) < P, (8b)

Tr <G5QG5> +Tr (ézszéf) + Me‘f? <I, (e{l,---,L}, (8c)

“In case that the interference constraint is dropped, thblgmo in (7) can be solved efficiently in closed form by taking
the SVD of the channel matri{ and allocating the power using water-filling over the rdamgltparallel beams [7]. When
interference constraints are added as in (7), no closed &miotion is usually available and numerical techniquesuditezed

to find an optimal solution.
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Sy Q

>0, pue >0, ted{l,--- L}, (8d)
Q wR—Q
Q> 0. (8e)
Proof: See Appendix A. [ |

The above optimization problem is convex and can be effiljiesdlved using interior point
methods [18-20].

We observe from the design formulation in (8) that the uragety of the PUs’ channels results
in an increased interference that is created at the PUs.ig bidgdent from the extra interference
terms on the left hand side of the constraint (8c) compareitigéacorresponding constraints in
the case of perfect channel state information of the PUshicbis.

2) Power and Interference Minimization Subject to Rate Constraint: We now demonstrate that
the design approach presented in the previous section cappltied to obtain design formulations
for other related CR problems. One of these problems is thestadesign of the CR transmitter
in a way to minimize the transmitted power subject to acimgwa minimum rate constrainti,,,
for the secondary receiver and subject to satisfying eack RPldximum interference constraint
for every channelG, € U(e). This problem is of a particular interest to CR systems with
battery-powered mobile SU transmitters. Minimizing thensmitted power from these terminals
translates directly to a longer terminal and network lifezi Using an approach similar to the
one presented in the previous section, this robust desigioigm is equivalent to the following

convex optimization problem:

Jun, Q) O
st. logdet (I + HQH") > Cia, (9b)

and (8c)-(8e). Similarly, one may design the CR transmittest way to minimize the total, or
weighted sum, interference to the PUs subject to a minimum canstraint. By limiting the

interference generated at the different PUs to the minimossiple level, the CR system may
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leave some room for other CR systems to use available resourother cases, the frequency
band the PU is using might be unlicensed or leased by the dappmetwork. In such a case,
there is no solid interference threshold that needs to Ielgtpreserved and causing the lowest
interference is mutually beneficial. The formulation foistdesign problem can be obtained by
extending the design variables in (9) to inclufleand replacing the objective in (9a) by the
(weighted) sum off,.

It is worth mentioning that while the MI maximization probiteis always feasible (since
Q = 0 is always a feasible point), the power and interference miization problems subject to
rate constraint may not be always feasible for arbitr@py and I,. We will provide numerical

examples regarding feasibility of this problem in Section V

B. Multiple-Carrier Case

We now consider the scenario in which the SU and PUs shagrallel channels such as
in multiple-carrier communication systems. We focus on gate maximization, but note that
robust the power minimization problem (9) can be extendetiéamultiple-carrier case too (see
results in Section V).

1) Robust Optimization Problem: Given the channel uncertainty model in (6), the robust sum

rate maximization problem can be formulated as

N
H
o, Hax ; log det (I + HnQan) (10a)
N
st. Y Tr(Q,) <P, (10b)
n=1

PO [Tr (GZ,nQntn) +Tr (Gé,nsé,néfn) + M,nﬁin} <1, V¢
or (10c)

Tr <Gg,nQntn) +Tr <Gg7nSg,ntn> + Mg,nezn < ]g,n, W, Vn.

S/ n
Aé,n(Qna Sé,na Mé,n) - - Q Z 07 \Vlf, vn (10d)

Qn ,ué,nRE,n - Qn
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fen > 0, Ve, Vn, (10e)
Q,>0,  Vn, (10f)

where the first and second line of (10c) are applied for the cdégotal (4) and per-carrier (3)
interference constraints, respectively. Similar to theigie formulation in (8), the optimization
problem in (10) is convex and can be solved efficiently.

2) Lagrange Dual Problem: An alternative approach to solving (10) is through derivihg
Lagrange dual of the robust optimization problem in (10)eThagrange dual decomposition
approach has been used extensively in the literature ta stifferent resource allocation and
optimization problems [21-25]. As we demonstrate belovg #&pproach results in decomposing
the optimization problem in (10) int®y independent and similar sub-problems that can be solved
in parallel.

Let us first consider the case of a total interference constf4). Defining the convex regions

Bn = {(Qn7 Sé,na,ué,n) | Qn Z 07 Hen 2 07 Aé,n(Qna Sé,na,uf,n) Z 07 \44 € {17 e 7L}}7 (11)

the Lagrange dual function of the primal problem in (10) canwitten as

N N
g(A\,m) = max Y logdet (I + HnQanH) - A <Z Tr(Q,) — P)
> n=1 n=1
L N R b X o
- Z Ne {Z <Tr (Gé,nQnGZ,n) +Tr (Gé,nsé,nG&n) + M&neg,n> - Ié}
/=1 n=1

N L
= > g\ m) + AP+ ndy, (12)

n=1 /=1

where the functiong,, (), n) are defined as

n(Am) = logdet (I + H,Q,H?) - \Tr(Q,
gaAm) = max ogdet (I+ H.Q,H}[) =ATr(Q,)

L
S {Tr (Gg,nQntn) LT (Gg,nsg,nafn) + u@,neg,n}. (13)
(=1
For a given\ andn, the functionsg, (\, 1) represent a convex optimization problem. Further-

more, they are independent and can be simultaneously ¢sdluginally, the dual problem can
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be written as

I&lin g(\,m) st. A>0, n>0, (14)
m

which can be solved using gradient based approaches sutie aflipsoid method [21].
While design formulation with the per-carrier interferenconstraints (3) result in a larger
number of constraints in the primal problem (see (10c)),dhal problem can be significantly

simplified. Defining the convex regiorg,

Cn = {(Qn? S@,nu:ug,n) ‘ Qn 2 07 Hen 2 07 Ag,”(Qn? Sf,nmuf,n) 2 07
Tr (GMQntn> +Tr (G’MSMGfJ €y < Topm, L€ {1, ,L}}, (15)

the Lagrange dual function becomes (cf. [7])

g(\) = ma Z log det (I + H,Q, HH) (Z Tr(Q,) — P)

{Q'n Sn sHe, n}ecn
= Z gn(A) + AP, (16)

where

gn(\) =  max log det (I + H,Q,H) - \Tr(Q,) . (17)

Qn SZ nsle, nECn

The dual problem can then be written as
m}?n g(N) st. A>0. (18)

Compared to (14), the problem in (18) is a single variablénaigation problem and since(\)

is convex in)\, bisection search over can be used to obtain the optimal solution [18, page 249].
3) A Comparison Between Primal and Dual Approaches: We would like to highlight some

aspects of the primal and dual approaches for solving then@ation problem for point-to-point

multiple-carrier CR systems. Consider the total interfieeeconstraint problem in Section IlI-B1.

The primal optimization problem in (10) ha$(L + 1) positive semidefinite matrices fap,,

and S,,, and each of these matrices consists%Mt,SU(Mt,SU + 1) (distinct) variables. The

problem also includes anothéfL real variables foru,,. The number of LMI constraints for
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this problem isNL constraints of sizeM, s in (10d), andN constraints of sizeVl; gy in
(10f). While the size of the variables and constraints in) @cales linearly with the number of
the carriers,V, the complexity of the solving (10) (as log determinant maxation problem
subject to LMI constraints) will grow as polynomial éf whose order is significantly higher
than the first degree (e.g., [26]). In contrast to this, thal guwoblem for the total interference
constraint problem provides an alternative approach witcoseplexity grows linearly withV.
To see this, consider the dual formulation in (14) for thaltatterference constraint problem
in Section 11I-B1. Each iteration will require the evaluatiof g(\, n) in (12), which is mainly
solving N instances of the optimization problem in (13). While eadtance of the optimization
problem in (13) has similar structure to the primal desigmmalation, it has a smaller number
of variables and constraints, and, what is more importéwesé¢ numbers are independent\of
Hence, the complexity of the dual approach scales lineaillg W. A similar argument holds
for the dual approach of optimization problem with per-garinterference constraints in the
previous section. Similar advantages of the dual apprdawaf( growth with number of carriers)
have been previously shown for other multi-carrier systeoth as DSL systems, e.g. [21], and

in the downlink of wireless OFDMA systems, e.g. [24].

V. MULTIPOINT-TO-POINT CR SYSTEMS

Finally, we proceed to the general case in which we consid€Rasystem with multiple
SUs in an uplink multiple-carrier communication scenakie consider processing at the base
station, to which necessary parameters are fed back by,ushrsh distributes transmission
covariance matrice®, ,, to users.n order to avoid interference between the SUs themselves,
we assume that each carrier is assigned, at most, to one Sty éitvee. That is, if the carrier
of indexn = 1,---, N is assigned to user (Q,, #0), then@,,, = 0 for everyk # k. Given
a set of maximum allowable powef® = {P,,..., P} for each SUk = 1,..., K, the joint

problem of carrier assignment and robust resource allmtdtr sum rate maximization under
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a total interference constraint can be formulated as

K N

max > > logdet (I + Hy,Q,, HY,), (19a)
Qk,nvsl,k,nv k=1n=1 ’ ’
Mo k,n
N
s.t. Tr (Q,m) < P., Vk, (19b)

=1

3

K N ) . R N ,
Z Z [Tf <Gz,k,an,nGé,k,n> +Tr (Gz,k,nsz,k,nGM,n) + Nf,k,n‘fak,n} < fz, Vﬁ,

k=1n=1

(19c¢)

SZ k,n Qk n
A en(Qys St s Hekn) = 7 >0, porn =0,
Qrn  HeknBorn — Q.

VOV kYn, o (19d)
Q. >0, YkVn, (19e)
if Qp,, #0thenQ,,, =0,S4, =014, =0 YVk#5kY(Vn (19f)

Alternative formulations using per-carrier interferencenstraints, per-user interference con-
straints, or both can be easily derived and the solution & rtew formulations should, in
general, be less complex.

Problem (19) is no longer convex due to the exclusivity c@mst in (19f). Thus, the primal
problem can no longer be solved using convex optimizatiofstand an exhaustive search over
all possible carrier assignments is needed to obtain a yobptimal solution. However, this
approach can be prohibitively complex, especially when nthenber of carriersNV, is large.
One approach to overcome this prohibitive complexity isd¢e a Lagrange dual decomposition
approach similar to the one presented in Section IHA8 used in [24, 25]t is worth mentioning
that while the primal problem in thpoint-to-pointmultiple-carrier case in (10) is convex, the

multi-user problem with the exclusivity constraint in (1i8)not, and generally the duality gap
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is non-zer®. Thus, the solution obtained by using the Lagrange dual rdposition approach
is an upper bound for the optimal solution of (19). Neverbks| the approach can significantly
reduce the complexity of the problem in (19).

It is also worth mentioning that the design problem of a damknkobust CR system with
multiple-carriers can be solved in an analogous way affgacing the per-user power constraints
in (19b) for the uplink system by the single power constraift , >N | Tr (an) < P. In this
case, the vector of dual variablasn the uplink dual problem reduces to a single variable. This
in turn, helps reduce the complexity of finding the optimagtamge multipliers for the dual

optimization problem.

V. SIMULATION RESULTS

In this section we present some numerical results to evalhat performance of the proposed
algorithms. We consider CR systems in which SU transmitieis receivers are equipped with
two antennas each\/, sy = M, sy = 2. Similarly, each PU receiver is equipped with two
antennas M, py = 2. The coefficients of the channeH, between any SU transmitter and
its corresponding receiver are modeled as i.i.d. circylayimmetric complex Gaussian random
variables with unit variance. The coefficients é‘&m are modeled similarly with a variance
equal t6 1072 and R,,, = Iy, ... Average plots are generated using Monte Carlo simulations
over 5000 channel seesd CVX toolbox for Matlab [20] was used to solve the problamder
consideration. On average, it took CVX 1.52 and 4.92 sectmd®lve the single and multiple
carrier problems of Sections V-A1 and V-A2 below on a Xeon @&b4rocessor running at

2.00 GHz clock speed. Given the generic nature of the opditioiz toolbox and the underling

SFor the case of single antenna users in the non-CR contexisitshown that the duality gap vanishesNagjrows [21, 24,
25, 27].

®The choice of channels variances represents a typical soeénavhich the PUs are farther from the SU transmitter tHae t
SU receiver. Nevertheless, absolute values are of litfeificance for the ensuing performance evaluation, as agehém the

variance of the coefficients @&, would be compensated by a changelaf
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software platform used, we believe that these figures canidrgfisantly enhanced in any

practical implementation of the design problems under icenation.

A. Point-to-Point CR System

1) MI maximization for a single-carrier CR system (N = 1): We first consider a CR system
with a singlepoint-to-point link sharing the bandwidth with single PU(L = 1), and we study
the robust MI maximization problem in (7). In Figure 2, we tptbe average MI of the CR
system versus the maximum allowable level of interferencéha PU for different levels of
bounded channel uncertainty following the model in (6). W a&ompare the proposed design
with the case of perfect knowledge of the chan@gl(i.e., ¢ = 0) which was studied in [7].
As one might expect, wheh increases, the SU transmitter is allowed to transmit morgepo
and the average MI increases. Whemeaches a sufficiently large level, the transmitted power
(Tr(Q)) reaches the maximum levét and the MI remains constant. This is true for all levels
of channel uncertainty.

In order to show how important it is to take the channel uraety into account when
designing for CR systems, let us assume that the designgsr¢éoek place under the assumption
of perfect CSI at the SU transmitter while in fact there wasisancertainty associated with the
CSI used in the design problem. Figure 3 plots the averageeofdiative interference threshold
violation ((Tr(GQG") — I)*/I) versus the level of uncertainty associated with the CSI that
was not taken into account in the design process. We obdeavéhte channel uncertainty, when
not considered in the design process, leads to frequerdtidok of the interference constraints.
Hence, design formulations and solutions as presentedsmpéper are needed to avoid harmful
interference in practical CR systems.

2) Sum rate maximization for a multiple-carrier CR system: In this experiment, we consider a
point-to-pointCR system withV = 8 carriers and a single PU. = 1) with a total interference
constraint (cf. (4)). In Figure 4, we plot the average of theximum sum rate versus, and

in Figure 5 we plot the average of the total transmitted powwar all carriers(>"_, Tr(Q,,))
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versus/ for different values ok in (6). By comparing Figures 4 and 5, we observe that there
exists an interval over which the average sum rate increasteés/ even though the average
total transmitted power has already reached its maximum litncompare Figures 4 and 5 for

I € [-7,—4] dB for ¢ = 0.02 and for I € [-14,—6] dB for ¢ = 0). This can be attributed to
the ability of the joint design problem to allocate resogroger different carriers to satisfy the
total interference constraint.

3) Transmit power minimization for a multiple-carrier CR system: In this experiment, we
consider the robust power minimization problem in the npldticarrier communication scenario
considered above (extension of the robust design fornaumati (9) to the multiple-carrier case).
For this design problem, the target sum rate is 10 bps/Hz, veadstudy the feasibility of
this robust design formulation for different levels of chahuncertaintyg, in (6). The problem
becomes infeasible if no s€Q,,} can be found that achieves the target sum rate while satgsfyi
the interference constraints for every channel realina@®,, within the bounded/(¢). In this
case, we assume an outage event has occurred. We generdi@d dshdom sets of channels
{H,, G’M} and used them to plot the probability of outage versus Figure 6. As expected,
the probability of outage decreases/amcreases for a fixed, and increases with for a given
value of I. To capture the average sum power verguslationship, we selected all feasible sets
of channels for which all the compared designs with differewere feasible af = —19 dB,
and for these 1895 selected sets we plotted the average pangrs/. It can be seen from
Figure 7 that a higher channel uncertainty level mandatdgiadal transmit power to achieve a
target rate in the CR system since the robust design probdenibe viewed as a design problem

with perfect channel information with more restrictivearference constraints.

B. Multipoint-to-Point CR System

Finally, we consider a CR system with two SUS = 2), four carriers(N = 4), and a single
PU (L = 1) in a system setup similar to the one presented in Figure lidar& 8, we plot

the average of the maximum sum rate against the maximumfergece/. We compare the
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maximum rate obtained by the solution of the dual problemhtodne obtained by solving the
primal problem in (19) by employing an exhaustive searchr @alepossible combinations of
carrier allocation amongst the two SUSs. It is clear from Fég8 that even for a CR system with
as little asN = 4 carriers, the difference in sum rate is almost negligible. (duality gap is

almost zero). Thislemonstrateshe effectiveness and usability of the proposed dual tegkeni

for practical CR systems design.

VI. CONCLUSION

In this paper, we introduced new algorithms for robust resewptimization in MIMO CR
systems. We studied several optimization problems andigedvsolutions based on an LMI
transformation that facilitated efficient treatment of timeperfect CSI of the PUs’ channels
at the SU transmitters. Systems with multiple MIMO PUs andtiple MIMO SUs utilizing
multiple frequency bands were considered and efficientisolsi were provided for each case. We
presented numerical results that demonstrated the e#eess and robustness of the proposed
algorithms. We also demonstrated the detrimental effeaesigning for CR systems without

taking channel uncertainties into account on the level tdriarence at the PUs.

APPENDIX A

PROOF OFTHEOREM 1
Proof: Each of theL constraints in (7c) can be written as
I —ef (Q" @ Iy, p) e — 2R {91 (Q" ® Lns, oy ) ecf — g1 (Q7 © Lng, ) G0 2 0
i eg — ef (RZT 0% IMT,pU) e >0, (20)
whereg, = vec(ég), ande, = ved E,). Similar to the inequality (7c), the inequality (20)
represents an infinite set of constraints, one for eadatisfyinge? — el (Rf ® IMT?PU) e, > 0.
However, the quadratic forms in (20) enable us to obtain glsigonstraint that is precisely

equivalent to the infinite constraints in (20). In particulasing the results of S-lemma [28], one

can show that the set of constraints in (20) holds if and ohthiere exists:, > 0 such that
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He (R? ® IA/I’I‘,PU) - (QT ® IMT,PU) - (QT ® IMT,PU) gé
-9/ (Q" @ Iy,,,)) I =9 (Q" ® Lut, py) G0 — puect

Furthermore, one can obtain an equivalent LMI of smallee $iy employing the Schur Com-

>0, (21

plement Theorem [29] that is presented in the following leamm
H
Lemma 1 (Schur Complement Theorem): Consider the Hermitian matrixX = g BC

such thatC' > 0. Then the constrainX > 0 is satisfied if and only ifA — BYC~'B > 0.

Applying Lemma 1 to the LMI in (21), we obtain the following @galent inequality:
I =g (Q" @ T ) G0 — e
A~ _1 A~
- gf (QT ® I]\/I’I‘,PU) [(MZR% - QT) ® IMT,PU:| (QT ® IMT,PU) g, > 07 (22)
which can be written irterms of G, as
A ~H ~ _ ~ H
L —Tr (GEQGZ ) e T (GZQ (R — Q)" QG! ) > 0. (23)
Finally, to obtain an LMI representation of (23), one obsarthat (23) can be written as
A~ ~H A ~ H 2
Tr <G4QGZ ) T (GZSZGZ ) e < 1o, (24a)

S > Q (R — Q)_l Q. (24b)

The constraint in (24b) is indeed equivalent to the LF” RQ Q > 0, by applying the
Helry —

result of Lemma 1. [ ]
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Fig. 1: Multipoint-to-point CR system with' SUs, L PUs, andN carriers. K = 1 corresponds to the case of point-to-point
CR transmissionN = 1 corresponds to the special case of single-carrier systems.
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Fig. 2: Average of the maximum link MI of a single-carri@gint-to-pointCR system in the presence of a single PU versus the
maximum allowable interference at the PU for different eslwfc. Maximum allowable power at the SU transmitteriis= 20
dB.
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Fig. 3: Average of the relative interference thresholdatioin ((Tr(GQG™) — I)" /I) versus the level of uncertainty associated
with the CSI that was not taken into account in the designgs®cA single-carriepoint-to-pointCR system is considered in
the presence of a single PU with a maximum allowable powehatSU transmitter of? = 20 dB.
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Fig. 4: Average of the maximum sum rate of a multiple-car(idt = 8), point-to-pointCR system in the presence of a single
PU versus the maximum allowable interferentat the PU for different values of. Maximum allowable power at the SU
transmitter isP = 20 dB.
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Fig. 5: Average of the total transmitted po@n Tr(Q) from the SUtransmitterwhen optimizing for the link MI of a multiple-
carrier (N = 8), point-to-pointCR system in the presence of a single PU versus the maximawadle interferencd at the
PU for different values ot. Maximum allowable power at the SU transmitterfis= 20 dB.
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Fig. 6: Outage probability of the robust power minimizatifmm a multiple-carrier(N = 8), point-to-pointCR system in the
presence of a single PU versus the maximum allowable imearée [ at the PU for different values of The target sum rate
is 10 bps/Hz
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