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Abstract

Signal detection without the need for channel state information at the receiver, so—called nonco-
herent detection constitutes an interesting alternative to the widely-used concatenated scheme
of channel estimation and subsequent detection, so—called coherent detection in adverse fading
channel environments. However, existing approaches to noncoherent detection are either too
complex or fail to achieve satisfactory power e [ciehcies under general fading conditions.

This thesis deals with the design and analysis of power—e [cieht, yet low—complexity non-
coherent detection schemes for point—to—point multiple{input multiple{output (MIMO)  com-
munication systems. The starting point of this work is multiple{symbol di erential detection
(MSDD), which simultaneously processes blocks of N > 2 received samples to estimate the
transmitted data. While MSDD is known to be capable of achieving power e Lciehcies close
to that of coherent detection with perfect channel state information if N is large, it quickly
becomes computationally intractable, as the candidate-signal space is (N 1)-dimensional, i.e.
the number of possible transmit sequences grows exponentially in N.

The application of tree—search algorithms, that have attracted considerable attention in the
recent communications literature, to overcome the complexity limitations of MSDD is investi-
gated. Furthermore, a nested MSDD structure consisting of an outer and a number of inner
tree—search decoders is developed, which renders MSDD feasible over wide ranges of system
parameters.

A second approach to low—-complexity MSDD based on methods from combinatorial geome-
try is proposed for the interesting special cases of di erential phase{shift keying (DPSK). This
approach is particularly appealing due to the fact, that its complexity is practically constant,
whereas tree-search based methods may have very high instantaneous complexities.

Inspired by decision{feedback di erential detection (DFDD) and the observation that deci-
sions in the di Lerkent positions of the MSDD observation window are not equally reliable, a new
noncoherent detection scheme, referred to as decision{feedback MSDD (DF{MSDD)is devised.
DF-MSDD achieves power e [ciehcies comparable to those of MSDD while the dimension of
the candidate-signal space and thereby the decoder complexity is reduced significantly. Here,
the tree-search methods developed for conventional MSDD are still applicable, such that a
computationally highly e [cieht noncoherent detector results.



Following the development of the detection methods based on a generic MIMO channel
model, their application to transmission over time-selective and frequency—-nonselective MIMO
channels and to transmission using orthogonal frequency{division multiplexing (OFDM) over
time- and frequency-selective channels is studied. While well-known di erential space{time
modulation (DSTM) is applied for transmission over frequency—nonselective MIMO channels, a
new signal allocation scheme for OFDM-based transmission over frequency-selective channels
is devised, which makes use of both spatial and / or spectral (multipath) diversity and is partic-
ularly apt for power—e Lcieht, low—delay MSDD. For this transmission scenario the application
of a two—dimensional observation window to MSDD to exploit channel correlations in both time
and frequency direction is investigated.

These practical aspects of this work are complemented by analytical studies regarding the
achievable power e [ciehcy and computational complexity of the dilerknt detection schemes.
These investigations provide interesting insights into the connections between the performances
of the di[erknt detection schemes and their dependence on system and channel parameters and
into the behavior of the decoder complexity as a function of the system and channel parameters,
respectively. In consequence, they provide valuable guidelines for quick decoder design and
make system simulations largely expendable.

In summary, this work shows how power e [ciehcies very close to that of idealized coherent
detection assuming perfect channel state information can be achieved by means of noncoherent
detection with moderate computational complexity, even in adverse fading channel scenarios.
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Notation

For the sake of clarity, we apply the following rules on notation throughout this thesis:

Lower case symbols in boldface denote vectors, e.g. X. Their elements are addressed using
subscripts, e.g. X, denotes the nth entry of the vector x. Conversely, an N-dimensional

Upper case symbols in boldface denote matrices, e.g. X. Their elements are addressed
using subscripts, e.g. Xn.m denotes the element in the nth row and mth column of X.
For simplicity of notation, we at times also denote the element in the nth row and mth
column of a matrix X as [X],.m. The nth row and the mth column of X are denoted
as [X]n.: and [X]..n,, respectively. Conversely, an (N M )-dimensional matrix can be
defined as X = [xnm]rﬁ,...,N .

Upper case symbols in calligraphic typeface / boldface, denote sets of scalars / matrices,
respectively, e.g. X /7 X.

To clearly distinguish between continuous— and discrete—time signals, we deploy round
and square brackets, respectively, to illustrate their dependence of the respective time
variable, e.g. s(t), t 2 Rand s[k], k 2 Z.

Further, in order to keep the notation as simple as possible, we do not distinguish between
random variables and particular realizations thereof. We also adopt the simplified notation that
the argument of a probability density function (PDF) corresponds to the random variable. We
emphasize that this simplified notation implies that the conditioned PDFs p(xjy) and p(Xx] z)
of x conditioned on y and on z, respectively, denote dilerent functions, if y and z represent
di Lerknt random variables.

A list of important symbols and frequently used mnemonics can be found in Appendix A.



Chapter 1
Introduction and Outline

In many practical and especially in wireless communication systems, transmission channels
typically are time variant due to oscillator instabilities, phase noise and motion of transmitter,
receiver and / or scatterers. In digital communications, there are essentially two approaches to
signal detection:

Coherent Detection: Here, the instantaneous channel state is estimated explicitly, usually
based on the transmission of pilot symbols (cf. e.g. [MB84, ML89, Cav9l, MD97]), and
signal detection is subsequently performed using the resulting channel estimate.

Noncoherent Detection: Here, the explicit estimation of the instantaneous channel state is
avoided. Instead channel estimation is either performed implicitly in signal detection
(cf. e.g. [WFM89, DS90, DSS90, LP91, LP92, HF92, DS94]), or even avoided entirely
(cf. e.g. [BN62, Hug00a, HMO0Q]).

While the coherent approach to signal detection based on the (ad hoc) separation of the
detection problem into explicit channel estimation and signal detection is most commonly de-
ployed in digital transmission systems, the noncoherent approach appears to be more natural,
since the receiver is usually primarily interested in the transmitted information, but not in in-
formation about the current state of the channel. Furthermore, noncoherent detection schemes
are more robust in rapidly varying transmission scenarios than their coherent counterparts,
which rely on the accuracy of the externally obtained channel estimates. They are therefore
particularly apt for (i) discontinuous transmission, where coherent transmission would require
a relatively large portion of pilot symbols for accurate channel estimation, (ii) systems with
low—cost high—frequency components, where e.g. strong fluctuations of phase and frequency of
local oscillators may occur, and (iii) systems with time-variant interference, e.g. if transmission
takes place in unlicensed frequency bands such as the “industrial, scientific and medical” (ISM)
bands, where channel estimation would have to be repeated frequently.
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The reason for the popularity of coherent schemes lies mainly in the fact that existing non-
coherent detection schemes are characterized either by poor power e [ciehcy or by high com-
putational complexity for high power e [ciehcy. In order to achieve good power e Lciehcy by
means of noncoherent detection simultaneous processing of blocks of N received samples based
on knowledge of the statistical properties, such as power spectral density, power—delay profile
and noise variance, of the channel are required. So, given a transmit-symbol alphabet of size L
such block-based noncoherent detection involves finding the best out of LN possible transmit
sequences, whereas coherent detection with external channel estimation can be performed on
a symbol-by-symbol basis. Such block-based noncoherent detectors are commonly referred to
as multiple{symbol (di erential) detectors (MS(D)D) and the block length N is called the ob-
servation window length cf. e.g. [WFM89, DS90, DSS90, LP91, LP92, HF92, DS94, VCBT97].

Ever since the introduction of MSDD the search for noncoherent detectors that achieve a
comparable power e [ciehcy at manageable computational complexity has been a subject of
continued research in the communications community. While Mackenthun proposed an MSDD
algorithm whose complexity is of the order N log(N ) for the time—invariant channel in [Mac94],
other authors developed algorithms based on restricted tree search, cf. e.g. [AS89, LW90], or
reduced-state Viterbi decoding, cf. e.g. [MF90, LM90, YP95, VT95a, Rap96a, Ada96, CR99].
In particular the complete reduction of the states in the trellis has lead to popular decision—-
feedback dilerential detection (DFDD), cf. e.g. [LP88, Edb92, AS93, AS95, SGH99, SL02].
However, these schemes leave room for improvement regarding the performance—complexity
tradeo [Cand the introduction of decision—feedback strategies impedes the application of such
detectors in coded transmission systems.

In this thesis, we deal with the design and analysis of noncoherent detection schemes, whose
power e [ciehcies are close to that of idealized coherent detection with perfect instantaneous
channel state information (CSI), while their complexities are very well comparable to those of
existing less power—e [cieht schemes such as DFDD. In particular, we consider highly time-
and / or frequency-selective multiple-input multiple—output (MIMO) channels, where coherent
detection becomes unattractive, as pilot symbols, which are required for frequent estimation of
a large number of channel coe [ciehts, consume a substantial portion of the ever more precious
commodities signaling bandwidth and transmit power, cf. e.g. [Mar99].

Chapter 2 introduces a generic MIMO system model that shall serve as basis for our con-
siderations on computationally and power—e [cieht noncoherent detectors in Chapter 3. In
particular, we review a number of important unitary—-matrix signal constellations, that were
originally developed for dilerkential space-time modulation (DSTM) and are designed to ex-
ploit the diversity provided by the MIMO channel, while facilitating noncoherent detection.
Following the introduction of DSTM we review a number of standard coherent and noncoher-
ent detection strategies considered in this work. Based on the identification of a relationship
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between MSDD and linear minimum-mean squared error (MMSE) interpolation novel vari-
ants of MSDD are introduced that will be shown to achieve excellent complexity—performance
tradeo[s.]

Chapter 3 is dedicated to the development of computationally highly e [cieht algorithms to
(approximately) solve the MSDD problem. Here, we consider two dilerent approaches: The
first one makes use of tree-search algorithms, that were developed in the context of sequential
decoding of convolutional codes and in lattice theory. Based on a revision and classification
of the various tree-search methods, two promising algorithms are selected for application to
MSDD with arbitrary DSTM constellations. Further significant complexity savings are ob-
tained through optimization of the receiver structures for individual DSTM constellations.
The second approach is based on methods from combinatorial geometry and is applicable to
single—transmit antenna schemes employing diLerential phase-shift keying (DPSK) or simple
repetition transmit diversity schemes in conjunction with possibly multiple receive antennas.

In Chapter 4, we present a general time-variant MIMO channel model for a system with
Nt transmit and Ngr receive antennas. This model serves as basis for our considerations on
detection for transmission over frequency-nonselective and frequency-selective MIMO channels
in Chapters 5 and 6, respectively.!

In Chapter 5 we relate the generic system model of Chapter 2 to a DSTM-based system for
transmission over a frequency—nonselective channel, which is derived from the general channel
model of Chapter 4. Here, we furthermore present the results of our in—depth analytical inves-
tigations regarding both the computational complexity and the achievable performance of the
novel noncoherent detection schemes of Chapter 3 when applied to DSTM-based transmission
over frequency—nonselective channels.

In Chapter 6 transmission over frequency-selective MIMO channels is considered, and we
investigate the usefulness of our methods in a system using orthogonal frequency division mul-
tiplexing (OFDM). We also develop a novel signal-allocation scheme, that allows us to benefit
from both spatial and spectral diversity. For power—e [cieht noncoherent detection we propose
to use MSDD with a two-dimensional observation window, such that correlation in both time
and frequency can be exploited in the detection process.

Chapter 7 summarizes the contributions of this thesis and provides a brief outlook to possible
directions for further related research.

Parts of the material presented in this work have been published in [PL05, PLO7b, PLO6,
PLHO07b, PLSF06, PSL06, PL07a, PLHO7a, PLSFO7].

Finally, we would like to mention that in this work we concentrate on transmission without
forward error correction (FEC). However, extension to FEC coded transmission can be ac-

INote that all results presented in this work trivially include popular DPSK with or without receive diversity
as special case wititNt = 1. This case is therefore not treated separately in this work.
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complished by transforming the proposed detectors into soft-output, or soft-input soft-output
modules for iterative decoding, as shown in e.g. [PLS06] for the special case of DPSK trans-
mission.



Chapter 2

Di erentially Encoded Space{Time
Transmission and Detection

In this section, we introduce a generic discrete-time multiple-input multiple—output (MIMO)
system model that will serve as basis for our considerations on low—complexity noncoherent
detection strategies in Chapter 3. This model is based on unitary—-matrix signal constellations,
that were originally developed for dilerkntial space-time modulation (DSTM) and will be
reviewed in Section 2.1, together with dilerential encoding as discussed in Section 2.2. The
MIMO channel model will be introduced in Section 2.3. In Section 2.4, we will describe the
detection schemes considered in this work and present their respective decision rules.

At this, it is our full intention to remain fairly abstract, e.g. not relating the inputs and
outputs of the MIMO channel to transmit and receive antennas, respectively, in order to si-
multaneously cover the common aspects of the dilerent transmission scenarios considered in
Chapters 5 and 6. While the MIMO channel model is introduced in a rather ad—hoc way in this
chapter and contains some assumptions made by the detection schemes, it will be related to a
physically motivated channel model in Chapter 4. The rather abstract variables introduced in
this chapter and Chapter 3 will be filled with life in Chapters 5 and 6, where we will consider
single—carrier transmission over frequency non-selective channels using DSTM and transmission
over frequency selective channels based on orthogonal frequency division multiplexing (OFDM),
respectively.

All of our considerations are set in the equivalent complex baseband (ECB) domain [Tre71],
i.e. all quantities involved in the channel model are in general represented by complex—valued
variables. In particular, we employ an energy-invariant baseband transformation, cf. e.g.
[Tre71].
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2.1 Signal Constellations

Di Lerential space—time modulation (DSTM) using signal constellations
1
V= 6(')jI2f1;:::;Lg (2.1)

(= definition) consisting of L (Ns  Ng)-dimensional unitary matrices V", 1 | L, has
been introduced in [TJC99, Hug00a, HS00, HHO02].> Ever since, the design and analysis of good
constellations has been a field of very active research and various authors have presented results
on numerous signal constellations in e.g. [Hug99a, Hug99b, MHHO00, ARU00, HM00, HMR* 00,
CMHO00, Hug00b, LX00, HHSS00, SHHS01, ARUO01, LX01, HMO01, Sho01b, ShoOla, LLLLO1a,
LLLLO1b, TCO1, GS02, DADSCO02, LX02, MHHO02, Hug03, SY03, HSL05a, WWMO05]. These
can be coarsely classified into two classes: (i) so—called group codes, where the set VV forms a
group with respect to matrix multiplication and (ii) so—called non-group codes, where this is
not the case, i.e. where the product of two elements V ¥ and V (2 of V does not necessarily
result in an element from V. Given this abundance of signal constellations, we chose to restrict
our attention to the four important representatives, reviewed briefly in the following.

2.1.1 Constellations from Group Codes
2.1.1.1 Cyclic (Diagonal) Codes

Cyclic DSTM codes (also often referred to as diagonal DSTM codes) were originally proposed
independently in [Hug00a] and [HSO0]. Here, V is defined as

1 1] 1
V'V =diag et e TN 2f1;::::Lg (2.2)
(diagf x1;::: ;xmg: (M M )-dimensional diagonal matrix with the x;, 1 i M, on its main
diagonal, €%, exp(x): exponential function, j :EE'—l: imaginary unit). The integer coe [ciehts
¢ 2fl;:::;L 19,1 i Ng, are optimized with respect to asymptotic? power e Lciehcy

of conventional dilerkntial detection (CDD, cf. Section 2.4.1) under the assumption that the
channel does not change significantly over time. Optimized coe [ciehts for various values of Ng
can be found in e.g. [HS00, Table I]. An example of a cyclic DSTM constellation with Ng = 2
and L = 16 designed in [HS00] is given by the set

— -
I:(II) R 1

V = = : 211;:::;16 2.3

e S NE o - (23)

IMany authors also refer to DSTM based on unitary{matrix signal constellations as unitary DSTM (UD-

STM).
2\Asymptotic" in the sense of high signal{to{noise ratio (SNR).
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of unitary matrices.

Note that di[erential phase-shift keying (DPSK, cf. e.g. [Pro00]) can be viewed as special
case of cyclic DSTM with Ns = 1 and ¢; = 1. Therefore, all results presented in this work are
in an obvious way also applicable to DPSK.

2.1.1.2 Dicyclic Codes

For Ng even, dicyclic DSTM codes (also referred to as generalized quaternionDSTM codes)
were originally proposed in [Hug03]. Here, an (L=2)-ary variable | and a binary variable m
select an unitary matrix V (+(m=1)L=2) from the set V of cardinality jVj = L defined as

— ™~ —
L] L | ceee ] =
V £ (05 = diag @ Bor s el Pons Ongzans=2  Ing=2 E:fl’--- L=2g

’ 210;1g

INSZZ ONSZZ;NSZZ
(2.4)

where cye=+1 = 6,1 | Ng=2,and X% =1y forany (N N)-dimensional matrix X (Iy:
(N N)-dimensional identity matrix, Oy.y : (M N)-dimensional all-zeros matrix). Integer
coelciehts g 2f1;:::;L=2 1g optimized with respect to asymptotic power e [ciehcy under
CDD in very-slow-fading high—-SNR regimes are listed in [Hug03, Table I11]. An example of a
dicyclic DSTM constellation with Ns = 4 and L = 16 designed in [HugO03] is given by the set

1 1. ] =
g 0 0 0 1 0
V = V. (+8(m-1) = g d% 0 of 0 0 1 2f1;:::;8¢g
0 es 70 0 O 210;1g
(2.5)

of unitary matrices.

Note that for L being a power of two, every full-rank group DSTM code, i.e. every unitary
DSTM code that achieves full transmit diversity, is equivalent to either a cyclic or a dicyclic
DSTM code, cf. [Hug03, Theorem 2].

2.1.2 Constellations from Non{Group Codes
2.1.2.1 Orthogonal Codes

A DSTM scheme that is frequently considered in the literature is that of orthogonal DSTM codes
originally proposed in [TJC99]. While it is straightforward to extend our subsequently presented
results regarding orthogonal codes to Ns > 2, we will restrict our attention to the interesting
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special case of Ng = 2, where the orthogonal codes of [TJC99] coincide with Alamouti’s code
[Ala98]. Here, the set V is defined as

1 1 1
- 1 a bY o 2T n
V= V0=p_ b2 1;eCriiid T : (2.6)
2 b a-

( % (elementwise) complex conjugate)

2.1.2.2 Cayley Codes

As second important representative of non—group codes we consider Cayley codes [HHO2,
WWMO5], which are particularly apt for high-rate data transmission. Here, the transmit data
is aolit into Q parallel streams and mapped to Q real-valued coe Lciehts 4, 1 qgq Q, from
a =~ L-ary set Acy. Together with Q predefined Hermitian symmetric (Ns Ns)-dimensional
“basis matrices” Aq they define L Hermitian symmetric matrices

0 . —

= Aq: (2.7)

cay
=1

A

Applying the Cayley transform to the skew-Hermitian symmetric matrices jA), leads to the
L-ary unitary DSTM constellation

L1 &3 ) ] L]
L Ium — A (D A (D .
V="V0O= Iy +jA I, JA 2f1;:::;Lg - (2.8)

cay s cay

An example of a 4096-ary constellation with Ng = 2 for which we will show numerical results
in later chapters is specified by the set of coe [ciehts (cf. [HHO02])

Acay =T 5:0273; 1:4966; 0:6682; 0:1989g (2.9)
and basis matrices
1 1 1 1
A= 0:1785 0:0510 + j0:1340 A, = 0:1902 0:1230 + j0:0495
' 0:0510 j0:1340 0:0321 ? 0:1230 j0:0495  0:0512
1 1 1 1
. 0:2350 0:0515 j0:0139 A, = 0:0208 0:1143 j0:1532
s 0:0515 + j0:0139 0:1142 N 0:1143 +j0:1532 0:0220
(2.10)

2.2 Dierential Encoding

As we consider detection without instantaneous channel state information (CSI), i.e. without
knowledge of the current state of the channel at the receiver, it is not possible to successfully
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transmit information by mapping blocks of log, (L) bits to symbols V [k] 2 V and transmit them
directly. As a remedy, a diLerential encoding technique for unitary—-matrix signal constellations
(cf. Section 2.1) was proposed in [HS00, Hug00a]. It can be viewed as extension of classical
DPSK to unitary matrices. Here, blocks of log,(L) bits are mapped to matrix data symbols
V [k] 2 V, which are di[erkntially encoded into matrix transmit symbols S[k] via

S[kI=VIKISk 1, S[0] = Iy (2.11)

Consequently, the information to be transmitted is contained in the “dilerknces” between
successive transmit symbols S[k] and can —provided that the channels over which S[k] and
Sk 1] are transmitted are not statistically independent— be recovered without the need for
CSI at the receiver.

While the meaning of k may vary depending on the application derived from this generic
system model, we will in the following refer to it as “time index” of matrix symbols.

2.3 Generic Channel Model

The detection algorithms presented in Section 3 are based on the following generic “temporally”
correlated MIMO Rayleigh-fading channel model. The received signal R[k] corresponding
to the transmission of an (Ns Ng)-dimensional transmit symbol S[k] is organized in an
(Ns Ngr)-dimensional matrix

R[k] = S[KIG[K] + N [K]: (2.12)

Here, the elements g [K] in the ith row and j th column of (Ns Ng)-dimensional G[K] rep-
resenting the MIMO channel are modeled as independent identically distributed (iid) Rayleigh
fading processes, i.e. as iid N¢(0; 1) random variables (N.(m; 2): circularly symmetric complex
Gaussian distribution with mean m and variance ?2). Their temporal correlation is described
by

Egulk+ ok = o] li=h 213)

0 otherwise

(Eff (x)g: expectation of f (x) with respect to random variable x, where the subscript , is omit-
ted whenever possible). It models the temporally correlated non-amplifying channel, which is
assumed to be constant during the transmission of S[k]. A remark on denomination: Interpret-
ing k as “time index” we speak of (i) “rapid”, (ii) “slow” or (iii) “static” fading or time—variance
of the fading process, if G[k] statistically changes (i) significantly, (ii) hardly or (iii) not at all
from matrix symbol to matrix symbol.
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(Ns Ng)-dimensional N[K] contains iid temporally uncorrelated N (0; 2) random vari-
ables n;; [K], i.e.
L] - Dl:r% i1=l2j1=]2 =0
E nij.lk+ Ini [kl = 0 otherwise : (2.14)
It models the additive white Gaussian noise (AWGN) perturbing the reception of S[K].

Note that the organization of the received signal corresponding to the transmission of S[k]
inan (Ns Ngr)-dimensional matrix rather than in e.g. a vector of length NsNr is in principle
arbitrary. It follows from considerations on simplicity of notation and from intuitive arguments
regarding the interesting special case considered in Chapter 5, where (Ns Ng)-dimensional
GJK] represents a time—variant spatially uncorrelated MIMO channel in a transmission system
employing Nt = Ng transmit and Ng receive antennas.

2.4 Dierential Detection

At the receiver various known detection schemes for noncoherent communication are considered.
For completeness, we briefly review them in the following.

2.4.1 Conventional Di erential Detection (CDD)

Conventional dilerential detection (CDD) is most often considered in the abovementioned
publications on DSTM constellations. It is based on the assumption that temporal variations
between two successive channel realizations are negligible, i.e. that G[k] = G[k 1]. On the
basis of this assumption and the Rayleigh—-fading channel model of Section 2.3 the maximum-
likelihood (ML) decision rule for CDD can be deduced from the conditional probability density
function (PDF) (cf. e.g. [Mil74])

p(RK 1;RIKjSK 1:SKD= - —(2.15)
1

O] [0Sk 1] On.
oxp  —tr Rk 1R K Onans

((NR)? 72+ 2)NsNwr N Onene  SIK]
1+ 2 1 - Ij}":ISH[k 1] 0 Rk 1] E%j
n IN NsiNs 1
1 1+ 3 ’ Onens  SMIK] R[K] 1

(": Hermitian transposition, : Kronecker product (cf. e.g. [HJ91]), and trf g : trace). Insert-
ing (2.11) into (2.15) and recalling that S[k 1] is unitary one can see that p(R[k 1]; R[K] ]
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S[k 1]; S[k]) depends only on V [k] and we can write

PRIk 1;RI Sk 1;SK) TpRK L:RKIVKD= - 218)

1 INS ONS;NS

] ]
exp itr RMk 1]; RY[K]

((NR)? 2(2+ Z)NsN= Nr Ongng VK]
T e At =
- 1. 1 INs Onsns C 1
11+ 2 * Oune VAK ORI L

and averaging with respect to S[k 1] is not required. Using the identity (Iyn + XIn) ™! =
S(In grcIen) (v (N N)-dimensional all-ones matrix), taking into account that exp( )
is @ monotonous function and neglecting all terms that do not depend on V [K] one obtains the

ML decision rule for estimation of the data symbol V [K] as (cf. e.g. [Hug00a])
111 [TTT11

V[k] = argmax Re tr V[KIR[k 1JR"[K] (2.17)
v [k] V1
(argmax, xf f (x)g: returns that element of a set X that maximizes the function f (x), Refg,
Imfg: real, imaginary part).

While CDD is capable of achieving reasonable performance when G[k] = Gk 1] (cf. e.g.
[HS00]), growing temporal variations of the channel lead to poorer power e [ciehcy of CDD
reflecting in an increasingly high error floor at high SNR, cf. [PS03, DB06]. To overcome these
limitations more sophisticated detection schemes such as multiple—-symbol dilerkntial detec-
tion (MSDD, cf. Section 2.4.2) or low—complexity derivates thereof such as decision—-feedback
di Lerkntial detection (DFDD, cf. Section 2.4.3) or the algorithms described in Chapter 3 are
required.

2.4.2 Multiple{Symbol Di erential Detection (MSDD)

MSDD processes blocks of N successively received symbols R[k 1, 0 N 1, to
detect the corresponding N transmit symbols S[k 1, O N 1, or equivalently by
reversal of (2.11) N 1 dilerkntially encoded data symbols V [k 1,0 N 2, cf.

e.g. [WFM89, DS90, DSS90, LP91, LP92, HF92, DS94, KL94]. At this, N is referred to as
observation window length Let us collect the data, transmit and received symbols and the
corresponding channel matrices G[k] and noise matrices N [Kk] in respective block matrices Vv,
S, G, N and R, and define the ((N  1)Ns Ns)-dimensional matrix

- ]

VK] = VHKk N+2%:::: ;vH[k]m (2.18)
the (NNs Ns)-dimensional matrices

SIK] é:'ESIH[k N+1];:::;sH[k]m (2.19)
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(NNs Ng)-dimensional

GIK] F%H[k N +1];:: ;GH[k]m (2.20)
N [K] =:'F|\|H[k N +1];:: ;NH[k]ml (2.21)
R[] F%H[k N +1]:::: ;RH[k]m (2.22)

and the (NNs NNs)-dimensional unitary block—diagonal matrix

1 1
oy SkON] 0
Sp[k] =diag S[k] = E E (2.23)

0 S[k]

With this notation, the channel can be described by
R[k] = Sp[K]G[K] + N[K]: (2.24)

For the sake of readability, we will in the following drop the reference [k] to time wherever
possible.

IZ_lB edDon the above Rayleigh—-fading channel model the corresponding conditional PDF
p R is given by (cf. e.g. [Mil74])

3 (- L1 L] o
pR%zd L

— Bl exp  tr R L R (2.25)

RR|S
et RR|S

(detf g: determinant). For the autocorrelation matrix grgs Of R conditioned on S we can
exploit the independence of zero—-mean G and N and write

=
RRIS — EI%RH% - (T (2.26)
= E SpG+N  G'sH+N" (2.27)
I e T
= SpE GG" SH+ 2IynNg: (2.28)

Taking further the correlation structure (2.13) of the fading channel into account we obtain for
the autocorrelation matrix of G

1 [
= toeplitzf g[0];:::; [N 1] IngNg; (2.30)
£ 4 IneNg; (2.31)
(toeplitzf x1;::: ;xng: (N N)-dimensional Hermitian symmetric Toeplitz matrix [Gra71] with

[X1;::05xn]" as its first column, T: transposition) with 4g[ ] as defined in (2.13). Finally,
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plugging (2.31) into (2.28) and using the identity detf ABg = detf Agdetf Bg for arbitrary
square matrices A and B we find that

1 1] [=] [ ) ] I:—lHI:I
det RR|S = det Sp gg+ nIN INS SD (232)
e | Y i B s N s I
= det Sp det gg+ nIN INS det SD (233)
1 2
= det o+ Zly (2.34)
and with (2.25)
i [ e [ B [, _ o
I:l%l:l exp  gotr R'Sp ( gg+ ln) In, SpR
p R = — B : (2.35)

(N g)Vdetf 44+ 2Iyg

Neglecting terms that are irrelevant for the maximization, realizing that exp() is a mono-
tonous function, and recalling the relation between S and V due to the dilerkntial encoding

[cf. (2.11)] the ML-MSDD decision rule with respect to V can be written as
- 11 _ . _ [IT11
V =argmin tr R"Sp (M Iy.)SpR (2.36)
v o 1

with the (N N)-dimensional matrix
mE e P (237)

and the (NNs NNs)-dimensional unitary block—diagonal matrix
q —1
Sp =di V [k IJF_HQVK |+T| V [k - . (2.38
D—|ag|:!0 [ | . [ | I . [ ] s (2:39)

( i;=| Xi] g([I]X[I + 1]  X[u], argmin, xff (X)g: returns that element of a set X that

minimizes the function f (x)). Note that the last (Ns Ng)—-dimensional block—diagonal element
of S can be fixed as In, without loss of optimality. The reason for this lies in the fact that
the noncoherent detector can only determine the transmit signal up to a common unitary
transformation of all transmit symbols inside the MSDD observation window. This is however
not a problem due to the dilerential encoding (2.11), i.e. right—-multiplication of S with an
arbitrary unitary §[k] would not alter the decoding result (cf. also the step leading from (2.15)
to (2.16)). Note also that throughout this work we use accents to dlstlngwsh between (i) the
true data and transmit sequences V and S, (i) candidate sequences V and S and (iii) decoder
output sequences V and S.

As MSDD returns N 1 decisions on data symbols V [k 1, 0 N 2, successive
matrices Ii[k] must overlap by one symbol R[K], i.e. the so—called MSDD observation window
of length N must only slide forward by N 1 symbols at a time, i.e. k . =k+N 1 (x:=y:
assignment of a value y to a variable x). For illustration see Fig. 2.1.
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.i|R[k N+1]|R[k N+2] R[k N+3] ::: R[K] R[k+1] R[k+2] 210 | R[k+N 1]}
Sk N+1]|S[k N+2] Sk N+3] it [S[K] | S[k#l]  S[k+#2] i [ S[k+N 1]|:::
Vk N+2] V[k N+3] i1 VK] Vktl] V[k2] i V[k+N 2]

Figure 2.1: llustration of multiple-symbol di[Lerkntial detection (MSDD).

2.4.2.1 Relation between ML MSDD and Linear MMSE Interpolat ion

Let us briefly review a result from [PK88]. (|3:i\|/en a vector x of N samples x,, of a random
process with autocorrelation matrix  xx L E xx" the interpolation error filter b, that leads
to the minimum-mean squared error (MMSE) variance EfjX,j2g with

X, =X, Rn = bix (2.39)
in the interpolation of an X,, from the remaining N 1 samples x , 1 N, &n,isgiven
by

1 L, O
bn = Q_—lg_ XX n:: : (240)
XX nn

Thus, the interpolation error vector X if all N samples x,, are interpolated from the respective

remaining N 1 samples x , 1 N, & n, can be written as
X &% X (2.41)
_ = o0
= diag XX 11 X NN o X (2.42)

When considering
L]
E XX" =diag L . it ok o (2.43)

we see that (i) the entries X,, of the interpolation error X are correlated and (ii) the interpolation
error variances ,Zn in the diLerent positions n are equal to the respective diagonal elements of
_1 -
oy 148,

A (2.44)

N —1 -
XX n;n

In view of the desired relation between linear MMSE interpolation and MSDD it is further
interesting to consider the correlation between the sample vector x and the interpolation error
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1.1
vector X. Using (2.42), (2.44) and the identity a"b = tr ba" for arbitrary vectors a;b of
equal length we can write

L] L] L]
E%)V( = E%diag%l;:::; N oX (2.45)
CC ] , 7, Om
= Etrdiag {500 iy XX (2.46)
), 0o
= tr diag {000 (N (2.47)
':ZI
3 o (2.48)
n=1

In MSDD on the other hand, the candidate § which minimizes [cf. (2.36)]

I;IH _ 1
-1
tr R RRlSR (2.49)
where [cf. (2.28) with (2.31) and (2.37)]
rris = So (M Iyg) Sp: (2.50)

is chosen as decoder output S. With (2.42) we can now see that ;LlSF_Q in (2.49) can be
interpreted as the (NNs Ng)-dimensional matrix of interpolation errors under the hypothesis
that S was transmitted, its entries being normalized by the respective interpolation error
variances.® In other words, ML MSDD corresponds to choosing the hypothesis S such that the
instantaneous correlation between the matrix R of received samples and the matrix ;1R|SF_2
of hypothetical linear MMSE interpolation errors is minimized.

Finally, we see by plugging (2.50) and (2.24) into (2.49) that for V =V the ML-MSDD

metric becomes
I =2 ]
tr G+N (M 1y,) G+N ; (2.51)
where M [cf. (2.37)] denotes the inverse of the autocorrelation matrix that is common to the
NsNg iid fading—plus-noise processes g;; [K] + nij[K], 1 i Ng, 1 ] Ngr. From (2.44)
it then follows that the inverse main diagonal elements m;%, 1 n N, of M are the
corresponding interpolation—error variances for the fading—plus—noise process.

Thus, we can summarize: MSDD can be interpreted as a concurrent interpolation of the
fading—plus—noise process for each of the N samples from the remaining N 1 samples in
the observation window. At this, symbols \7[k N+1+n],1 n N 1, are chosen
such that the sum of the squared interpolation errors in the N positions for each of the NsNg
individual subchannels is minimized. The inverse main diagonal elements mn_;ﬁ, 1 n N,
of the (N  N)-dimensional matrix M [cf. (2.37)] are the interpolation—error variances for

3We note that if S 6 S, this interpolation is mismatched.
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interpolating gi; [k N +n]+n;;[k N+n]fromg;k N+ J+n;k N+ ] 1 N,
& n.

This connection between MSDD and linear interpolation is a new result of this work and
will be quite useful in the following. On the one hand, it allows us to exploit well-known
results from interpolation theory for the performance analysis of MSDD in later sections. On
the other hand, it motivates the introduction of a variant of MSDD we refer to as subset MSDD
(S-MSDD), cf. Section 2.4.2.2.

2.4.2.2 Subset MSDD (S{MSDD)

Based on the abovementioned relationship between MSDD and linear MMSE interpolation it
Is intuitive that symbol decisions on the N 1 data symbols in V are not equally reliable.
Especially in relatively fast fading environments it can be expected that symbols located in the
center of the observation window can be detected more reliably than those at the edges.

This observation strongly suggests a variant of MSDD, which we refer to as subset MSDD
(S-MSDD). Like regular MSDD it processes blocks Ii[k] of N matrix symbols to find estimates
§[k] for corresponding blocks §[k] of N transmit symbols. Contrary to regular MSDD, however,
it only returns estimates

VIk n; dN NY=2e 1 n N 2 b(N NY= (2.52)

of N® N 1 data symbols located in the center of the observation window, i.e. it discards
(N NP 1)=2 decisions at each end of the observation window. Accordingly, the observation
window must slide forward in steps of N5 i.e. k := k + N and the decoding complexity
compared to regular MSDD is increased by a factor of (N 1)=N"

Note that S-MSDD can be viewed as generalization of regular MSDD as the latter is included
as special case with NP"=N 1.

2.4.2.3 Discussion

Note that the performance of MSDD improves if N is increased and approaches that of coherent
detection with perfect CSI as the channel memory is taken into account more and more com-
pletely. Unfortunately, its complexity increases exponentially in N as the number of relevant
candidate sequences is LN 1. Therefore, for arbitrary fading scenarios only relatively small
values of N were feasible. Only for certain fading scenarios more e [cieht implementations
have been developed, such as the algorithm of [Mac94] (cf. also [Swe01]), whose complexity is
of the order N log(N), for DPSK and a time—invariant fading channel.

Other authors have considered noncoherent sequence detection based on sparse tree search,
cf. e.g. [AS89, LW90] or by trellis search, cf. e.g. [MF90, LM90, MMB94, YP95, VT95a, VT95b,
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R[k N+1] | R[k N+2] | R[k N+3] Dl RI[K] R[k+1] R[k+2]

il

Y=
VIk N+2] [V [k N+3] [V [k N+4]:::V [k 1] :">\’)[k] :(>\’)[k+1] V) [k+2]

Figure 2.2: lllustration of decision—feedback di[erential detection (DFDD).

Rap96a, Ada96, CR99]. If the number of states in the trellis, in which detection is performed, is
reduced to its minimum L, decision—-feedback di [Lerkntial detection (DFDD) results, cf. [LP88,
Edb92, AS93, AS95, SGH99, SL02].

2.4.3 Decision{Feedback Di erential Detection (DFDD)

This detection scheme was developed for transmission over the single-input single-output
(SISO) AWGN channel in [LP88, Edb92, AS93, AS95]. In [Sve94, Ada98, SGH99] and [SL02] it
was then extended to the interesting scenarios of fading SISO and MIMO channels with DPSK
and DSTM, respectively.

DFDD is derived from MSDD by feeding back N 2 previously decided symbols V [k ],

1 N 2, into the ML-MSDD metric in (2.36) and deciding only on Y, [K]. Neglecting all
terms that do not depend on V [k], the DFDD decision rule reduces to [SL02]
~ 111 [(T111
V[K] = argmax Re tr V[k]Re[k 1]R"[K] ; (2.53)
v [k] V1
where
I_N]rl 1 1
Relk 1= p0 P VI iRk I (2.54)
=1 i=1
The linear forward MMSE prediction filter coe [Cights p ™ £ pFl'\;'l_l); ¥ ;p(F'\;'N__l)llgcan be
obtained (i) through solution of the corresponding (N  1)-dimensional Yule-Walker equation
[Hay96]
1 L1 1
ool0l+ 7 ool 11 :i gol2 NJ gol1]
1 o1+ 2 ] B d .
wlll - wl0l* - L Pl (255)
: B ol 11 [ -
alN 2] e ooll]l  golO]+ 7 golN 1]

with 44[ ]asdefined in (2.13), (ii) equivalently as the sub—diagonal elements of the first column
of (N N)-dimensional M [cf. (2.37)], or (iii) adaptively e.g. via the recursive least-squares



CHAPTER 2. DIFFERENTIAL SPACE{TIME TRANSMISSION AND DETECTI ON 19

R[k N+1] o RIK]

<

Vik N+2]:::V [k OF 1]$\’)[k DF1-2:V [k EF]E\’)[k VK]

Figure 2.3: [lllustration of decision—feedback multiple-symbol dilerkntial detection (DF-
MSDD). Observation window slides forward in steps of 5F  PF+1 ie. k:=k+ JF PF+1.

(RLS) algorithm [YL95, SG00, SGHO01]. Since DFDD returns only a single estimate Y, [K] per
decoder run, the observation window of length N comprising the N received matrices Rk ],
0 N 1, must slide forward by only one matrix-symbol at a time, i.e. kK ;== k + 1. For
illustration see Fig. 2.2

A comparison of (2.15), (2.17), (2.36) and (2.53) confirms the intuitively expected result
that CDD, MSDD with N = 2 and DFDD with N = 2 are equivalent.

2.4.4 Decision{Feedback Multiple{Symbol Dierential Detection
(DF{MSDD)

Decision—feedback di Lerential detection (DFDD, cf. Section 2.4.3) allows for significant perfor-
mance gains compared to conventional di[erential detection (CDD, cf. Section 2.4.1), because
it can —due to its relation with MSDD— take information about the statistical properties of
the fading channel into account. However, given the relationship between MSDD and linear
MMSE interpolation (cf. Section 2.4.2.1) one can expect that in most cases the decisions at the
very edges of the MSDD observation window are the ones that are least reliable. DFDD returns
a decision on the last symbol of the observation window, thereby leaving room for improvement.

Therefore, it appears reasonable to combine ideas of DFDD and subset MSDD (S-MSDD,
cf. Section 2.4.2.2) by feeding back some previously decided symbols into the MSDD metric,
and returning decisions only on symbols that do not lie at the very edges of the observation
window.

More specifically, we propose the following noncoherent detection scheme: As in (S-)MSDD
and_DFDDDwe deploy an observationi‘vindow extending over N received symbols summarized
in Rk]= Rk N +1];::: ;R"[K] ". Instead of optimizing the ML-MSDD metric, i.e. the
argument of the argmin function in (2.36), over all N 1 corresponding data symbols V [k ],
0 N 2, wefeed back N B 2 previous decisions V[k ], BF +1 N 2, and
optimize the ML-MSDD metric only over the remaining 5F +1symbolsV [k 1,0 DF.,
In order to exclude the often unreliable symbols at the end of the observation window, the
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decoder does not return decisions on all 5 +1 symbols V[k ], 0 bF, but only on

oF PFP+1symbolsVk 1, PF bF, and discards the remaining PF decisions at
the end of the observation window. In consequence, the observation window must slide forward
in steps of 5F  PF + 1 symbols at a time, i.e. k :=k+ 57  PF + 1. For illustration see
Fig. 2.3.

Clearly, it can be expected that the power e [ciehcy of this decoder is superior compare to
that of DFDD. At the same time, computational complexity is —through expedient choice of
the parameters 57 and PF— significantly reduced compared to (S-)MSDD as the dimension
of the search space is 57 + 1 instead of N 1. In fact, we will see that with JF = PF =1,
i.e. a decision is returned only on the second to last symbol V [k 1] in the current observation
window, leads to a power e [ciehcy very close to that of S-MSDD, i.e. at times even better
than that of regular MSDD. At the same time, the dimension of the search space is reduced
from N 1to 2, i.e. there are L? instead of LN~ relevant candidates to be examined.

2.4.5 (Di erentially) Coherent Detection

As ultimate benchmark decoders* for the above noncoherent detection schemes, we consider
idealized symbol-by-symbol coherent detection with perfect channel state information (CSI)
at the receiver and with and without di [erkntial encoding at the transmitter.

Since, according to the above channel model, the entries of N[k] are iid N¢(0; 2) dis-
tributed random variables, the coherent symbol-by-symbol ML decision rule is obtained from

the conditional PDF
1 1

.. .2
JIR[K] Eigk]CS[k]u : (2.56)

n

p(R[k]j S[k]) =

exp

(%)W
(ijJi - Frobenius norm).

2.4.5.1 Coherent Detection

In a communication system, that does not deploy diLerkntial encoding at the transmitter, i.e.
the data to be transmitted is mapped directly to DSTM matrix symbols S[k] = V [k] 2 V,
coherent ML symbol-by-symbol detection is performed via

-
szémzmmmﬁim §mem@: (2.57)

S[k] V1

4We note that good noncoherent receivers may approach the pasv e ciency of the corresponding coherent
detectors, however they can not outperform the latter [SHL94.
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2.45.2 Dierentially Coherent Detection

Di Lerentially encoded transmission with DSTM group—codes in conjunction with di Lerkntially
coherent detection may also be an interesting alternative, because it resolves L-ary “phase
ambiguities”, i.e. rotations of G[k] by any one of the L unitary DSTM symbols. Here, the
detector must maintain an estimate §[k 1] of S[k 1] to perform detection via

L1
V [k] = argmin Iﬁqk] V [K]S[k 1]G[k]% : (2.58)
v [k] V1
Given the above idealized settings this entails an increase in the symbol-error rate (SER) due to
error propagation by a factor of approximately two compared to the non-di [erkntial coherent
detector for group—code DSTM constellations, whereas for non—-group DSTM constellations
such a symbol-by-symbol detector incurs severe error propagation.



Chapter 3

Low{Complexity Multiple{Symbol
Di erential Detection

In the previous chapter, we derived the decision rule for ML-MSDD ([cf. (2.36)] and also intro-
duced DF-MSDD (cf. Section 2.4.4). Because the evaluation of the ML-MSDD decision rule
involves a search in an (N 1)-dimensional space of L-ary variables, the brute—force approach
of finding the ML-MSDD solution v by computing the ML-MSDD metric for all LN~ can-
didates V 2 VN1 quickly becomes intractable as N grows. Similarly, the complexity of the
brute—force approach to DF-MSDD is of the order L 0 **. While DFDD (cf. Section 2.4.3)
achieves significantly better performance than CDD (cf. Section 2.4.1) at a comparable com-
plexity it still leaves ample room for improvement especially in fast fading scenarios. In this
chapter, we will therefore deal with the development of algorithms that (approximately) solve
ML MSDD at a computational receiver complexity that is comparable to those of CDD and
DFDD and significantly reduced compared to the abovementioned brute—force approach.

To this end, we consider two di Lerent approaches: The first one is based on a representation
of the MSDD problem in a tree and uses methods from tree-search decoding which encompasses
methods from (i) sequential decoding developed for the decoding of convolutional codes with
high memory, and (ii) algorithms developed for closest—point / shortest-vector search in lattice
theory, which include the frequently considered class of socalled sphere decoders (SpD). It is
presented in Section 3.1 along with more detailed background information on the origins and
methods of tree—-search decoding.

The second approach makes use of methods from combinatorial geometry. Here, the (N 1)-
dimensional MSDD problem is cast into an N —dimensional space, where N denotes the rank
of the fading correlation matrix 44 [cf. (2.31)]. Using a number of (N 1)-dimensional
hyperplanes this space is partitioned into disjoint cells, each of which corresponds to one can-
didate V . While the average complexity of this approach is in most scenarios higher than that
of the tree-search based approach, it has the appealing property that its computational com-

22
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plexity is (i) practically independent of the SNR, (ii) practically independent of the particular
channel state and (iii) polynomial in N if the rank N of 44 is fixed. This approach will be
presented in Section 3.2.

The system model of Chapter 2 shall serve as basis for our considerations throughout this
chapter.

3.1 MSDD Based on Tree{Search Decoding

Tree—search methods have attracted considerable attention in the recent communications liter-
ature, as they have been found well apt for solving multi-dimensional optimization problems.
In this section, we shall investigate the application of tree-search methods to achieve power-
e [cieht noncoherent detection based on MSDD with low receiver complexity. To this end, we
begin by reviewing some preliminaries and important algorithms of tree-search decoding in
Section 3.1.1, before we develop representations of the MSDD metric amenable to tree-search
decoding in Section 3.1.2. In Section 3.1.3 we will then present highly e [cieht implementations
of MSDD based on tree-search decoding and further optimize them regarding individual DSTM
constellations in Section 3.1.4.

3.1.1 Preliminaries from Tree{Search Decoding

3.1.1.1 Trees

(000) (001) (010) (011) (100) (101) (110) (111)

Figure 3.1: Binary tree of maximal depth three. The branch and node / path labels are
indicated next to the branches and in brackets near the nodes, respectively. The depth of a
node is indicated on the right.

A tree consists of a single root({node), branchesand nodesat dilerknt depths of the tree.
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For illustration see Fig. 3.1. The root lies at depth zero of the tree. From every node at
depth i, i = 0;1;2;:::, a number of branches emanate, each ending at a node at depth i + 1.
While in many applications the same number of branches emanate from each node, this is not
a prerequisite for the tree-search algorithms discussed in the following to be applicable. Nodes
at the end of the tree, i.e. nodes from which no branches emanate to nodes at greater depths,
are referred to as leavesand all nodes between the root and the leaves as intermediate nodes
Again, while in the applications considered in this work all leaves lie at the same depth of the
tree, this is by no means necessary for the tree-search algorithms to be applicable. A path is
a sequence of branches that connect a node of the tree to its root. The number of branches
that make up a path to a node, i.e. its depth, is also referred to as length of this path. A path
is referred to as child of another path, if it results from the latter parent by extending it by
one branch. We refer to two paths as sistersif they have the same length and diled only in
the last branch. The same relations apply to nodes. Each branch shall be associated with a
real-valued branch metric and each path / node with a additive path metric given as the sum
of the corresponding branch metrics that form this path.! In addition the di[erent branches
emanating from the same node shall be labeled with dilerent symbols, the meaning of which
depends on the application and is irrelevant at this point. Hence, each path / node of the tree
is uniquely identified by the sequence of symbols corresponding to the branches making up this
path / leading to this node.

3.1.1.2 Origins of Tree{Search Decoding

Many decoding and other optimization problems from various fields of scientific research can
be stated in tree structures as described above such that the optimization is transformed into
a search for the path from the root to a leaf of the tree that has optimal (minimal or maximal)
path metric. Two areas where major contributions have been made to the evolution of tree—
search decoding are lattice theory and sequential decoding

3.1.1.2.1 Lattice Theory Research in this area evolved from number theory and was
initially concerned with convex quadratic optimization, cf. e.g. [Her50, Vor09, Minll]. For a
fundamental treatment of lattice theory and related topics cf. e.g. [vzGG99, Jou93, CS99] or
the more recent semi-tutorial paper [AEVZ02].

In lattice theory, a lattice is defined via

L =fb._uju22”g; (3.1)

INote that these \metrics" may not be metrics in the strongest mathematical sense of the word. However, we
still use this expression in place of the more appropriate expressn cost function to conform with the relevant
literature, e.g. [AM84, JZ99].
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where the n linearly independent columns of the (m n)-dimensional generator matrix G, 2
R"™™ ", m n, constitute a basis of the lattice L (R: set of real numbers, Z: set of integer
numbers).

A frequently considered problem in this context is the so—called closest lattice pointproblem
for the special case of m = n, where given some vector x 2 R" one is interested in the vector
02 Z" such that of all c 2 L, € = GO lies closest to x with respect to Euclidean distance,
I.e.

- L] Py .

a=argmin jjGLu Xjj° : 3.2)

urz?

In the special case of x = 0,,.; and u 2 Z"nf0,.1g one obtains the closely related shortest{vector
problem. Using e.g. a QR-decomposition [GvL96] of G the optimization problem (3.2) can
be brought into a form amenable to tree-search decoding. Algorithms such as those of [Die75,
FP85, Bab86, SE94, VB99, AEVZ02] that find an (approximate) solution to the shortest-vector
/ closest—point problem therefore fall into the broader class of tree-search algorithms.

3.1.1.2.2 Sequential Decoding Independently of the above lattice theory a class of algo-
rithms unifyingly referred to as sequential decoding algorithms has been developed for solving
tree-search problems in digital communications, cf. e.g. [AM84, Bau92] for an overview. Orig-
inal work in this field [Wo0z57, Fan63, Zig66, Jel69] was done for the decoding of convolutional
codes (cf. e.g. [JZ99]). Later these methods where enhanced and employed in various types
of source coding algorithms, cf. e.g. [Gal74, JBM75, MBAB81]. Regarding the application to
decoding of convolutional codes sequential decoding was later displaced by the Viterbi algo-
rithm [Vit67] and received only minor attention until recently when the algorithms from lattice
theory where introduced into various fields of modern communications and researchers noticed
the close relation between the two classes of tree—search algorithms, cf. e.g. [MGDCO06] for an
overview.

3.1.1.2.3 Classi cation of Tree{Search Algorithms Tree—search algorithms are also
often referred to as branch{and{bound algorithms, cf. e.g. [LW66]. The basic principle followed
by all of these algorithms is to consider paths to intermediate nodes of the tree and decide
based on a comparison of the corresponding path metric to some threshold whether or not
this path is likely to be part of the optimal path and should therefore be extended or discarded.
Accordingly, the decoder either extends (branch) this path repeating the comparison for its
children (bound) or does not extend this path thereby pruning the entire subtree emanating
from the corresponding node from the decoding tree.

Whether or not the decoder can be guaranteed to find the optimal path or maybe only a
close-to—optimal path depends on the definition of the metric and whether the decoder uses
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other criteria for discarding paths. To assure that a tree-search decoder finds the optimal path
through the tree, it must not use any discard criteria besides the comparison of path metric and
threshold and the branch metrics must be strictly non-negative / non—positive if minimization
/ maximization of the path metric is desired, since in this case a shorter path whose metric
is already larger / smaller than that of a full-length path can never —upon extension to full
length— lead to a smaller / larger path metric. Accordingly, we will in the following distinguish
between optimal and suboptimal tree-search decoders, where a tree-search algorithm is referred
to as “optimal”, if —given an appropriate metric definition— it finds the optimal leaf at all
times.

The individual algorithms then di Lerlessentially in their strategies regarding candidate enu-
meration and threshold adaptation. In [AM84] Anderson et al. classified the various sequential
decoding algorithms with respect to two criteria: (i) breadth rst search versus depth rst
searchversus metric rst search and (ii) sorting versus non{sorting. A similar classification
with respect to the first criterion was also presented in [MGDCO06] based on a generic tree—search
algorithm.

The first criterion refers to the basic strategy a decoder uses in searching the tree, i.e. the
order in which it examines candidates and the use of discard criteria.

Breadth First Search (BFS): Algorithms that fall into this category use xed discard
criteria.

An example for a breadth-first algorithm is the Fincke-Pohst sphere decoder (FP-SpD)
[FP85] which examines all paths up to the point where the metric of all of their children lie
above / below the fixed threshold if minimization / maximization of metric is desired. Further
examples are the M- and the T-algorithm of [AH77] and [MA91], respectively, and Wozencraft’s
sequential decoder [Wo0z57].

Algorithms of this type typically have a relatively high average complexity as they examine
a relatively large number of (intermediate) nodes. On the upside this characteristic makes them
well apt for applications where soft output is required, cf. e.g. [Kuh0#g].

Depth First Search (DFS): The prominent characteristic of DFS-type algorithms is
that they are designed to reach a leaf of the tree as quickly as possible, even though this leaf
may not be the decoder output of an optimal tree-search algorithm. At this many of these
algorithms tighten / relax the threshold adaptively in the process of decoding.

Babai’s nearest plane algorithm [Bab86] for lattice decoding, which is equivalent to decision-
feedback equalization (DFE), cf. e.g. [Pro00], is an example of a suboptimal DFS algorithm.
It moves straight from the root to a leaf of the tree by always extending the single path under
consideration to its best child without ever checking any other branches. An example of an
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optimal DFS algorithms is the sphere decoder (SpD) of Agrell et al. [AEVZ02]. This algorithm
builds upon DFE in that it uses the DFE output as first preliminary result subsequently search-
ing the tree for leaves that have a better metric. At this, the threshold for discarding further
candidates is tightened whenever a better leaf has been found. For a detailed description of
this and the closely related single-stack algorithm [Gal74] see Section 3.1.1.3.3.

DFS-type algorithms usually investigate fewer nodes than comparable BFS algorithms.
In consequence, they are apt for hard output rather than soft output applications. Due to
their strategy of determining preliminary decoding results and subsequently checking for better
candidates these algorithms are particularly useful if the maximal decoder complexity is limited.

Metric First Search (MFS): Algorithms that use the MFS strategy typically do not
use a threshold at all, but maintain a list of candidate paths to intermediate nodes and from
this list always extend the path that presently has the best metric.? As soon as a path of full
length is found to be the best of the current list, the search is terminated.

Examples of algorithms that follow this strategy are the stack algorithm [Zig66] and variants
thereof such as the bucket algorithm [Jel69] and the algorithm of [Vin84]. All of these algorithms
are discussed in detail in Section 3.1.1.3.1.

Among all optimal tree search algorithms, optimal MFS algorithms have the lowest com-
plexity in terms of considered nodes, since paths are only extended up to the point where their
metric is worse than that of the decoder output.

The main drawback of these algorithms is that theoretically an indefinite amount of memory
must be provided to keep track of the abovementioned list of candidates.

Sorting:  Apart from classifying tree-search algorithms according to breadth / depth /
metric first they can also be categorized as sorting and non-sorting procedures.

Tree—search algorithms that fall into this category consider a number of candidate paths
simultaneously, and sort them according to their metric. Based on this sorting they decide
which paths are to be extended, stored for later extension or terminated.

Examples for sorting algorithms are the stack algorithm and its variants, where sorting is
used to identify the path to be extended in the next decoding step while the others are stored
for possible later extension, or the M- / T-algorithms, where a fixed / variable number of
best paths from a list of candidate paths is extended, respectively, while the remaining are
terminated.

Non{Sorting: Algorithms that do not compare paths to each other are referred to as
non-sorting algorithms. Algorithms of this type only consider one path at a time and search

2Accordingly, this strategy is also referred to asbest rst search, cf. e.g. [MGDCO6].
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Breadth first search Depths first search Metric first search
@ | M-alg. [AH77] Stack alg. [Zig66]
g*- T-alg. [MA91] Bucket alg. [Jel69]
< Merge Alg. [AM84]
= Fincke—Pohst SpD [FP85] ——Fano Alg. [Fan63]—
T Single-stack alg. [Gal74]
3 A-SpD [AEVZ02]
a Nearest plane alg. [Bab86]

Table 3.1: Classification of various important tree-search algorithms.

the tree by extending and moving back along this path in response to the value of its current
path metric relative to the threshold. They are therefore much more e [cieht with respect to
required memory than their sorting counterparts.

Examples for algorithms of this type are the single-stack algorithm, the sphere decoder and
Fano’s algorithm, all of which are discussed below.

Summary:  The classification of various important tree-search algorithms according to
BFS versus DFS versus MFS and sorting versus non-sorting is summarized in Table 3.1. The
popular sequential decoding algorithm due to Fano [Fan63] discussed in detail below falls into
the category of non-sorting algorithms, but can not be classified as purely BFS, MFS or DFS.

3.1.1.3 Selected Tree{Search Algorithms

From the plethora of tree-search algorithms that have been devised by various researchers over
the past five decades we will in the following briefly describe a small number of algorithms
that turned out to be most useful for the applications considered in this work. While these
algorithms are applicable regardless of whether the path metric is to be maximized or minimized,
the following descriptions assume —in anticipation of the applications considered in this work—
minimization of the path metric.

3.1.1.3.1 (Modied) Stack Algorithm The stack algorithm is among the simplest yet
very e [cieht tree-search algorithms. It was originally proposed by Zigangirov in [Zig66] and
later by Jelinek in [Jel69] and is therefore also frequently referred to as Zigangirov—-Jelinek
algorithm.

This algorithm, whose flowchart is presented in Fig. 3.2, maintains a list of candidate paths
from the root to intermediate nodes of the tree sorted in order of increasing path metric. At the
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start at root
list=root

take best path
from list

sort all children
into list

]

Figure 3.2: Flowchart of the stack decoder.

beginning of the search process the list is initialized with the root of the tree whose metric is
without loss of generality chosen as zero. The algorithm then repeatedly extracts the currently
best path from the top of the sorted list and sorts all children into the list. This process is
terminated when the path at the top of the list has full length, i.e. when a leaf of the tree has
been found, whose metric is smaller than those of all other candidates in the current list, and
this candidate is returned as decoding result.

From this, it should be clear that the stack algorithm is optimal in the sense of Sec-
tion 3.1.1.2.3, i.e. provided that the branch metrics are strictly non—-negative this algorithm
find the leaf that has them smallest metric of all leaves.

Despite its low complexity in terms of average number of examined branches, this simple
algorithm has the drawback that the list of paths it maintains may become very long especially
when the number of branches emanating from a node and / or the depth of the tree are large.
Apart from the fact that a large amount of storage has to be provided in order to not impair the
performance of this decoder this also poses a problem when it comes to sorting extensions into
the list. As remedy for the latter problem Jelinek proposed the bucket algorithm in [Jel69]. This
variant of the stack algorithm splits the support for the path metric into a number of disjoint
intervals (buckets) and merely sorts candidates into these fixed buckets.® Instead of extracting
the best path of a long list, this algorithm then takes one of the paths in the first (in order of

31t should be clear, that through expedient choice of the boundiries between the buckets the problem of
nding the appropriate bucket for a candidate can be implemented such that the complexity of this sorting
operation is independent of the number of buckets.



CHAPTER 3. LOW{COMPLEXITY MSDD 30

start at root
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Figure 3.3: Flowchart of the modified stack decoder.

increasing metric) non—-empty bucket and sorts its extensions into the buckets. If candidates
are not sorted within these buckets the performance is somewhat degraded and complexity is
increased slightly compared to the regular stack algorithm. When sorting is applied within
the individual buckets, the bucket algorithm can be viewed as an implementation of the stack
algorithm that uses a procedure similar to “quicksort” [PTV02] to sort the candidates into the
stack.

In order to reduce the number of candidates examined by the stack or the bucket algorithm,
i.e. to reduces the length of the list of candidates maintained by these decoders and thereby
lower the complexity of sorting operations, Vinck [Vin84] proposed another clever variant of the
stack algorithm. It dilerk from the regular stack algorithm only in the following way: Instead
of replacing a path from the list with all of its children, this algorithm only sorts the path’s
best child and —unless all sisters have been examined previously— the next{best sister of this
path into the list. For its flowchart see Fig. 3.3. Note that this enumeration strategy does not
lead to a degradation of decoder performance compared to the regular stack algorithm and is
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particularly useful for trees where a large number of branches emanate from each node. In fact,
this algorithm examines the least number of nodes required to achieve optimal performance at
all times.

3.1.1.3.2 Fano Algorithm The Fano algorithm was proposed together with the so—called
Fano metric for sequential decoding of convolutional codes in [Fan63]. Instead of maintaining
a list of candidate paths this algorithm considers only a single path at a time and searches
the tree by extending and backtracking along this single path. It is therefore advantageous
compared to the stack algorithm or its variants in cases where decoder memory is limited.

The flowchart of this algorithm is presented in Fig. 3.4. Here d;, d, and d; denote the path
metric of the current path, its parent (“look back™) and one of its children (“look forward”),
respectively. The essential idea behind this algorithm is that contrary to the stack algorithm,
which always extends the most promising path from a given list of paths, this algorithm pursues
a path from the root towards a leaf of the tree as long as it appears “promising” thereby
tightening a threshold such that := dd.=AreAr (dxe: ceiling function) with a stepsize
Ar > 0 and otherwise backtracks testing alternative paths.* At this the question whether
a path is promising or not is decided adaptively using this variable threshold , i.e. a path is
extended (move forward) as long as the path metric d; of its child currently under consideration
(look forward) does not exceed the current threshold . If at some point the decoder decides
due to d; > that a child of this path might not be that promising after all, it backtracks along
this path thereby looking for sister paths that might be more auspicious. This backtracking
is performed in a way that the decoder first looks backto see whether the path metric d, of
the parent lies below the current threshold. If this is true, it will move back i.e. the parent
of the current path will become the new current path, and —if there are any left— will look
forward to the next{best child again pursuing an alternative path as long as d 5 Thus,
the decoder may come to the point where it can move neither forward nor backward, in which
case it has to relax the threshold i.e. := + Ag, and return to looking forward to the best
child. If this happens, it means that the decoder has found that there are no paths in the tree
that appear to be more promising than the path where it started backtracking for the last time
and therefore moves forward again along this path to see whether it can be extended further
given the relaxed threshold. At this point it should be clear that the above tightening of the
threshold is to be performed only if a particular path is visited for the rst time. This is the
case when d, > A5 When the decoder reaches a leaf (end of the tree the search is
terminated and the current path is returned as decoder output.

Apparently, compared to the stack algorithm the savings in memory requirements are traded

“Note that in the step move forward d. := d, as the child of the current path becomes the new current path
5To keep the decoder from moving back beyond the root of the tre, d, = 1 is assumed if the decoder looks
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Figure 3.4: Flowchart of the Fano algorithm [JZ99].
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for an increased computational complexity as some paths may be considered repeatedly. The
latter e [edt is particularly pronounced if the path metric of the correct path has a positive drift
as the decoder is likely to backtrack to the root of the tree after every move forward even if it
proceeds along the correct path.

Due to the quantization of the threshold in multiples of Ar > 0, there is a non-zero
probability that the Fano decoder leads to a suboptimal decoder output even when the branch
metrics are strictly non-negative. In [Gei73] a modified Fano algorithm was proposed, in which
the quantization of the threshold was eliminated, such that the decoder is optimal. However,
the dilerknce in performance is usually negligible and the latter variant is more complex and
therefore not considered in the following.

3.1.1.3.3 Agrell Sphere Decoder The last algorithm we want to consider here is a rather
straightforward generalization of the algorithm presented by Agrell et al. in [AEVZ02] for finding
the closest point in an infinite lattice to tree search with arbitrary, i.e. (possibly varying) finite
or infinite, numbers of branches emanating from every node. It essentially combines the work
of Fincke and Pohst [Poh81, FP85], Schnorr and Euchner [SE94] and Babai [Bab86]. Since
the geometric interpretation of this algorithm is that it restrains the search to hyperspheres
of possibly decreasing radii we chose to subsequently refer to this algorithm as sphere decoder
(SpD), a term frequently used for this type of algorithm in the recent literature, cf. e.g. [VB99,
AEVZ02, BGBF03, DECO03, CT04a, GN04, JO05b, LXW™ 05, HV05, MGDCO06, SVHO06]. For
distinction from the Fincke—Pohst SpD (FP-SpD, cf. Section 3.1.1.2.3) we add the prefix Agrell,
i.e. subsequently refer to this algorithm as Agrell sphere decode(A{SpD ). The flowchart of this
tree—search algorithm is presented in Fig. 3.5. In order to highlight the algorithmic similarities
and dilerknces when compared to the Fano algorithm we chose a graphical representation
based on the same functional blocks and variables as in the flowchart of the Fano algorithm,
cf. Fig. 3.4.
The sphere decoder is similar to the Fano algorithm in various ways:

It does not maintain a list of candidate paths but only considers a single candidate
path, which it extends and along which it backtracks, plus a possibly previously found
preliminary result.

A candidate path is extended (move forward) as long as the path metric d; of its child
under consideration does not exceed the threshold, i.e. as long as d;

back from the root.

8In the description of the Fano algorithm in [JZ99] an additional constraint corresponding tod, F was
introduced. While it does not provide any information regarding the rst{visit question, it serves the purpose

of avoiding the computation of := dd.= re ¢ that is super uous if <d¢ as the threshold is
already tight in this case.
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Figure 3.5: Flowchart of the Agrell sphere decoder (A-SpD).
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When looking forward from a particular node, the algorithm always tests the children in
order of increasing branch metric, i.e. the best child is tested before the second best and
so on. In the lattice / sphere decoding literature this strategy is commonly referred to as
Schnorr—Euchner enumeration as it was introduced in this field of research by Schnorr and
Euchner in [SE94]. Note however, that this enumeration strategy has been introduced
into the general field of tree—search decoding much earlier in e.g. Fano’s algorithm [Fan63]
and Gallager’s single-stack algorithm [Gal74].

However, the A-SpD di[erk from the Fano algorithm in the following major aspects:

The threshold (in this context frequently referred to as sphere radiu3
:= d. only when the decoder has found a (new) path of full length with d.

is tightened via
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Rather than terminating the search at this point, the current path is stored as preliminary
result and the search continues by backtracking along the current path and pursuing
alternative paths until the metrics d; of their best children exceed the current threshold
The search is terminated when the decoder has returned to the root and either (i) df >
or (ii) it has examined all branches emanating from the root.

Since the threshold is never increased during the search process the decoder never
examines branches more than once.

As there is no quantization of the threshold this algorithm is an optimal tree-search
algorithm.

The probably most prominent advantage of this algorithm compared to the above algorithms
from sequential decoding lies in the fact that it very quickly determines a preliminary decoding
result by moving directly, i.e. without any backtracking, from the root to a leaf of the tree
always choosing the best child. This candidate is in the lattice / sphere decoding literature
usually referred to as “Babai nearest plane point” as this part of the sphere decoder coincides
with an algorithm proposed by Babai in [Bab86]. In the context of communications this greedy
decoding process would be referred to as a sort of decision—feedback equalization (DFE), cf.
e.g. [Pro00]. After having determined the DFE solution the A-SpD continues to look for better
candidates until it either terminates as described above or is terminated externally e.g. when a
prescribed maximal decoding complexity is exceeded. Consequently, the decoder will contrary
to the above algorithms always produce an output when the maximal complexity is limited.”

For further illustration, Fig. 3.6 shows a random example of a search—tree generated by
the A-SpD in a quaternary tree of depth five. The branch metrics are assumed to be strictly
non-negative, i.e. an optimal tree-search decoder finds the leaf with minimal path metric.
Branches examined by the decoder are marked as solid lines and path metrics are written near
the corresponding nodes, while the numbers next to the branches indicate the order in which
branches have been examined. The full-length path with the smallest path metric is highlighted
using the bold line. The dotted lines represent unexamined sisters of examined paths. One can
observe that —even though the first path of full length found by the A-SpD is not the optimal
path— the algorithm in this example quickly terminates after examining 19 branches having
found the optimal path in step 15. For comparison the search—tree consisting only of branches
that must be examined to find the optimal leaf and to be sure of it is depicted in Fig. 3.7. This
search—tree would be generated e.g. by Vinck’s modified stack algorithm (cf. Section 3.1.1.3.1).

"Note that the minimal complexity in terms of the number of examined nodes of the Vinck{stack and the
Fano algorithm is equal to the complexity of the A{SpD determining the DFE solution. Limiting the complexity
to smaller values than this is meaningless.
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Figure 3.6: Example of a search—tree generated by the A-SpD for the example of a quaternary
tree of depth five.

Figure 3.7: Minimal search—tree of an optimal tree-search algorithm corresponding to the
example of Fig. 3.6.
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Labels xa and xb mark branches generated by Vinck’s algorithm as next—best sister and best
child of the path at the top of the stack in iteration x 2 f 1;::: ;79 of the tree-search process,
respectively. It can be seen that the complexity of the A-SpD (19 examined branches) is quite
close to that of the most e Lcieht optimal algorithm (13 branches) and significantly lower than
the number of leaves of the tree (1024 leaves).

Modi cation: Finite Initial Threshold: Due to the fact that the A-SpD heads straight
for the DFE solution in the first steps of the decoding process a finite threshold is not required
at initialization. However, if the DFE path deviates early in the decision process, i.e. close to
the root, from the correct path, the first finite value of will usually be relatively large and
thus the decoder will only converge slowly to the true solution. It may therefore be desirable to
“guide” the tree—search towards the correct path by using a finite initial radius = 5 < 1
chosen as small as possible, but such that the true solution has a path metric d, with high
probability and restart the sphere decoder with an increased threshold in case no leaf was
found with d, , cf. e.g. [DECO3]. The appropriate choice of the finite initial threshold i,;
when applying this algorithm to MSDD will be discussed in detail in Section 5.5.1.2.1.

Remark: The A-SpD as depicted in Fig. 3.5 is also quite closely related to Gallager’s
single-stack algorithm [Gal74], whose flowchart is depicted in Fig. 3.8. Recall that the A-SpD
repeatedly updates its threshold and continues its search until all but one candidate path of
full length have been eliminated from the decoding tree. The single-stack algorithm on the
other hand uses a fixed threshold, and searches the tree until it has either found one path of
full length whose metric lies below the threshold (end (succesg)or has pursued all paths in
the tree up to the point where di >  without finding a path of full length, whose metric lies
below the threshold (end (failure)). Clearly, this algorithm is suboptimal and is discussed here
only due to its close relation to the A-SpD.8

3.1.1.3.4 Summary Let us briefly summarize the advantages and disadvantages of the
algorithms considered above.

Performance: The stack algorithm, its variant due to Vinck and the A-SpD as discussed in
Sections 3.1.1.3.1 and 3.1.1.3.3, respectively, are optimal in the sense that they find the leaf with
minimal metric, provided that the branch metrics are strictly non—-negative and that neither
storage nor decoding time are limited. Due to the non-zero stepsize Ar the Fano algorithm
operates at a loss in performance, which however is usually negligible.

Complexity: Among the above optimal tree-search algorithms, i.e. stack, Fano and A-

8When proposing this algorithm in [Gal74] Gallager was concemed with tree{search{based source coding
and content with nding a representation of the source data suchthat the distortion after decoding did not
exceed a desired maximal distortion.
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Figure 3.8: Flowchart of Gallager’s single-stack algorithm.

SpD algorithm, the stack algorithm has the lowest complexity in terms of average number of
examined branches, because it only extends paths whose metric lies below that of the final
decoder output, cf. also [XWZW04]. However, when storage space is limited the Fano and
the A-SpD algorithms are interesting alternatives especially for trees with a large number of
branches emanating from individual nodes. When the maximal decoder complexity is limited
the A-SpD is clearly preferable due to his strategy of successive refinement of preliminary
decoding results. Compared to the Fano algorithm the A-SpD may sulerl from a too large
initial threshold, whereas it is advantageous in that it does not consider candidates repeatedly.
The earlier problem can be ameliorated by initializing the A-SpD with a finite threshold i
that is increased later if no path of full length, whose metric lies below the initial threshold, is
found.



CHAPTER 3. LOW{COMPLEXITY MSDD 39

3.1.2 Metric Calculation for Tree{Search MSDD

Having reviewed some fundamentals of tree—search decoding we will in this section derive a
representation of the MSDD decision rule (cf. Section 2.4.2) that is amenable to the application
of tree-search algorithms. More specifically, following some elementary definitions we will in
Section 3.1.2.2 present a metric structure, that allows for e [cieht ML MSDD based on tree-
search decoding. There, we also establish a relationship between the ML-MSDD metric and
linear MMSE prediction. The insights that can be derived from this connection lead to a
modification of the ML metric that is presented in Section 3.1.2.3 and leads to further often
significant savings in computational complexity at the expense of a slight loss in power e [ciehcy.

3.1.2.1 Notation

Recall, that in Section 2.4.2 we collected the data, transmit and receive symbols, channel
coe [ciehts and noise samples involved in the decision process for an MSDD block in block-
matrices V, S, R, G and N of dimensions ((N 1)Ns Nsg), (NNs Ns), (NNs Ng),
(NNs Ng)and (NNs Ng), respectively, cf. (2.18)-(2.22). For the sake of readability, in the
following we use subscripts to address (Ns Ns)—, (Ns Ng)-dimensional sub-matrices V ;; S;
and R;; G_i; N-Dof the ab0\£I block—matrices \7; S and |i; (_3; I(I, respfctiveEI)(. This way, we
haveeg. S= Sf;:::;SH M je. S, =Sk N+nl,1 n N,butV = Vvl
withV,=V[k N+1+n,1 n N 1 and

Sn+l = VnSn: (3.3)

Furthermore, we introduce the notation of

A=N n+1; (3.4)
((M 1)Ns Ng)-dimensional
Vnﬁﬁ;:::;vﬂ_lg; (3.5)
and (NNs Nsg)—dimensional
Sh é%ﬁ cin;SH @: (3.6)
In generalization of (2.38) we further define the ("Ns N g)-dimensional block—-diagonal matrix
] 1
- o T e LI
Spn, =diag S, = E E (3.7)

~

0 Sk
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with ("NNs Ng)—-dimensional

_ ™
Sh ;5;' i S H (3.8)
%JET_FFILHJ LNJrl:Frl Iir_FrlLHJ L
L] - (3.9)
i=n i=n+l i=N—1
q;%n 1 NI 1 [::::] - [;]
= V N—is VNais fin Vin=ii VNo1] INS . (310)
i=1 i=1 i=1

These include (NNs NN s)-dimensional §D = §D;1 and (NNs Ng)-dimensional § = §1 as
special cases, respectively.

3.1.2.2 ML{MSDD Metric

In Section 2.4.2 we showed that in ML MSDD the expression [cf. (2.36)]
L1 I:I — 1
& S =t R"'Sp(M 1y SHR (3.11)

is to be minimized over all L'“E‘lljg corresponding to dilerent data sequences V 2 VN1 n
the sequel, we will refer to d; S as ML-MSDD metric (of S).

In order to make ML-MSDD amenable to tree-search decoding, we apply the Cholesky
decomposition (cf. e.g. [GvL96]) to the matrix M [cf. (2.37)]

M = cHc; (3.12)

which yields an (N N)-dimensional upper-right triangular matrix C. Using (XB ZI:I:
(X Z) (Y Z)forarbitrary matrices X; Y ; Z of appropriate dimensions and tr X"X =
jiXiji? for any matrix X we obtain

el e
d S In.) SpR (3.13)
it W —
= i cn,S R, (3.14)
n=1 |-
Y ::: @
= TR nnsn + X, (3.15)
n=1
| -1 .
&' s, (3.16)
n=1
where
Rn = GyR;; and (3.17)

j=n+1
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forl n N;n | N.
It can be observed that the ML-MSDD metric in (3.16) is a sum of N strictly non{negative

scalar terms
I o %
n Sy = mnSn + XM, 1 n N (3.19)

which depend only on i = N n + 1 symbols §,-; n ] N, [cf. (3.18)]. Thus, ML
MSDD can be solved by means of tree-search decoding in a tree of maximal depth (N 1).
At this, S, (or equivalently \7n) are the labels of branches leading to nodes at depth (N n),
1 n N 1, of the tree, and a partial candidate sequence §n as defined in (3.8) (or
equivalently \7n = oo ;\7“_l ) represents a path to a node at depth (N  n) of the
tree. It is important to mark this reversed assignment between the subscript n of §n and the
depth (N n) of the tree, i.e. the root of the tree corresponds to Sy = Ing, Whereas nodes
corresponding to candidates §n lie at depth (N n) of the tree. In particular, leaves of the
tree represent “full-length” candidates §.E]Tr|%ls is due to the upper triangular structure of the
matrix C [cf. (3.12)]. In thiscontext , S, ,1 n N 1, in (3.19) represents the metric
of a branch labeled by a symbol S,, emanating from a node corresponding to §n+1. The path
metric corresponding to a path §n is then given by

[ . =i %
d, s, = R Si + X, (3.20)
AL i R e O |:|
- dn+1 Sn+1 + n Sn y N 1 n 1, (321)

= [ = [
wh|e:I]e|:c]iN Sy = N Sy = %N;N %.9 In these settings the leaf with the minimal metric

d; S corresponds to the ML-MSDD solution S or equivalently —through reversal of (2.11)—
V. The application of tree-search algorithms to MSDD will be discussed in more detail in
Section 3.1.3. =

Finally, note that since the branch metrics , S, are strictly non-negative tree-search al-
gorithms that are optimal in the sense of Section 3.1.1.2.3 will achieve ML-MSDD performance.

Relation between ML MSDD and Linear MMSE Prediction: It is also worth
pointing out that ML MSDD is related to linear backward MMSE prediction in that

p(N —n)
B .
Cj = (Rj = (3.22)

9Note that one could just as WeII choos% E 0, without any impact on the complexity or performance
of the tree{search decoders.dy Sy waschosen to facilitate the-analysis of performance and
complexity of decoders in later sections asl; S =tr R"Sp (M Ing) S R in this case.
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where pBJ, ] n, and ;()”) denote the j th coe [cieht of the nth-order linear backward
MMSE predictor for the discrete time fading—plus—noise random process G[k] + N [K] and the
corresponding standard deviation of the predlctlon error, respectively, and p(”) = 1;8n, cf.
e.g. [VT95a]. l.e. the non-zero entries C,; , j N in the nth row of C are the coe [ciehts of
the (N n)th order prediction error filter normalized by the corresponding standard deviation
of the prediction error. This means that —provided that all §j ,n+1 j N, arecorrect up
to a common rotation with an arbitrary unitary matrix— the quantity X, S\' " [cf. (3.18)]
represents the (N n)th-order MMSE prediction of G IEINE and I—ZQE; S, + X, can be viewed
as the corresponding prediction error. Since R}, S, = GNSH+N" 'S, and the distribulglorﬂ:I
of the AWGN matrix N, is invariant to unitary transformations, choosing S,, such that , S,
in (3.19) is minimized, corresponds to (N  n)th-order linear backward MMSE prediction.
From this two conclusions can be derived that will prove useful later on. First, consider two
di [erent values of N, namely N; and N, > N ;. Then it is clear from the above discussion that
—under the assumption of identical statistical properties of the channel ( [ ] and 2)— the
(N1 Nj)-dimensional matrix C; obtained from the (N; Nj)-dimensional inverse fading-
plus—noise correlation matrix M, via Cholesky factorization (3.12) is a lower-right corner
submatrix of (N, Nj)-dimensional C, obtained from the respective (N, Nj)-dimensional
matrix M ,, even though M 1 is not a submatrix of M,. This means that results on full-length
candidate sequencle:jl%and the statistical propertlesl%ldl S that can be derived based on the
representation d; S =tr R SD (M Ij\.S)S oR apply equally to partial candidates Sn,
2 n N 1, and their metrics d, S
Second, it follows from the normalization of the prediction coe Lciehts p(”) with the corre-
sponding prediction—error standard deviation ,()”) [cf. (3.22)] that the elements of Rn N S, +X,
[cf. (3.19)] along the |:f|0rr|:|e0t path, i.e. with S = S, are iid N¢(0; 1) distributed random vari-
ables. Hence, the , S, are 2(NsNg;2NgNRg) distributed ( 2( 2;K): central 2 distribution
with variance 2 and K degrees of freedom), such that the expected branch metrics along the
correct path are given by
[ |
n Sn = NsNg: (3.23)
It is important to note that this holds regardless oh and N, the SNR or the temporal correlation
ool ] of the fading process Accordingly, the expected path metric along the correct path grows
linearly with i [cf. (3.4)], i.e.
102 O]
E d, Sn  =0ANsNg: (3.24)
This has detrimental e [edts on the complexity of tree-search decoding, as it leads to an increas-
ing probability that other branches besides those that form the correct path are investigated
towards lower levels of the tree. Especially, towards lower SNR, where the normalized predictor
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(n)_ () ; 4 U
coe Lciehts pg.i= p ', n+1 j N, become verysmall, d, S, becomes less dependent on ten-
tative decisions V..n+1 j N 1 represented by S +1 . Consequently, towards lower SNR
N Jl—-_—l = |:|J EH:ED . p . Y Sn+1 q ,.y
the probability Pr d, S, d; S isincreasingly close toone forallS,and2 n N 1,
WhiIZC-Ih Ir%tleans I%Ial%l “optimal” tree-search decoders, that must (at least) examine all paths with
dy S, d; S , become computationally very ine [cieht. It is therefore advisable to use a
modified metric in tree-search decoding that takes the length of a path into account.

3.1.2.3 Fano{Type Metric

The problem with tree-search decoding based on the ML decision rule is that the probability
of a path is a monotonically decreasing function of its length, cf. Section 3.1.2.2. Thus, tree-
search decoders are likely to investigate shorter paths even though they have —considering their
shortness— already a rather poor metric and are therefore unlikely to be part of the ML path.
In order to solve this problem, i.e. to have a metric that allows for fair comparisons between
paths of dilerent lengths, Fano proposed a metric for tree-search decoding of convolutional
codes in [Fan63], the well-known “Fano metric”. While his motivation appeared to be rather
heuristic, it was later justified by Massey [Mas72] by means of a probabilistic derivation to be
the appropriate means for comparing paths of di [erent lengths. O]

The essential idea is to consider the a—posteriori probability Pr S, | R, , even though
a—priori information, that is commonly includle:dI Elthe_a—%c:)lsjteriori probability, is not taken
into account. In particular, we consider log Pr S, | R, , and write using Bayes’ rule (cf.
e.g. [CTI1))

1 L (I N N O
1Ll EEEI p R,'8&, Pr S,
log Pr S, = log — 11 n N 1, (3.25)
s, P Rn S0 Pr Sy

where S is defined as S [cf (3.8)] and introduced only to avoid amgpumes in the formulas
Assuming that all possible S are a priori equally probable, i.e. Pr S, = L~N*n 8S and
1 n N 1, weobtain

I:I

= log p Ry % + log |:|p R, % L1 (3.26)
(Sh

Note that minimizing (3.26) for n = 1 over all S leads to the ML-MSDD solution. While
the second term in (3.26) does not influence the ML decision it plays an important role in
comparing paths of dilerent lengths in tree-search decoding (see below).
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Still, using the expression in (3.26) as metric in a tree-search decoder is obviously impracticable,
as the evaluatlon of the second term of (3.26) involves the computatlon of LN™" probabilities
Pr Rn ] Sn , i.e. the complexity of evaluating (3.26) for a single Sn is of the same order as
a search over all LN~ dilerknt S However, it is reasonable to assume that the actually
transmitted signal S, has a relatively high probability p R, j S, such that

L1 11
log p Ry % +log p Rn % (3.27)

appears to be a good approximation of (3.26). Still, this is not helpful as Sn is unknown.
Therefore, we approximate (3.27) by taking the expectation of the second term of (3.27) with
respect to channel states and noise, i.e. we use

LM%U—U I:IIZIS%EIIIZI
log p Rn'S, +Elog p R,

(3.28)

as an approximation of (3.26). Using the results of Sections 2.4.2 and 3.1.2.2 [cf. (3.24)] we
obtain the Fano{type path metric

_ 1
L] III:lI__’iI < %
den Sn = MR;; Si + X, NNsNgr (3.29)
i=n I:I I:I I;I I:I
=drner Sner + Fn Sa (3.30)

with Iin;n and X, as defined in (3.17) and (3.18), respectively. Based on (3.23), which tells
us that all branches along the correct path on average contribute equally to the path metric of
the correct path, the Fano-type branch metric reads

22l s, B
Fin Sn = n;nSn+xn NSNR: (331)

Due to the additive nature of this path metric, we can still directly employ the tree-search
algorithms of Section 3.1.1 with this Fano-type metric.

Note that we obtain the intuitively quite reasonable result that the Fano-type metric of a
candidate §n is equal to the di[erknce between the regular ML-MSDD metric and the expected

ML-MSDD metric of the correct sequence §n, i.e.
LI LI g oo

de Sn =dn Sn E dy Sp (3.32)
101
:dn Sn ﬁNsNR (333)
and
LI LI o oo
F;n Sn = n Sn E n Sn (3.34)
I

= Sn NSNR; (335)
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i.e. the path metric is biasedsuch that the expected metric of the correct path is always zero,

L1 O [l
Eden Sn = 0 and (3.36)
L1 I:I]:I

E Fn Sn O (3.37)

for1 n N 1, while it tends to grow beyond zero for incorrect paths §n & §n after
diverging from the correct path. This way, a path in the decodErq tree can be identified as “not
promising” and possibly terminated as soon as the metric dr., S, of the current candidate S
exceeds the threshold , as it can be expecteddue to (3. 37) that the path metric of a path S
generated upon extension of S will at best —meaning if S =S,— have a path metric that is
equal to that of Sn. The other way around, a tree-search decoder based on this metric can be
interpreted to not simply compare the currg]t |I\%lL—MSDD metric d, S, to a threshold, but to
compare the current ML-MSDD metricd, S, augmented by the expected metric (n 1)NsNg
of the remainder of this path —if this were the correct path— to the threshold. This strategy
is very beneficial with respect to decoder complexity in the low—SNR scenario discussed at the
end of Section 3.1.2.2.

On the downside, it is possible that the path that might eventually have turned out to
be optimal is terminated prematurely thereby leading to a performance that is suboptimal in
the ML-sense, even if a tree-search decoder that is optimal in the sense of Section 3.1.1.2.3 is
employed.

While the above branch metric bias b = NgNg was motivated based on probabilisté:I aIL_glu-
ments, it is possible to heuristically optimize the bias b, i.e. to use a branch metric , S, b
with an arbitrary (positive) b, cf. e.g. [PH05b, PHO05a]. In general, a smaller bias leads to bet-
ter performance but higher complexity while a larger bias decreases decoder complexity at the
expense of degraded performance. The extreme cases are (i) b= 0, in which case ML MSDD is
performed, and (ii) b! 1, where any optimal tree-search decoder degenerates to a DFE-type
algorithm. In the following, we will however restrict our considerations to the above case of the
probabilistically motivated branch metric bias b= NsNg.

It is worth mentioning that recently a comparable approach was considered for tree—search
decoding in coherent detection of space-time codes in e.g. [GN04, MGDCO06, ZF06, BZRF06].

3.1.3 Algorithms for Tree{Search MSDD

For e [cieht (fast) tree search for MSDD and novel DF-MSDD, we concentrate on the applica-
tion of depth-first search (DFS) and metric-first search (MFS) algorithms, which achieve the
best performance—complexity tradeo [(tf. also the comparative study [MGDCO06] for coherent
MIMO detection). In particular, we apply the Agrell Sphere Decoder (A-SpD) and the Fano
algorithm of Sections 3.1.1.3.3 and 3.1.1.3.2, respectively.
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Let us point out again that both algorithms can in principle be operated with either of the
metrics considered in Section 3.1.2, even though the combination of Fano algorithm and ML
metric (without bias term) is usually not very meaningful (see below).

3.1.3.1 Multiple{Symbol Di erential Sphere Decoding (MSD SD)

We refer to the application of A-SpD to accomplish MSDD as multiple-symbol di [erkntial
sphere decoding (MSDSD), cf. [LSPWO04] for DPSK. MSDD based on the A-SpD and the
Fano-type metric (cf. Section 3.1.2.3) is subsequently referred to as MSDSD-FM.

Let us for clarity very briefly summarizeléclhelzallpplicalt:ﬁ)n[olf A-SpD to MSDD, based on the
notation of ML branch and path metrics , S, andd, S, , cf. (3.19) and (3.20), respectively.
For illustration see the flowchart of the A-SpD in Fig. 3.5. Starting at n = N, the SpD selects
candidates V ,_; (or equivalently S according to (3.8)) based on tentative decisions \7,-,
n j N 1 represEIentecli:ll)y §n, and Sontinues to decrement n, i.e. n:=n 1, as long as
the metric di = dy—; S,,—1 of the child S,—; currently under consideration does not exceed a

given threshold (radius) , i.e.

1 [
df = dn—l Sn—l . (338)

Ijthe decoder reaches the end of the tree, i.e.n =1, S is stored as (preliminary) decoding re&ljlttl
S, its metric is used to further reduce the size of the search space by updating :=d; S
and the decoder increments n by two, i.e. n := n + 2, searching for alternative paths whose
metric lies below the updated threshold . If d,—; S,—; exceeds for any value of n, n is
incremented, i.e. n := n+1, and a new candidate for V , is examined. If the decodelrjetu%s to
n = N, it means that all paths S have been pursued up to the pomt where dy—1 Sp_1
Consequently the search is terminated and the decoder returns S = S or through reversal of
(2.11) V. For the ordering of candidates for any V ,, n N 1, the Schnorr-Euchner
(SE) enurrll_;glralgclm strategy is employed, i.e. candidates are checked in order of increasing branch
metric , Sy , as this allows for an initialization with !'1  and an (usually) fast convergence
of the search process, cf. e.g. [LSPWO04, AEVZ02, DECO03].

As pointed out in Section 3.1.1.3.3 it may still be useful to initialize the threshold with a
nite value i in order to “guide” the SpD towards the best path of full length and thereby
accelerate the convergence of the tree search. Determination of an optimal initial threshold
is not trivial. On the one hand, it should be chosen as small as possible in order to achieve
optimal “guidance”. On the other hand, if the initial threshold is chosen too small the decoder
will have to be restarted with an increased initial threshold frequently, such that the overall
complexity md/ be even higher than starting with  !'1 in the first place. Since for MSDSD
the metricd; S of the correct pathiis 2(NNsNg; 2NN sNR) distributed, i.e. has mean NNsNg
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and variance NN sNg, regardless of the SNR or the temporal correlation, the initial threshold
should certainly be chosen proportional to NNsNg, i.e. as

MSDSD: init = NNsNgrC

c >0: (3.39)
MSDSD-FM: int = NNsNg(c 1)

The resuitj‘%MSP:j%FM follows directly from the above discussion based on the observation
thatdry S =d; S NNsNg. Incase no candidate is found below the finite initial threshold
init » the search is repeatedly restarted with an increased initial threshold

init := int T NNgNg (3.40)

: : : = :
until at least one candidate with d; S init 1S found.

For small values of N the optimal® choice of ¢ can only be determined based on simula-
tions. For large N on the other hand, it appears reasonable to choose ¢ = 1+ " , with an
arbitrarily small positive constant " , since by the strong law of large numbers (cf. e.g. [CT91])
the probability of d; S =N deviating by more than an arbitrarily small positive constant "
from its mean NsNr decreases exponentially in N, such that we obtain in the limit of N ! 1

_ 1 %D

lim Pr d; S NNsNg(1 ") = 0 and (3.41)
N-c O %D

Nllm Prdy S NNsNgr(1+") = 1L (3.42)

: . (I 1 R
For a detailed analysis of the dependence of Pr d; S j S on the system parameters see
Section 5.5.1.2.2.

3.1.3.2 Fano Multiple{Symbol Di erential Detection (Fano {MSDD)

We refer to the application of the Fano algorithm to accomplish MSDD as Fano-MSDD.

Having described the Fano algorithm in detail in Section 3.1.1.3.2 and established the con-
nection between tree-search decoding and MSDD using the example of A-SpD in MSDSD the
application of the Fano algorithm to MSDD should be clear at this point. We therefore restrict
ourselves to identifying the variables of the MSDD metric with those of the description of the
general Fano algorithm in Section 3.1.1.3.2: If the current path of the decoder corresponds to
§n, we have

1 [

db - dF;n+1 Sn+1 (343)
10

d. = den Sy (3.44)
1 [

d = drp-1 Sn-1 (3.45)

100ptimal with respect to minimal decoder complexity.
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For numerical results in later sections, we use a stepsize of Ar = Nt Ng. For this interme-
diate value there is neither a noticeable e[edt of an increased complexity nor a performance
degradation that occur if Ar is chosen too small or too large, respectively.

The combination of Fano-MSDD with the ML-MSDD metric is not meaningful, as this
results in a computationally quite ine [cieht decoder. The reason for this originates from the
fact that d, S, is a strictly non—decreasing function of the path length N n —even for
§n = §n. Due to this property of the metric the Fano algorithm would be likely to move back
after every look—forward operation and examine all paths up to the point where their metrics
exceed the current threshold.'* Hence, we only consider Fano-MSDD based on the Fano-type
metric.

3.1.3.3 Decision{Feedback Multiple{Symbol Di erential S phere Decoding (DF{
MSDSD)

In this section, we apply tree-search algorithms to e [ciehtly implement decision—feedback
multiple-symbol di[erential detection (DF-MSDD, cf. Section 2.4.4). We refer to the appli-
cation of A-SpD to accomplish DF-MSDD as decision—feedback multiple-symbol di [erential
sphere decoding (DF-MSDSD).

Recall that DF-MSDD is derived from MSDD by feeding back N BF 2 previously

obtained decisions V[k ], o N 2, into the MSDD metric, optimizing the metric
only with respect to symbols V[k ], 0 DF "and returning estimates V[k ],
DF DF as decoder output whereas estimates V[k ], 0 DF 1, are discarded.

The observation window slides forward in steps of 57 PF +1 je. k:=k+ 5F  PF+1

A direct approach to DF-MSDSD would be to insert the feedback symbols in the ML-MSDD
metric representation of (3.16), such that the tree-search is performed only over the 5F +1
lowest levels of the tree, whereas the remaining N BF 2 levels are fixed. However, in teEIrmIS:I
of computational complexity this is not a very e [cieht approach, as the branch metrics , S,
n N BF 2 have tobe recomputed for every investigated candidate V [k 5F];:::;V K] .
It therefore appears reasonable to reverse the orientation of the decoding tree, such that the
N  BF 2 feedback symbols fix a node at depth N 5F 2 of the tree and the decoder
has to perform its tree search only over a small subtree of depth 5 + 1 emanating from this
fixed node.

To derive the appropriate metric representation, we recall the relationship between the
elements of C [cf. (3.12)] and coe Lciehts of linear backward MMSE predictors established in
Section 3.1.2.2. There, we showed that c,; is the (j n)th coe Lcieht of the (N  n)th—order

1 Note that sincedp,  dc always for the ML{MSDD metric, the decoder would always moveback all the
way to the root.
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linear backward MMSE predictor normalized by the standard deviation of the corresponding
prediction error [cf. (3.22)]. It is then easy to see that cn‘:J' is the (N +1 j)th coe Lcieht

p(FNN fl)_j of the (N n)th-order linear forward MMSE predictor normalized by the standard
(N—n)

deviation of the corresponding prediction error (cf. also [Hay96)), i.e.
l—p(,\l_n) =
F:N+1— .
Cnj = Tn)J : (3.46)
p

This means that we can alternatively obtain the regular ML-MSDD estimate by solving
[cf. (3.13) with (3.22) and (3.46)]

L1
N (I gia w— N
vV = grglrl — ; (n 5 SfOrWJ N (3.47)
L1 1]
Lo 1
= argmin ] Cn +1 —mN +1 —j R' SfOI’W;j (348)
vivlN t TRET =1 : L1
with
. I
SfOI’W = forw;l; e ;SfOI’W;N (3'49)
and
- NEZ—_1
Sown = VI I (3.50)
=N-—n

In this context, regular ML MSDSD could be performed in an (N  1)-dimensional tree, where
§forw;1 = Iy, and the (NNs  Ng)-dimensional §fo.w correspond to the root and to the leaves
of the tree, respectively.

In DF-MSDSD on the other hand, the feedback of N BF 2 previous decisions V [k ],

oF+1 N 2 corresponds to fixing a node at depth N BF 2 by fiXing Stomm =
H -
Sforw;l1 Sforw n as
- - H ~ L]
Storwin = Spr;n = Sprjpiiis ;SDF;n (3.51)
with
R S— NEZ__1
SoFin = Vik ] Vik (3.52)
=N-n =max( N—n; DBF+1)

This node can be viewed as root of a ( 57 + 1)-dimensional tree, and the remaining 57 +1
symbols V[k 1,0 BF , are found by means of tree-search decoding in this ( 57 + 1)-
dimensional tree.
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To provide more detail on the implementation, we plug (3.51) into the ML-MSDD decision
rule (3.47) and obtain the DF-MSDD decision rule as

L] o I I [I11]
Vk gL VIKl = argmin dporn Sor (3.53)
v k— 10V1
Cifo;:; o g
with path metrics
L1 [ L1 ] 1 [
dorFn Sorin %DF;n—l SorFin-1 + bFin Sorn ;5 N o n N; (3.54)

and branch metrics

O e =
DFn SDF n CN+1 —nN +1—j R} SpFjj (3.55)
N1 ~
= +1—nN +1-n R} SDF n Tt CN+1 —nN 41— RjHSDF;j (3.56)
- DanSDFn +XD|: n% N BF n N, (357)

where we defined

~ L1

Rornj = CNa1— —nN +1—j R (3.58)
n

XDF;n FI RDF;n;j SDF §] (359)
i=1

i e R
= RDF'n;j Sor;j + Y pEin (3.60)

J_N_ DF

Y DF;n L:I RDF in;j §DFJ (3-61)

j=1

At this point a few observations can be made: (i) This metric structure is of the same form as
that of ML-MSDD [cf. (3.20)], where Xpg., (like X)) reflects the impact of the %th to a nod?:]
on the metric of a branch emanating from this node. (ii) The metric dpg.\ — DF_1 SpEn-— DF1
of the root of the ( 5F +1)—dir£nsional tree need not be computed and can be fixed without loss
of optimality as dpr N~ pF—1 Spen- prog 0. (iii) The matrices Y pe;n, N °F'n N,
[cf. (3.61)] are independent of the particular candidate under consideration, which means that
they have to be computed only once at the beginning of the decoding process.

Compared to MSDSD the minimal complexity of DF-MSDSD is slightly increased if PF >
0, as the depth of the search tree is greater than the number of decisions returned per decoder
use. This is however more than compensated for by the fact that the depth of the search tree
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in DF-MSDSD can usually be chosen much smaller than N 1, which leads to tremendous
complexity savings under adverse channel conditions.

It should be clear, that all methods that can be applied to solve the ML-MSDD prob-
lem more e [ciehtly, such as finite initial search radius or Fano-type metric, can be applied
equally well to DF-MSDD. In particular, following the above conventions on denomination, we
subsequently refer to DF-MSDSD based on the Fano-type metric as DF-MSDSD-FM and to
DF-MSDD based on the Fano algorithm (with Fano-type metric) as DF-Fano-MSDD.

3.1.4 Optimization for Various Signal Constellations

The application of tree-search algorithms to (DF-)MSDD as described in Section 3.1.3 helps
to significantly reduce the complexity of (DF-)MSDD by e [ciehtly solving the (N 1)- /
( OF + 1)-dimensional optimization problem. Note that these MSDD algorithms are univer-
sally applicable to unitary DSTM constellations. However, the question of how the so—called
Schnorr—Euchner (SE) candidate enumeration strategy, where branches emanating from a par-
ticular node are processed in order of increasing branch metrics, is to be implemented in an
e [Lcieht way remains to be answered. In this section, we will address this issue first intro-
ducing a brute—force approach, that can be applied with arbitrary DSTM constellations, and
subsequently presenting computationally more e [cieht algorithms tailored to the four signal
constellations discussed in Section 2.1. At this, we will for clarity restrict our attention to
MSDD, but note that all methods described in the following are directly applicable to DF-
MSDD, as well. With the exception of orthogonal DSTM constellations, this leads to a nested
structure of search algorithms, where the outer decoder is implemented using one of the algo-
rithms introduced in Section 3.1.3, i.e. it solves the (N 1)-dimensional tree-search problem,
whereas the inner decoder is responsible for SE candidate enumeration.

A simple approach that we subsequently refer to as full{search (FS) symbol enumeration
is the following: Whenever the best child Sn —1 of a node correspondlng to S is required the
decoder computes the branch metrics of all L children Sn_l of Sn, stores them in a list sorted in
order of non-decreasing branch metric and continues its tree search with the best branch from
this list. If the decoder —at some later stage of the tree-search process— has to examine further
branches emanating from the same parent node §n, it merely has to take them from the list
generated earlier. Note, that in the case of MSDSD it is not possible that a particular node is
visited again by the decoder after another node at the same depthhas been examined since the
first visit to that node. Consequently, the decoder only has to maintain (at most) (N  2) lists
of length L of branches S,2 n i N 1, forming the currently investigated path in the
tree and their respective (L 1) sisters, which constitutes an a [anidable memory requirement.*?

12Note that for n = 1, i.e. at the leaves of the tree, the decoder does not need tetore the list, as further
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In the case of Fano—MSDD it is possible that individual nodes are visited more than once. In
order to avoid uncontrollable memory requirements by storing all lists corresponding to visited
nodes, we stick to maintaining only the lists corresponding to nodes along the current path
and recompute them if a node should be visited again. We identify tree-search decoders that
use this full-search approach by adding a su [X_T-FS” to their abbreviation, i.e. MSDSD-
FS(-FM) and Fano-MSDD-FS. In this case, MSDD benefits from the e [ciehcy of the outer
tree-search algorithm, but is still rather ine [cieht when L is large and particularly in high
SNR, because here it would in most cases be su [cieht for the tree—search decoder to examine
only two candidates §n, 2 n N 1, and one candidate §1 to identify the ML-MSDD
solution.

In [LSPWO04] an e Lcieht implementation of the SE enumeration strategy was proposed for
DPSK, cf. also Section 3.1.4.1.1. There, it was possible to determine the appropriate order
of candidates, i.e. in order of non-decreasing branch metric, for individual symbols directly by
mere examination of the argument of a single complex number, i.e. without explicit sorting of
candidates.

In order to see what can be done to reduce the compl%ilt)tcif symbol search in the gel%lral
DSTM case, we take a closer look at the branch metric , S, . Using jjXjj* = tr XX" "and
trf ABg = trf BAg we can write [cf. (3.19)]

= % 2
. Sh nn S+ X (3.62)
= % %+ + 2R 'R

Since ﬁn;n %and %%do not depend on §n we can see that the problem of finding the
§n that minimizes , S, is of the same form as CDD, cf. (2.17). This observation allows us
to implement MSDD for DSTM using a nested structure of an outer and N 1 identical inner
CDD-type decoders. The outer decoder, which solves (3.16), initializes an inner decoder at
sta&e rIL__Il nv N 1, with matrices fin;n and X, to find a new candidate §n that minimizes
n Sp given Ry, and X,. It further provides the inner decoder with (i) a list of candidates
§n that have been examined previously given the same |pzlarentﬁath §n+1 and thus are to be
excluded from the search, and (ii) a threshold Oh+1 Snh+1  to limit the symbol search to

candidates with

= O I
n Sn dn+1 Sn+1 ; (364)

: : < L]
i.e. that satisfy d, S, , cf. (3.38).

Due to (3.33) and (3.35|);it|i:s|immediately clear that this approach is equally applicable to
the Fano-type metric r., S, , i.e. can be used as inner decoder in a nested structure with

branches besides the best one are of no interest here.
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either MSDSD(-FM) or Fano—-MSDD as outer decoder. In the following, we will —for the sake
of notational siglicity— only use the notation of the regular ML metric, keeping in mind that
[ [ ] _ [ [ [ [ . .
n Sp andd, S, can be replaced with ., S, and d-., S, throughout this section.
While the approach of applying appropriately optimized variants of CDD algorithms as inner
decoders for symbol search is applicable to any DSTM constellation, we will in the following only
derive inner decoders for the most common DSTM codes, which were introduced in Section 2.1.

3.1.4.1 Cyclic Codes

In Section 2.1.1.1 we pointed out that cyclic DSTM codes are a generalization of DPSK. Thus
one might wonder whether there is a similarly simple rule for enumerating candidates S, for
DSTM as was proposed for DPSK in [LSPWO04]. Unfortunately, however, this is in general,
I.e. for arbitrary cyclic DSTM constellations, not the case. Only for the special case where all
diagonal elements of the matrix symbols are equal is this feasible. This special case is therefore
considered separately in Section 3.1.4.1.1 before two e [cieht candidate symbol enumeration
strategies for arbitrary cyclic codes based on adaptations of two dilerent CDD algorithms for
cyclic codes are discussed in Sections 3.1.4.1.2 and 3.1.4.1.3.

3.1.4.1.1 Special Case [ci;:::;cne] =[1;:::;1] The subclass of cyclic DSTM constella-

tions, where [ci;: 10 ovg] = [1;::0;1], i.e. where
S, =eTh; (3.65)
is optimal for Ng =2 and L = 4 (cf. [Hug00a, HS00]). Substitution of (3.65) into (3.63) leads
to
1 @ @ I:_ZIH I;IH [IT1
n Sn = MRy M+ [jXaji* +2Re t™tr Ry, XH (3.66)
5 =
= n+jajcos o angle( n) ; (3.67)
(angle(x): from x = jxjexp(j angle(x)) for x|2:|<13nf0g,l%I complex numbers) where
s = 2tr Ron X (3.68)

\ F@zn;n ., @(n% (3.69)

We observe that the MSDD decoding problem with respect to unitary—matrix symbols is re-
duced to an (N  1)-dimensional one with respect to L-PSK symbols, which means that the
SE strategy can be implemented as in the single-antenna case. l.e. given an Iin;n and X,, the
decoder computes the “unconstrained solution”

b= 5 (angle( )+ ) (370)

= 2La_ngle( n) (3.71)
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fEJrINn suchqtheitl__nl%ln I:Iattains itiminimum n | nj [cf. (3.67)]. It then examines candidates
Sh =exp J4ln Ing by choosing I, as (cf. [LSPWO04])

I, =hbl: ble+1; bl'e 1; ble+2; ::: (3.72)
if I > blieand

I, =bl ble 1;b'e+1; ble 2;::: (3.73)

ifly b lie(bxe inte(‘:gI cllg?est tox 2 R). This way candidates S, are implicitly sorted in order
of non-decreasing , S, , i.e. the decoder does not have to compute an often unnecessarily
large number of branch metrics at the time of the first visit to the parent node and sort them
to find the appropriate order, which is done in the FS approach.

3.1.4.1.2 Lattice{Decoder Symbol Search For arbitrary coe Lciehts [ci;:::;Cyg), an
equally simple sorting is not feasible. To Selﬁltrl%ls and to derivef [cieht syTboI enumeration
strategy, we consider the branch metric , S, of a candidate S, = S,'j;S;'+l , where §n
equals the T, th element of the group signal constellation V [cf. (2.2)], i.e.

~ s P
S,=diag &T%;:::;edtNs (3.74)

Starting again from (3.63) we can write

YOH B EED S s —
n Sn = nn IXajj~+2 ITnniij | ) Xngii ] COS fciln angle (Foni Xngji )

i=1 j=1

(3.75)

with T and Xpi; denoting the elements in the ith row and jth column of Iin;n and X,,
respectively. Based on the general identity

— E-ai:' )

jajj cos(x + angle(a)) = i[0os X + angle & 7 X2C a2C'1l i N;
i=1 i=1 i=1

(3.76)

we can combine the cosines in (3.75) in groups of Ng, which leads to
1 1Tl
L] % % ., EEFT 2 %l
n Sn = nn ”xn“ +2 Fronsip Xngji F4OS Tclln angle Fooncisj Xngjii .
i=1 j=1 j=1

(3.77)

At this point, it is in the general case of distinct coe [ciehts ¢, , 1 i  Nsg, not possible to
combine the remaining cosine terms into a single cosine based on (3.76). This would however
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be a prerequisite for an implicit candidate sorting rule as discussed in Section 3.1.4.1.1 for the
special case ¢; =:::=cyg = 1.

In order to reduce the complexity of the symbol search in this general case we make use
of the observation discussed at the beginning of Section 3.1.4, that the problem of finding the
optimal §n given a certain I-:Qn;n and X, is of the same form as CDD. In this context, two
approaches appear particularly well apt. One of them is based on the bound-intersect-detect
(BID) algorithm (cf. [CTO05a, CT06]) and discussed in Section 3.1.4.1.3. The other considered in
this section is based on an adaptation of the lattice-based CDD algorithm proposed in [CSZ01]
(cf. also [LMLKO5]). We will refer to this approach as inner lattice decoding (LD) and indicate
its deployment through a su [X“1-LD”, i.e. MSDSD-LD(-FM) and Fano-MSDD-LD.

In order to derive the appropriate representation we continue from (3.77) introducing for
notational brevity

R 1
Am FI ﬂ?r/ﬂ;n;i;j Xn;j;ié 1 i NS (378)
=1
1
T — _
ni = 2—ang|e Fnoniij Xni 5 11 Nsg (3.79)
j=1
and write
I:IIII%2 % , L mER
i=1
= MR [T+ X" 2 Afjcos = Gl ni 5 (3.81)
i=1
e 1 ,
:%nn%ﬂjxnjjz 2 AZ; cos Tmod':'ciln i E;L : (3.82)
i=1
where we used cos(x) =  cos(X ) in (3.81), and exploited the periodicity of the cosine

introducing a modified modulo function mod™(x;L) = mod(x +L=2;L) L=2 that returns
values in the interval [ L=2;L=2) (mod(x;L) L% b x=LcL: regular modulo function) in
(3.82). SirIEIe Ia:lcandidate S, is more likely to be part of the desired candidate S if its branch
metric , S, is small, i.e. if the argument of the cosine in (3.82) is small, the deployment of
the cosine approximation for small arguments cos(x) 1 x°=2 in (3.82) appears reasonable.
With this, we obtain
i ; N e R el
nin L0+ Jj X j 2 Aﬁ;i + — Ani mod"™ cil, nii L :

L2
i=1 i=1

N

(3.83)
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Asy = mod(x; L) corresponds to adding int%eElmultiples of L to x such that jyj is minimized,
the problem of finding the minimizer for , S, can be viewed as an Ns—dimensional lattice-
decoding problem (cf. [CSZ01, LMLKO05] for the application to CDD)

- I Py I
X =argmin jjLX tj° ; (3.84)
x [ZNs
with
1 1
n1C1 0 DL 0
n;2C2 An;ZL
I:] n; 303 0 An;3|_ e ' (385)
: 0
nNSCNS 0 I:I 0 An;N SL
Ana( 1+ L=2)
n; 2( n;2 + L= 2)
= Ana( e L= 2) (3.86)

n'N S( n'NS + L:2)
~ 1 ]
and S, = diag expqu it equ ED;I

Note that for candidates Sn, for WhICh the argument of the cosine in (3.82) is IEllalt:i\llely
large, the small-argument approximation of the cosine increases the branch metric , S, even
further. This way branches in the outer decoder may be pruned from the tree, although they
might actually have lead to the (ML) solution. Thus, the performance of a MSDD decoder
using this approach to symbol search is degraded. However, we will see later that only very
small performance degradations result.

Clearly, (3.84) can be solved by means of tree-search decoding. The slightly extended task
compared to a regular tree-search problem is to find the optimal solution X of (3.84) at first
call of the inner decoder by the outer decoder, the second best value for x at a possible second
call etc. Based on the inequality (3.64) that must be satisfied by a candidate §n for the latter
to be eligible for further consideration the search for (further) candidates x can be limited to
those, for which

jjLX  tji* P (3.87)
Plugging (3.83) into (3.64) one can see that r'P is given by
1 1
- % % L2
rtb = 1 Sn+1 i anj +2 Aﬁ;i ﬁ: (3.88)
=1
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If this inner tree-search decoder does not find a (further) candidate given this threshold r‘P,
the outer tree-search decoder need not pursue the corresponding branch in its decoding tree.

In [CSZ01, LMLKO5] the use of lattice reduction (cf. e.g. [LLL82, Coh93, AEVZ02, Win04]
and references therein) was advocated to reduce the complexity of finding X in (3.84). However,
we found that in most scenarios this only increases decoder complexity since it destroys the
unique sparse structure of L. Note that L only has entries in the first column and on the main
diagonal. Consequently, decisions on X, 2 | Ns, are mutually independent and (3.84)
is not exactly an Ns—dimensional lattice decoding problem, but rather a degenerate version
thereof. This reflects in the fact that given a candidate X; further candidates X;, 2 i Ns,
besides the best candidate

% =blt  laX)=kie 2 i Ns (3.89)

where |;; and t; denote the elements of L and t in (3.85) and (3.86), respectively, need not
be considered. We therefore consider two tree-search algorithms tailored to this particular
decoding problem.

Sphere Decoding Algorithm: The decoder may use the SE strategy for finding candi-
dates X1 2 Z, i.e. based on the unconstrained solution

Xi = t1=h; (3.90)
choose X; according to
X1 =bxiebxje+ 1;bxje 1;bxje+2;::: (3.91)
if xj > bxjeand
X1 =bxjebxje 1;bxje+1;bxje 2;::: (3.92)
if xX{ b xje andincreasei,2 i Nsg, aslong as
~ .2 I:,I ~ .2 LD
CEiaXs P+ Kl & i< (3.93)

j=2

with r'® and X; according to (3.88) and (3.89), respectively. Contrary to the regular SpD as
described in Section 3.1.1.3.3 this decoder jumps back to the root, i.e. examines the next-best
admissible!® candidate x;, if ; >r'P for2 i Ns. If yo <r'P the current x; is stored
as tentative decoding result and the decoder checks the next candidate for x; with updated

13Besides previously examined candidates, candidates; that are congruent modulo L with the former are
excluded from the search as well.
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rtb := .. The decoder terminates, when jl;.1X;  t3j2 > r 'P for some candidate X;. Thus the
decoder e [edtively searches only one dimension of the alleged Ns—dimensional search space.

We also note that the lower-triangular structure of L is particularly advantageous for this
application, since inadmissible candidates are excluded from the search directly at the root,
which —for incorrect candidates— leads to fast growing metrics close to the root and thereby
rapid termination of the search process.

Stack Decoding Algorithm: One drawback of the SpD algorithm is that the search
restarts from i = 1 and X; = bxje [cf.(3.90)] every time the inner decoder is called to provide
the next-best candidate S, given the same X,. Here, the stack algorithm appears to be an
appealing alternative for the inner decoder, since it maintains a sorted list of examined partial
paths and decoding can be continued if the inner decoder is called again.

In particular a degenerate variant of Vinck’s algorithm (cf. Section 3.1.1.3.1) is well apt for
the problem. This variant of the stack algorithm replaces the path x; = [Xq;::: ;X;] currently
at the top of the stack with its best extension x(*Y and —due to the sparse structure of the
matrix L— the next-best admissible candidate for x; only when i = 1. The search can be
terminated without loss of optimality, if the metric of the path at the top of the stack exceeds
the threshold r'° defined in (3.88). As for the regular stack algorithm, the first path of length
Ns to reach the top of the stack is the (next-)best path corresponding to the (next-)best
candidate for §n. It remains to store the stack and to continue with this stack when the next
candidate given the same X, is required.

In total, we therefore have to keep track of N 1 stacks, one for each tree depth in the outer
decoder. While, theoretically, limitation of the stack size may lead to decoding errors, we found
that stacks of maximal size 2L are su Lcieht to not impair decoder performance noticeably.

Remark: Numerical tests revealed that the use of a Fano—type metric in the inner decoder
in— rather than decreases the overall decoder complexity. This observation can be explained by
the fact that a Fano-type metric at times leads to suboptimal decoding results, which means
that the outer decoder has an increased risk of being needlessly mislead by the inner decoder
to incorrect paths.

3.1.4.1.3 Bound{Intersect{Detect Symbol Search As alternative to the above lattice—
decoder based algorithms for candidate enumeration (inner decoder in the nested structure) we
consider symbol search based on the bound-intersect-detect (BID) algorithm of Cui et al.,
cf. [CTO05a, CTO06].
o . . SO e [ R
The underlﬁ/lng idea is to form a set of promising candidates S, = diag ex&irct;l: ::;
exp ji-Cng by determining Ns pairs of upper and lower bounds on mod cl,;L , 1
i Ns, and intersecting the resulting Ns sets of candidates Tn to obtain a single smaller set



CHAPTER 3. LOW{COMPLEXITY MSDD 59

of candidates that are returned to the outer tree-search decoder as potential candidates for
further examination.
Starting from (3.80) we can write

1] L 51
n Sn = By +2A%cos Gl oni (3.94)
i=1
~ 1] ]
for the branch metric of a candidate S, = diag exp jqrcl pillexp qurc,\,S I:u;]with A, and
ni, as defined in (3.78) and (3.79), respectively, and
- .2 . .2 .
Bni = P )=+ %ngi J5 1 1 Nst (3.95)

Bound: In [CTO054] it is argued, that a necessary condition for

= N
nSn ' g S (3.96)
to hold is that
'%' ] 51
B2 +2A2. = al - BID 3.97
n;i n;l cos L Gln ni r ( ' )

must hold for all i 2 f 1;:::; Nsg. With the definition of Ng pairs of lower and upper bounds

L1 L1 L1 [
= o B,
BEIEJ - 2— arccos T + ni (398)
] - o R
— L rBb B2
Bomi = L 5 arecos —— o=+ (3.99)
n;i
1 i Ns, and a mapping function
map(i; mod(cj;L)) =j; 1 | L (3.100)

which can be implemented using a look-up table, one can see that a set L5° of all I, that
satisfy (3.97) for a particulari 2 f1;:::;Nsg is given by

1
[l if B2, 2AZ >rBP
LotP é:'é'l;::: L 1g if BA; +2A%; <r®P
nh =map(i; mod(;L))jj 2fBEY;::: ;B g otherwise

(3.101)
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Intersect:  In a second step the intersection is taken of all candidate setsL3i°, 1 i Ns,
I.e.
L = L (3.102)

i=1

to determine a set LE'°, whose ell%lneln:tls I, satisfy (3.97) for all i 2 f1;:::;Nsg. For all
candidates in£|1is set the metric ,, S,, is computed and the candidates are sorted in order of
increasing , S, to facilitate SE enumeration in the outer decoder.

Detect:  This part of BID is not required here. Instead the inner BID decoder passes the
set LB'® along with the corresponding branch metrics to the outer decoder which stores the set
and processes its elements in order of increasing branch metric.

Note that BID symbol search can —Ilike the symbol search algorithms proposed in Sec-
tion 3.1.4.1.2— be used in combination with any of the above algorithms as outer tree-search
decoder operating either on the ML or the Fano-type metric. We indicate its deployment by
means of a su [(X“1-BID”, e.g. MSDSD-BID(-FM). Note also that, since (i) LE'® contains at
least all values of I, for which (3.96) is fulfilled, and (ii) there is no approximation involved
as in the case of LD symbol search, the deployment of BID symbol search does not inhere a
performance degradation compared to FS symbol search.

3.1.4.2 Dicyclic Codes

Due to the close relationship between dicyclic (cf. Section 2.1.1.2) and cyclic signal constella-
tions, we can make use of the various methods described in Section 3.1.4.1 for cyclic codes. In
addition, we can exploit that cy.—2+i = C;1 1 Ns=2, in away that the symbol search can
be performed using two separate decoders as for (Ns=2)-dimensional cyclic signal constella-
tions, cf. Section 3.1.4.1, one for each value of m 2 f 0; 1g [cf. (2.4)]. These two decoders should
run concurrently with the same threshold (cf. (3.88) and (3.96) for LD- and BID-based symbol
search, respectively), as the metric of the decoder assuming the correct value of m 2 f 0;1g
is likely to be much smaller than that of the other, which leads to a quicker termination of
decoding.

3.1.4.3 Orthogonal Codes

Here, we consider orthogonal DSTM codes with Ng = 2, i.e. Alamouti’s space-time code, cf.
Section 2.1.2.1.

Since —di [erkntly from DSTM based on group codes— transmit symbols are in general not
chosen from a finite set, it is advisable to search directly for the data symbols V . Thus taking
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the Hermitian transpose of the argument of the Frobenius norm in (3.62), multiplying it from
the left with unitary Sphs1 and using the di[erkntial encoding rule (3.3), we can write

L0 - %
n Sy, = nRnn +Y o 0 (3.103)
where
Y.=Sa sj;Rn;,- : (3.104)
j=n+1
Using a number of fairly straightforward manipulations we eventually obtain
[ . % % , L1 [
hnSn = on OO+ jjY nji° + Refd, ‘d+Re b, M (3.105)
[t 5 SIS -
= nn +ijnjj2+j nj COS Tla;n angle( n) +]j njcos le;n angle( n) ;
(3.106)
= [
for1 n N 1,and y Sy =%N;N%,where
_ MRv:Dl _ -
n = 2 rn;n;l;j Ynizj 7+ Fon; 23 yn;2;j; (3-107)
i=1
_ N:DI _ -
n = 2 Py 1 Yni2i Tring2sj Yngggj o (3.108)

j=1

Mnij and yni; denote the elements in the ith row and j th column of I?Qn;n and Y ,, respectively,
and

5, = efthn (3.109)
b = ¢fifn (3.110)

represent the two P L-PSK symbols that form V ,,, cf. (2.6). Apparently, the matrix-symbol
search decomposes into two independent SE enumerations regarding  L-PSK symbols &, and
bn, and outer and inner decoder for MSDD can be integrated into a single decoder searching
a (2N 2)-dimensional tree of P L-PSK symbols, where decision ons &, and b, may be made
e.g.atdeptns =2n land =2n,1 n N 1, respectively. Therefore, the tree-search
algorithms as discussed in Section 3.1.1 can be applied directly.

Clearly, the SE candidate enumeration for &, and Eq can be implemented in analogy to the
single—antenna case, i.e. based on the unconstrained solution

p_

L
lan = 2—ang|e( n) (3.111)
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R 0, -~ O _
the order of candidates @, = exp j<=lan is determined by sequences

~

lan = bz &bz, e+ 1 b e 1Lb;.e+2;::: (3.112)

if 13, > bly,eand

~

lan = bz e bz.e 1iblj e+ 1b e 2;::: (3.113)

if 19, b 1Y€ and equivalently for b, based on .

3.1.4.4 Cayley Codes

In the case of Cayley codes, the inner decoder can either perform a full-scale (FS) or lattice-
decoder (LD) based symbol search. The LD is based on an e [cieht CDD decoder for this
constellation proposed in [HH02], which relies on a “linear approximation” (LA) and thus is
suboptimal. The lattice decoder solves the Q-dimensional minimization problem [HHO02, Egs.

(19), (21)] with respect to the real-valued coe [ciehts a é_—[‘| 1,000 ol" (cf. Section 2.1.2.2)
N I P
a=argmin jjBcyQ teal” ; (3.114)
am&y

with a (2NsNr  Q)-dimensional, non—sparse matrix B,y (see [HHO2] for details).** Dilert
ent LD algorithms consisting of a preprocessing and a tree-search stage could be applied, cf.
e.g. [AEVZ02, MGDCO06]. Since, we found that the computational burden of preprocessing
dominates the overall complexity, we concentrate on minimal preprocessing performing the QR
decomposition Beay = Qs Rcay With upper-right triangular Rcay. Based on this, it is conve-
nient to apply the modification of Vinck’s stack decoder as described in Section 3.1.4.1.2 to
find candidates & 2 A &

cay IN order of non—decreasing values of

~ ¥ L |—_% L+l
%caya tcay% with  teay = cay Leay (3.115)

Fir&l%it is worth pointing out that it is helpful to let the inner decoder return the true value
of , S, to the outer decoder rather than the result obtained from the linear approximation.
This both accelerates the convergence of the entire MSDD decoder and improves the error
performance as it reduces the e [edt of the approximation involved in (3.114).%°

1B.ay and tey are computed as described in Section 11-D of [HHO2] by repladg |what is there denoted
as| X and X 1 with Y, and Ry, cf. (3.104) and (3.17) respectively, when searching for candates
for V. O O

15Modifying the inner sphere decoder such that it computes the tue_, S, whenever a new full candidate
vector a is found and only updates its tentative best candidate when , S, of the current candidate is smaller
than that of the best so far, does not lead to further improvemers in the performance of the overall decoder.
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3.2 MSDD Based on Combinatorial Geometry

The tree-search based MSDD algorithms presented in Section 3.1 succeed nicely in drasti-
cally reducing the complexity required to perform MSDD over wide ranges of SNR and ob-
servation window lengths N. However, these algorithms also have a number of drawbacks.
() Their instantaneous computational complexity is a random variable, which is considered
disadvantageous for practical implementation. If the ML-MSDD solution is desired at all times
their (i) averagecomputational complexity may become prohibitively large in low SNRs and
(iii) worst{case complexity increases exponentially with N.

In this section, we therefore take a completely di Lerkent approach to MSDD. We are inspired
by the recent work by Manglani and Chaturvedi [MCO06], who expressed the multiuser detection
problem in code—division multiple access (CDMA) as the quadratic maximization problem

X = argmax I%le l:l (3.116)

X o130
with an (n n)-dimensional positive semidefinite matrix Q of rank d n, and applied methods
from combinatorial geometry (CG) [Ede87] to solve it. In particular, Ferrez et al. [FFLO5]
proposed an e [cieht algorithm that solves this quadratic maximization problem in polynomial
time O(n"1). In this section, we show that in the popular special case of binary and quaternary

phase-shift keying (BPSK and QPSK) modulation, i.e. for
Ng = 1; (3.117)

also MSDD can be cast in the form of (3.116). The matrix Q is then related to the inverse M of
the (N N)-dimensional fading—plus—noise autocorrelation matrix. By applying the algorithm
in [FFLO5] the MSDD problem is solved in practically constant —meaning independent both of
the SNR and the instantaneous channel state— polynomial time with respect to N, provided
that the rank of the fading autocorrelation matrix is fixed, i.e. independent of N. We refer
to this MSDD making use of the algorithm from [FFL05] as CG-MSDD. What makes this
approach to MSDD attractive, is the fact that the rank of the autocorrelation matrix 44 of
the fading process, which is closely related to the above parameter d, is usually much smaller
than N.

After a brief introduction into the fundamentals of convex quadratic maximization based
on combinatorial geometry in Section 3.2.1, we apply these methods to MSDD in Section 3.2.2.

3.2.1 Preliminaries from Convex Quadratic Maximization
In [FFLO5] the unconstrained quadratic maximization problem

1
X = argmax I%‘Qx (3.118)
x o 1n
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with a real-valued, symmetric, and positive semidefinite (n  n)-dimensional matrix Q of fixed
rank d was considered and shown to be solvable in time polynomial in n. The essential steps
towards this result are as follows. Since the matrix Q is normal, we can factorize it —e.g. by
means of an eigenvalue decomposition— as

Q=TT (3.119)

with (d n)-dimensional T. Furthermore, taking the convexity of the Frobenius norm into
account [FFLO5], (3.118) is equivalent to maximizing jj T xjj over the hypercubel0; 1]", i.e.

(I P
= argmax jjTxjj* : (3.120)
x o)~
The image
Z(M)Efz=Txjx2[0;1]'g K (3.121)

of the hypercube [0; 1]" is a convex polytope also referred to as zonotope cf. e.g. [FFL05]. In
these terms the optimization (3.118) is equivalent to finding the element z = T x of Z that
lies farthest (in terms of Euclidean distance) from the origin. Due to the definition of Z the
maximum of jj T xjj lies at some corner (or extreme point) of the zonotope Z, each of which
corresponds one-to—one to some vector x 2 f 0;1g". Consequently, the optimization problem
(3.118) can be solved by enumerating the extreme points of the zonotope and evaluating the
Frobenius norm for these points. Note however, that the number of extreme points of the
zonotope is not equal to 2", but of the order O(n%'), as some of the linear combinations of
the columns of T lead to points that lie inside the convex zonotope.

For illustration Fig. 3.9 shows the zonotope corresponding to a randomly chosen (3  4)-
dimensional matrix

]
12 14
T=F]2 16 2 @ (3.122)
8 3 15

“Visible” edges are drawn as solid lines, “hidden” edges as dashed lines. For clarity, we high-
lighted the four edges of the zonotope corresponding to the four columns

t=T.;1 i n (3.123)

(X.;: ith column of a matrix X) of T (generatorsof Z) and exemplarily marked the extreme
point of Z corresponding to x =[1;1;1;0]".

In combinatorial geometry many results are based on the dual representation in a central
arrangement

AM=tPij1 i ng (3.124)
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Figure 3.9: Zonotope Z corresponding to (3  4)-dimensional T.

of n hyperplanes P; through the origin of the R with t; as normal vector, i.e.
P, éf?'z Rjy't = 0|::I (3.125)
These hyperplanes partition the R® into a number of convex faces
cczé?z Rdjsgn%lrtilz:l i;8i2f1;:::;ng|:;I (3.126)

(sgn(x): signof x) whereo 2 f 1;0;1g". Valuesof 1,1andO0 for ;indicate that the elements
of a face C4 lie on one side or the other of, or directly on the hyperplane P; corresponding to t;,
respectively. This results in (d + 1) types of faces of di[erknt dimensions (point, lines, planes,

etc.) depending on the number of indeces i, for which ; = 0. However, the d-dimensional
faces, subsequently referred to as cells are of particular interest. Here, c 2f 1;1g" indicates,
on which side of each hyperplane Pi, 1 i n, the cell C lies. For these cells a one-to-

one correspondence to one extreme point of the zonotope can be proven, cf. [Zie94]. More
specifically, the extreme point corresponding to a cell C4 specified by the sign vector o is given
by the sum over all columns t; of T corresponding to hyperplanes P;, for which the sign ; is
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Figure 3.10: Central arrangement A (T ) corresponding to (3 4)-dimensional T (shown as cut
section with the unit-sphere).

positive. |.e. the corresponding extreme point is given by [Zie94]

 —
t( +1)=2: (3.127)

i=1
Thus, by definition of the zonotope [cf. (3.121)] a one-to—one correspondence between sign
vectors o and binary vectors X exists via

xi=(i+1)=2; 1 i n (3.128)

and the hyperplanes P; can be viewed as decision boundaries for x;, but in the R? rather than
in the R".

For illustration see Fig. 3.10, which shows the central arrangement A(T) corresponding to
the zonotope of Fig. 3.9. Visible contours are plotted as solid, whereas hidden ones are visualized
as dotted lines. The n hyperplanes are depicted through the contour of their intersection with
the unit-sphere and for each a pair of 1;1 for ; is given to indicate the orientation of t;. We
also highlighted the cell corresponding to the extreme point of the zonotope in Fig. 3.9, i.e. to
x =11;1;1;0]".
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Based on this duality, the problem of optimizing (3.118) can also be solved through enu-
meration of the cells of the central arrangement and evaluation of the Frobenius norm of the
corresponding extreme points of the zonotope [cf. (3.127)].

In order for this approach to lead to the solution in polynomial time, essentially two things
are required. (i) The number of cells must be polynomial in n, since the complexity of evaluating
the Frobenius norm of an individual candidate is linear in n if d is fixed. (ii) The complexity
of finding these cells must also be polynomial in n.

The first prerequisite has been known to be fulfilled for a long time. It has been shown in
[Buc43, Zas75] that the number of cells in the central arrangement of n hyperplanes in the R
or equivalently the number of extreme points of a zonotope generated by n column vectors in
the RY is upper bounded by

: (3.129)

ot
i=0 I
and that this upper bound is achieved with equality if the columns t; of T are in general
position, meaning if any d-tuple of columns t;;,, 1 j d, of T spans the R’. The probability
of the latter event equals one as the algorithm operates on real numbers. Thus, the number of
cells is given by (3.129), i.e. it is of order O(n9™1).

Second, algorithms to enumerate these cells in polynomial, more specifically O(n9=1) time
can be found in e.g. [EOS86, Ede87, FFL05].1® Having enumerated all cells, it remains to com-
pute jj T xjj for these O(n%"1) candidates to find the best one. As the complexity of evaluating
jiTxjj is linear in n if d is fixed, the overall complexity is of order

O(nd); (3.130)

For more details on the complexity analysis of these algorithms when applied to noncoherent
transmission over fading channels see Section 5.5.2.

Remark: For CG-MSDD for BPSK and QPSK, we shall apply the above result to the case
that the support f0;1g" of x is replaced by f 1;+1g" in (3.118). It is important to note that
one should not change variables to deal with this case, as such an operation might increase the
rank d of the associated matrix Q, i.e. the number of columns in T and thereby the complexity
of the decoder. Fortunately, we can treat this case directly. In fact, the image Z"of the linear
map T X of the centrally symmetric cube x 2 f 1;+1g" is simply a scaled and shifted version
of the zonotope Z in (3.121), more specifically

z"'=27 t;: (3.131)

i=1

18|mplementation of the cell enumeration algorithm by Fukuda et al. in C can be found under [FFL, FF].
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Thus, the extreme points of Z“can be computed in exactly the same manner, i.e. based on the
same central arrangement A, as those of Z.

3.2.2 Application to MSDD

In order to e [ciehtly apply the above methods of combinatorial geometry, we proceed as follows.
Let the (N N)-dimensional fading autocorrelation matrix 44 [cf. (2.31)] be real-valued and
of rank

N Zrankf gQ: (3.132)
Then we can factorize 44 using the eigenvalue decomposition as

gg = U UL (3.133)

99

( x: (rankfXg rankfXg)-dimensional matrix containing the non-zero eigenvalues .,
1 i rankfXgof X, sorted in order of decreasing magnitude on its main diagonal, Ux: (N
rankf X g)-dimensional unitary matrix whose columns are given by the eigenvectors of (N N)-
dimensional X). With this and with the help of Woodbury’s identity for matrix inversion (cf.
e.g. [HJ85]) the inverse of the fading—plus—noise autocorrelation matrix M [cf. (2.37)] can be
written as

] ]
M= %Iy U AUT (3.134)
where
- -
L1
A= o L+ 2, (3.135)

Consequently, we can express the ML-MSDD decision rule as

- I;L 1
S= argmax S QS ;¥ (3.136)
SM\I;SNzl
where
Q. =RoU ,AU"T R} (3.137)
isan (N N)-dimensional positive semidefinite matrix of rank N ,
— =11
Rp =diag R | (3.138)

and R as N-dimensional vector of received samples [cf. (2.22)].
For the following derivation of CG-MSDD, we consider the two cases of BPSK (L = 2) and
QPSK (L = 4) separately and subsequently address the issue of transmit and receive diversity.

1"Note, that although many quantities have singular dimensionsin the single{antenna case, e.gS is now a
vector of length N and S,, is a scalar, we stick to the general denomination of the MIMO systen, to avoid
confusion by introducing new variable names.
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3.2.2.1 Binary Phase{Shift Keying

In the case of BPSK the imaginary part of Q. is irrelevant. Therefore, defining
Q = RefQ.g; (3.139)

the decision rule (3.136) is equivalent to

- I;TI o
S = argmax S QS : (3.140)
SHFL+1IN;sy=1

It is not di [cult to show that Q = T'T with the 2N N)-dimensional matrix

= 1
1 op D':'Re R
T=1 AU —f 1; (3.141)
99 Im Rp

and F_QD, U and A as defined in (3.138), (3.134) and (3.135), respectively. Hence, the
ML-MSDD problem can be represented using a central arrangement of N hyperplanes in the

99

R™*, and we can solve it applying the methods from combinatorial geometry described in
Section 3.2.1. Note that the complexity of the eigenvalue decomposition of 44 is negligible as
it needs to be performed only once provided that the channel statistics do not change. Thus
decoder complexity is of order O(N 2N») [cf. (3.130) with n =N and d = 2N ].

Remark: It should be noted that if 2N > N a decomposition Q = T'T withan (N N)-
dimensional matrix T dilerknt from that in (3.141) can be found. In this case however, the
computational complexity of CG-MSDD is of the same order as that of brute—force MSDD,
and thus it is not of interest here.

3.2.2.2 Quaternary Phase{Shift Keying

For QPSK the transmit signal S can be expressed as S = ei%(sRe +js|m):IO 2 with Sge; Sim 2
f 1;+1g", and the MSDD decision rule becomes

IEl 1 [
- [ Sre
S=  argmax Ske Sm Q ; (3.142)
[Sre;Sim] {FL;+1 32N Sim
SRe,N=1;51m,n=0
where
1 1

FRechg ImfQ.g
ImfQ.g RefQ.g

and Q. according to (3.137). The factorization Q = T'T leads to the (2N 2N )-dimensional
matrix

(3.143)

=1 1 [= o]
L p__ R B, B
T=1, AU L1 = r7; (3.144)
9 Im Rp Re Rp



CHAPTER 3. LOW{COMPLEXITY MSDD 70

with IEQD, U ,, and A as defined in (3.138), (3.134) and (3.135), respectively. Similar to
the case of BPSK, this factorization is based on the eigenvalue decomposition of 44, which is
performed only once assuming that the channel is stationary. Hence, (3.142) can be solved using
the methods from combinatorial geometry based on a central arrangement of 2N hyperplanes
in the R”N* and the complexity of CG-MSDD is of the order O((2N)2N*) [cf. (3.130) with
n=2N and d =2N ].

3.2.2.3 Transmit and Receive Diversity

CG-MSDD can also be applied to repetition transmit diversity in a system with Ns inputs to
the channel, such that the same PSK symbol is fed into each of the Ns inputs exactly once
while the remaining Ns 1 inputs are inactive (compare cyclic DSTM codes as reviewed in
Section 2.1.1.1). In addition receive diversity with Ng > 1 receive antennas. Based on the
assumption of NgNg iid subchannels between di [erent input—output pairs it is fairly straight-
forward to extend the derivations above to the MIMO case. Let the (N  1)-dimensional

rij = rij[k N+1];:::05r5 [K] - withri; [k ] as the element in the ith row and j th column
of R[k ] [cf. (2.12)] denote the signal received at channel output j upon transmission from
channel input i, RD;i;j %Iagf rij g and ﬁD = D:1:1y -+ ;RD;NS;l; RD;l;Z; o ;RD;NS;NR]T-
Then T in Q = T'T can be expressed as (2NsNgN N )-dimensional
19 o T
O ChR'R
T= Inn, AU - ; (3.145)
9 Im Rp

for BPSK and (2NsNgrN 2N )—dimensional

o e 9 i R i I
L] P Re Rp _Im R

T = Iy AU o i o o
SR 99 R

(3.146)
Im Rp Re Rp

for QPSK, respectively, where U and A are computed as before from the (N N )-dimensional
autocorrelation matrix 44 of the channel coe Lciehts corresponding to the received samples
collected in r; [cf. (3.133) and (3.135)]. One can see that the dimension of the parameter
space in which the central arrangement is set and thereby the complexity exponent is in-
creased by a factor of NsNg, which was to be expected as the number of degrees of freedom
in the channel is increased by the factor NsNr. Thus, the decoder complexity is of the order
O((log,(L)N)2NaNsNrY 1] 2 f 2:4g for BPSK and QPSK, respectively.

3.2.2.4 Relation to MAPSgD from [MAKAOQ7]

In [MAKAO7, Section Il] Motedayen—-Aval et al. proposed an MSDD algorithm, referred to
as maximum a—posteriori sequence detection (MAPSgD), for PSK modulation that relies on
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the same principles as the algorithm presented above. As in our case the detection problem
is moved from the N -dimensional signal space to an N —dimensional parameter space, where
N is the rank of the channel autocorrelation matrix 44. Rather than exploiting the binary
structure underlying BPSK and QPSK to define a central arrangement of hyperplanes based
on its relation to a zonotope, Motedayen—Aval et al. define hyperplanes in the parameter space
separating cells based on the metric dilerknce between the respective candidate transmit se-
quences associated with the individual cells. Depending on the sign of the metric dilerknce,
a point is identified as lying on one side of a hyperplane or the other (cf. meaning of ; in
Section 3.2.1), and detection is essentially performed based on combinatorial geometry in this
N —dimensional space. While MAPSgD is more general in that it is also applicable to PSK
modulation with L > 4, CG-MSDD is not a special case of MAPSgD, because the definitions of
the N —dimensional parameter spaces are diLerknt. For example, CG-MSDD is advantageous
over MAPS@D for QPSK since the resulting central arrangement has only 2N hyperplanes in-
stead of 6N for MAPSgD, which corresponds to significant savings in computational complexity
[cf. (3.130)].



Chapter 4

Multiple{lnput Multiple{Output
Channel Model

Recall, that in Section 2.3 we have introduced in a rather ad—hoc fashion a generic (Ns Ng)-
dimensional multiple-input multiple-output (MIMO) channel model for the derivation of the
detection schemes in Section 2.4 and Chapter 3. In this chapter, we now present the general
MIMO channel model for a system with Nt transmit and Ny receive antennas, that serves as
basis for the discrete—-time channel models considered in Chapters 5 and 6. The connection
between the (Ns Ng)—-dimensional and the (Nt  Ng)-dimensional channel models of Sec-
tion 2.3 and this section, respectively, will be established separately for the two transmission
scenarios considered in Chapters 5 and 6.

In general all of our considerations shall be set in the equivalent complex baseband (ECB)
[Tre71], i.e. all quantities involved in the channel model are in general represented by complex—
valued variables.

In the following, we consider the general case of transmission using Nt 1 transmit and
Ngr 1 receive antennas over time-variant spatially correlated MIMO channels perturbed by
additive white Gaussian noise (AWGN). The classical single-input single—output (SISO) case,
where both transmitter and receiver use only a single antenna is apparently included as special
case for Nt = Ng = 1 and all results presented subsequently are therefore equally applicable
here.

Fig. 4.1 shows the MIMO channel model under consideration. Information is mapped to
transmit symbols x;[k], 1 i Nt, k 2 N, in a way that is to be specified later. After
transmit pulse shaping with a P Nyquist [Pro00] pulse h+ (t) the x;[k] are transmitted at a rate
1=T, where T is referred to as modulation interval, in the form of the continuous—time signal

 —
xi() = xikjhrt k&): (4.1)

k0=0

72
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Figure 4.1: Multiple-input multiple—output channel model.

ﬁN R(t)

The received signal r;j (t) at receive antenna j after matched filtering with

hr = Grom it 1); (4.2)
reads
A T -
) = xi( dhy (5 )d +M() he(t )d (4.3)
e =1
L i [ -
= xi[kT hr ( kT)hy (; dhe(  )d d
izllﬁo T T
+ A ()hg(t )d; (4.4)

—O0o

where ﬁi;j (t; ) denotes the complex—valued time-variant input delay—spread function [Ste99,
Hub97] of the channel between transmit antenna i and receive antenna j, fj(t) represents
the circularly symmetric complex additive spatially and temporally white Gaussian noise with
double-sided power spectral density (PSD) N e[edtive at receive antenna j,* and Cuom iS a

INote that based on Grettenberg's theorem [Mil74] this correspnds to a zero{mean real{valued AWGN
passband process with single{sided PSDNy.
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normalization constant to be discussed below. For a list PSDs and corresponding temporal
correlation functions of common fading models, see Appendix 4.A. We assume that ﬁi;j t )
remains approximately constant for twice the period of time, where h1 (t) deviates significantly
from zero. This assumption is justified if the normalized single-sided bandwidth B, T of the
fading process ﬁi;j (t; ) satisfies BT 0:03 ::: 0:05, where the value of this upper bound
depends on the roll-o Tactor of the transmit pulse, cf. [CH92]. With this, we can express the
received signal as
) i o (S -
r(t) = xikT  hy ) hr ( kT)he(t  )d d +nj(1); (4.5)

i=1 k9=0 ©° -

where we introduced
n (1) =7 (1) he(t) (4.6)

x(@) y(@) éﬂ%’mx( )y(t  )d : convolution).

In mobile communications a general frequency-selective channel is typically modeled using
a sequence of L, mutually independent time-variant random channel taps h{) (t) at delays ; ,
1 | Lp,1 i Np,1 Ngr, [Ste87, Rap96b, Hub97]. For simplicity, we assume
that all spatial subchannels have identical power delay profiles, i.e. the variances of h{(t) and
delays ; are independent of i and j. Thus, we simply write | for the delay of the Ith channel
tap, such that the channel is modeled by

ﬁi;j t )= hi;j (t) ( 1) 4.7)

1=1
( (x vy): Dirac— function). To describe the spatial correlation of the MIMO channel we use
the frequently considered Kronecker correlation model (cf. e.g. [SFGKO00, CRTPO03]), i.e. we
jointly model matrices of channel coe [ciehts as
HOOET0® L = Twog (4.8)
Il ’ .

i=1,...,NT
j=1,....NR

(p X: from X = P Yp X™)2 with constant (Nt N+ )-dimensional and (Ng  Ng)-dimensional
matrices

s O
™ L ity (4.9)
e = O o
Re LR ] iL e (4.10)

’Note that this square{root decomposition is not uniquely de ned. The Cholesky decomposition is one
example of such a square{root matrix decomposition.



CHAPTER 4. MULTIPLE{INPUT MULTIPLE{OUTPUT CHANNEL MODEL 75

representing spatial correlation at transmitter and receiver side, respectively. In particular,

T™Ti;j ] represents the correlation between spatial subchannels from two dilerent transmit
antennas i and j to the same receive antenna. For R[i;j] a dual meaning exists. The
L, mutually independent (Nt  Ng)-dimensional matrices W®(t), 1 | Ly, contain iid
circularly symmetric complex Gaussian random processes with identical temporal correlation
functions. Consequently, the L, matrices H" (t) contain N+ Ng circularly symmetric complex
Gaussian random processes and have the same spatial correlation structure. Based on the
vector operator

vecf Xg é#xﬂ)“; <)Mt (Kem)! W (4.11)

and the identity
vecf XYg=(, X)vecfYg (4.12)

holding for arbitrary matrices X and Y, where m and n denote the numbers of columns of
X and Y, respectively, the spatial correlation can be described using the (NtNr  NtNg)-

dimensional spatial correlation matrix
I e P e O
(B vec HO@®) vec HO()
|—n—|= L B = R R (4.13)

E ﬁ(')(t)%

with  ® and ™ as defined in (4.10) and (4.9), respectively. The normalized temporal
correlation function that is common to all channel taps is denoted by

1 . o I 6 R 1
_E h(')(t) h(')(t+ ) E W(')(t) W(')(t+ )
‘()= = = = = = (4.14)
E ﬁ(')(t)H E miﬁ})(t)ﬁ
Plugging (4.7) into (4.5) and with the definition of
ha(t) =hr(t) hr(b); (4.15)

which due to the fact that hy(t) and hg(t) are P Nyquist pulses is a Nyquist pulse, we obtain
for the continuous—time received signal at antenna |

NPT 1% |
ri(t) = xilkT i )(t)hG(t KT+ () (4.16)
i=1 k%=0 1=1
After sampling of r; (t) at time instants t = KT + 4 for appropriate symbol synchronization the

discrete—time received signal reads

k] = (KT + 1) (4.17)

NP 1 1 4 1
= xi [k h(')(kT+ Dhe(k KYT+ 1 ) +n[K; (4.18)
i=1 k®%=0 1=1
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where
n; [K] =1 (KT + 1): (4.19)

Based on (i) the assumption that the continuous—time process f; (t) is circularly symmetric
complex spatially and temporally white Gaussian distributed and (ii) the fact that the matched
filter hr(t) at the receiver isa” Nyquist pulse, the noise process n; [K] is discrete-time circularly
symmetric complex spatially and temporally white Gaussian distributed.

In accordance with the organization of the present work we distinguish between two channel
models, namely frequency non-selective and frequency selective Rayleigh fading channels if
L, =1and Ly, > 1, respectively.®> These are discussed separately at the beginning of Chapters 5
and 6, respectively.

3Throughout this work, the attributes \frequency selective" and \dispersive" (channel), \frequency non{
selective", \ at fading" and \non{dispersive" (channel), and \time varying", \time selective" and \fading"
(channel) are used interchangeably.
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4.A Fading Models

In this appendix, we list the power spectral densities (PSD) WL(f ) and temporal correlation
functions (t) of a number of fading models considered in this work. By denotes the fading
bandwidth also referred to as Doppler spread.

Rectangular model:
[
—t - ifi B sin(2 B pt
Wi(f)y= _ 2By, B (4.20) ‘= 2(57:) (4.21)
; Bn < jf] "
Clarke’s model (land—mobile model):
| I
E=b . it s
W) = B2 f2 B (4.22) “(t) = Jo(2 B nt) (4.23)
=2 By < jf
Gaussian PSD model:
1 t L] ,H
Wif) = P=g—exp B (4.24) (t)=exp (B t) (4.25)
h h
First—order Butterworth PSD model:
1
We(f) = —F—+H1 (4.26) tt) = exp( 2 jBntj) (4.27)
Bn 1+g-
Second-order Butterworth PSD model:
L1 iBut] L1
t 3 ‘0 = op o (4.29)
We(f) = -;Df@ (4.28) C1C31° 1 1 O
Bn 1+ 25 Ccos —%%t + sin Bzhtj

Table 4.1: Power spectral densities (PSD) W.(f ) and temporal correlation functions '(t) for
various fading models [SAQ5].



Chapter 5

Multiple{Symbol Di erential Detection
for Frequency{Nonselective Channels

In narrowband digital communications the transmission channel can often be modeled as fre-
quency nonselective. For this scenario the unitary—matrix signal constellations reviewed in
Section 2.1 have —in conjunction with di Lerkntial encoding (cf. Section 2.2)— been developed
as a means for power—e Lcieht transmission without the need for accurate channel state in-
formation (CSI) at the receiver. As the unitary—matrix symbols extend over time and space
this transmission scheme whose details are given below is commonly referred to as (unitary)
di Lerential space-time modulation (U)DSTM.

In this chapter, we apply the methods of Chapter 3 to the scenario of DSTM-based trans-
mission over frequency—nonselective channels. In Sections 5.1 and 5.2 we present the system
model, whose connection with the generic system model of Chapter 2 will be established in
Section 5.3.

Section 5.4 provides an in—depth analysis of the performance of the various detection schemes
considered in this work under spatially uncorrelated and correlated frequency—nonselective fad-
ing. To analyze the case of spatially correlated channels we resort to standard methods based
on characteristic functions. For the spatially uncorrelated case we derive expressions for the
error rates of the various detection schemes that facilitate a number of interesting and intuitive
insights, such as interdependencies between the various detection schemes and dependence of
their performance on system parameters such as SNR, fading bandwidth, numbers of antennas
at both ends of the channel and observation window length.

Section 5.5 is concerned with a complexity analysis of the detection schemes based on tree—
search decoding and combinatorial geometry considered in Sections 3.1 and 3.2, respectively.
While we will prove that for standard fading models the complexity of both approaches to
MSDD is in general exponential in the length N of the observation window, we will show that
that tree-search methods are more suitable for fast fading scenarios, whereas the approach

78
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based on combinatorial geometry is preferably used in slower fading scenarios.

5.1 Dierential Space{Time Modulation (DSTM)

DSTM for noncoherent transmission over frequency—nonselective MIMO fading channels as-
sumes

NT = NS (51)

transmit antennas. Here, groups of NtR bits are mapped to (Nt  Nt)-dimensional signal
matrices V [K] taken from a set V of

L =2N"R (5.2)

unitary matrices, which are dilerkntially encoded according to (2.11) to yield (Nt Nyt)-
dimensional unitary transmit matrices S[k]. These matrices are transmitted in a row-by-row
fashion over the (Nt  Ng)-dimensional MIMO channel in Nt modulation intervals. Conse-
quently, R denotes the information transmission rate in bit per MIMO channel use, i.e. per
modulation interval not per DSTM symbol.

5.2 Time{Selective Channel Model

In this section, we derive —building upon Chapter 4— the time-selective and frequency—
nonselective discrete-time model of the communication system deploying Nt transmit and Ng
receive antennas considered in this chapter.

The (Nt  Ny)-dimensional unitary transmit matrices S[k] are transmitted in a row-
by-row fashion in Nt modulation intervals over the (Nt  Ng)-dimensional MIMO channel
(cf. Chapter 4) such that s [k] is transmitted from antenna i at discrete time (kNt + )T, i.e.
(cf. Fig. 4.1)

Xi[kNt + ]=s; [K]: (5.3)
Since the channel is frequency-nonselective, we have from (4.7) that
hiy (6 )=hy’® (  : (5.4)
Plugging this into (4.17) and recalling that hg(t) is a Nyquist pulse, the discrete-time intersym-
bol-interference—free received signal rj[KNt + ] at antennaj sampled at time (KNt + )T +
is given by

N1
ri[kNt + ]= S, [K]hij [KNt + ]+ n;[kNt + [; (5.5)

i=1
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where
hij [k] = h (kT + 1)hg(0) (5.6)

and n; [k] as defined in (4.19).

In order to obtain dimensionless discrete—time signals, the normalization constant Cnom, Of
the receiver’s matched filter hr(t) [cf. (4.2)] is chosen such that the variance of the noise—free
component of the received signal r;[k] is one. Thus, the variance of the discrete-time AWGN
n;[K] is given by 2 %fj n;[Kli’g = No=Es = No=(E,R) (Es: average received energy per
MIMO-channel use, Ey: average received energy per transmitted bit, R: transmission rate in

bit per MIMO-channel use), i.e. the signal-to—noise ratio (SNR) will subsequently be quantified
by
E, _ Es 1

= = : 5.7
No NoR 2R (5-7)

Based on the spatial correlation model (4.8) the (Nt  Ng)-dimensional MIMO-channel
matrix H[K] at discrete time kT can be modeled as

1  —
Holk] = [0y Kllsee = W] P (5:8)

RX as defined in

where constant (Nt  Nt)-dimensional ™ and (Nr  Ngr)-dimensional
(4.9) and (4.10) model the correlation at transmitter and receiver side, respectively. Due to
the normalization of the received signal, the (Nt Ng)-dimensional matrix W [K] contains iid

N¢(0; 1) distributed random variables with identical temporal correlation functions [cf. (4.14)]
1 (N I 1
TI1=E hyk+ Ikl =Ewyk+ wilkl = Y(T): (5.9)
It is shown in Appendix 5.A.1 that the autocorrelation function of h;; [ ] is separable into a
temporal and two spatial components as

Wl s S e LK = ] i) i) (5.10)
where [ ] as introduced in (5.9) specifies the temporal correlation of the Nt Ng individual
fading processes, and ™[i;j ] and R*[i;j ] are the elements in the ith row and j th column of

™ and X [cf. (4.9) and (4.10)] representing spatial correlation at transmitter and receiver
side, respectively. Note, that we did not make any simplifying assumptions on the geometry of
the transmit and receive antenna arrays. This leads to the general form of the autocorrelation
function with pairs of indeces iq; i, and j1; j» to model the correlation between the spatial
subchannel from transmit antenna i, to receive antenna j; and the spatial subchannel from

transmit antenna i, to receive antenna j».
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5.2.1 Continuous{Fading Channel Model

Recall that the MIMO fading channel changes “continuously” over time, i.e. the channel coe =1
cients h;; [k] change from modulation interval to modulation interval. In order to describe the
transmission of one DSTM symbol S[k] we therefore proceed as follows. Let R[Kk], H¢[KNt + ]
and N [k] each contain rj [KNt +i], hi; [kNt + ] and nj [KNt +i] in the ith row and j th column,

1 i Nt, 1 Ng. Since the th row of S[k] is transmitted over the (Nt Ng)-
dimensional MIMO channel at discrete time (kNt+ + )T, i.e. over H,kN+ + ], we obtain
the (Nt  Ngr)-dimensional received matrix R[k] corresponding to the transmission of one
space—time symbol S[k] as [cf. (5.5)]

RK] = Sclk]H o[K] + NI[K] ; (5.11)
where we defined (N2 Ng)-dimensional

H [K] #Ig'[kNT + 100 ;|—|g'[(k+1)|\|T]|;I (5.12)

and (Nt N:2)-dimensional block-diagonal matrix

1 1
S1;:[k] 0
S k] = £ 1 (5.13)
0 SNT;:[k]

(Xj..: ith row of a matrix X).
Furthermore, the (NNt  Ng)-dimensional block matrix R[k] of N consecutively received
matrix symbols, that are processed simultaneously in MSDD and DFDD, is easily obtained as

- []
Rk] = RYK N+1:::: ;RH[k]m (5.14)
= SolkIH [kl + N[K] (5.15)

with the (NNt  NN-2)-dimensional block-diagonal matrix of transmit signals
1 1
Sk N +1] 0
Sodkl £ 1] H (5.16)
0 Sclk]

the (NN2  Ng)-dimensional channel matrix

. J, o T

H k] = Hc[k N +1];::0 5, H K] (5.17)
and the (NNt Ng)-dimensional AWGN matrix

N [K] =#IH[k N +1];:: ;NH[k]m: (5.18)

In order to distinguish this fading model from other fading models considered below, we
refer to this model as continuous{fading channel(CFC) model, an expression used in [HMQO].
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5.2.2 Quasi{Static{Fading Channel Model

While the continuous—fading channel model will be used for analytical purposes and perfor-
mance evaluation in later sections, the derivation of low—-complexity DSTM detectors requires
the assumption of a quasi{static fading channel (QSFC), i.e. the channel is assumed to be
constant during Nt consecutive modulation intervals (cf. e.g. [BS02, CT05b]).! Defining the
(Nt Ngr)—-dimensional QSFC matrix

HIK] = Ty (KN ]] iz (5.19)
transmission over the QSFC is described by

R[k] = S[K]H[K] + N [K]: (5.20)

With the (NNt  Ng)-dimensional QSFC matrix

HIK] ﬁl“[k N +1];::: ;HH[k]m (5.21)
(NNt NN+t)-dimensional block—diagonal matrix [cf. (2.23)]
L1
S[k N + 1] 0
SolK] :@ E (5.22)
S[k]

of N transmit s ﬁmbols and N[k] as defined in (5.18), the (NNt  Ng)-dimensional block
matrix R[k] RHk N +1];:::;R"[k] © of N consecutively received matrix symbols as
introduced in Section 2.4.2 is given by

R[K] = Sp[K]H [K] + N[K]: (5.23)

The assumption of the channel being approximately constant for N+ consecutive modulation
intervals is justified for B, TNt  0:01 only. In faster fading scenarios the noncoherent detection
schemes operating based on (5.23) sulerla performance loss due to a metric mismatch, cf. also
Section 5.4.5. However, it is important to note that for cyclic and dicyclic DSTM, where every
spatial subchannel is used exactly once per DSTM symbol, the CFC and QSFC models coincide
and thus, the QSFC model accurately describes transmission over continuously fading channels
when cyclic and dicyclic constellations are employed for DSTM. This reflects in the fact that
all but Nt out of the N2 rows of S¢[k] [cf. (5.13)] are exclusively filled with zeros. If one

OO
1The reason for this is that while the PDF p R % can be given in a form similar to (2.25) the ML{MSDD
decision rule can not be brought into the form of (2.36) since a snpli cation as in (2.32){(2.34) is not feasible
for the CFC.
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removes the corresponding rows from (N2 Ng)-dimensional H[K] [cf. (5.12)] an (Nt Ng)-
dimensional channel matrix H[k] results. In this case, the QSFC model is —again based on
the arguments of [Cav92]— valid for BT 0:03:::0:05 and using this model as basis for
MSDD or DFDD does not incur a metric mismatch and thereby a performance degradation if
B, TNt > 0:01.

Note however, that dilerknt from cyclic DSTM, for dicyclic DSTM the time between two
consecutive transmissions from the same antenna may vary depending on the parameter m
[cf. (2.4)]. Consequently, optimal MSDD would have to adapt the prediction coe [ciehts ac-
cording to the parameters m associated with tentative decisions \7j ,n+1 | N 1, and
the current candidate V ,,, which would complicate the detection process significantly. Alterna-
tively, prediction coe [ciehts can be based on an average time between consecutive transmissions
from the same antenna, which is equivalent to using the QSFC model.

We would also like to point out that the QSFC model considered in (5.20) is di Lerent from
the block{fading channel (BFC) model (cf. also [Hug00a, HS00, TJ00, HH02, HMR* 00]) which
stipulates that the channel remains constant during the transmission of N consecutive DSTM
symbols and changes from block to block.

5.3 Application of E cient MSDD Algorithms

Note that (5.23) is exactly of the form of (2.22). This means that we can directly apply the
receiver algorithms of Chapter 3 based on the generic system model of Chapter 2. At this H [K]
[cf. (5.21)] now pIa&;he role of (_3[k] lc__fI (2.20)]. With the help of Appendix 5.A.1, where
an expression for E h;; [k]hi,j,[k + ] is derived, it is fairly straightforward to see that the

(NNt NN+)-dimensional correlation matrix of I:I[k] is given by

B -
Ly =E HH™ = ¢ ™Ng: (5.24)

i2;j2

with ™ as defined in (4.9) and (N N)-dimensional ' modeling temporal correlation.?
For computational e [ciehcy of the receivers we only consider algorithms that operate based

on the assumption of absence of spatial correlation. In this case 4,4 reducesto ' Iy, Ng

and the (N N)-dimensional matrix M that appears in the ML-MSDD metric [cf. (2.36)] can

be identified as

J
M= '+ ﬁIND{; (5.25)

thus allowing for application of the algorithms described in Chapter 3.

2Note that spatial correlation at the receiver side does not hae an impact on this expression, because in
HH" only channel coe cients corresponding to the same receive argnna are multiplied with each other.
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5.3.1 Spatial Correlation

Note that in the presence of spatial correlation ML MSDD using tree-search decoding is still
feasible. However, the ¢ in (3.14) obtained from the Cholesky decomposition of M would
have to be re&laced with (Nt Ny)-dimensional matrices C;; computed via the Cholesky de-
composition ™4 21y, = C"C, where upper-right triangular C = [C}; ] [r
to describe correlation at the transmitter side. As matrices are in general not commutative
under regular matrix multiplication, the introduction of Ifai;j 10 N, [cf. (3.17)] which
needs to be computed only once at the beginning of the decoding process, would not be possi-
ble. In addition, the e [cieht symbol-search strategies as discussed in Section 3.1.4 would not
be feasible, such that decoder complexity would be increased significantly. We shall therefore
not pursue this further in this work, and only present some numerical results in Section 5.4
that illustrate the minor performance loss due to spatial correlation of the proposed detection

algorithms compared to detectors that take spatial correlation into account.

5.3.2 E ective Fading Process

Note that the use of regular DSTM as introduced in Section 5.1 increases the normalized fading
bandwidth relevant to the noncoherent detector by a factor of N1, cf. [SL02, DB06]. This is due
to the fact that transmissions of symbols s;; [k] and s;; [k + 1] are separated by Nt modulation
intervals. While this temporal “channel decorrelation” impedes power—e [cieht detection it can
be avoided through application of blockwise DSTM (BDSTM) [DB06] based on cyclic DSTM.
Here the elements s;; [k] are blockwise interleaved prior to transmission, such that s;; [k] and
sii [k + 1] are transmitted in successive modulation intervals. More details on BDSTM can be
found in Appendix 5.C.

In order to avoid repetitive distinction between DSTM and BDSTM, we will subsequently

consider an e ective discrete-time fading process with tem?oral autocorrelation matrix

t — ; l:tl R N AV | |:I X =Nr; DSTM
=toeplitz '[0]; '[x]::::: 'X(N D) ; =1  BDSTM (5.26)

with [ ] as introduced in (5.9). Accordingly, its PSD is giveln:byl/

A | _ 1 1 Xx =N+ DSTM
Wiy = f[xle T == Wif=x k=T): o . (5.27
(f) [x] - o( ) x=1 BDSTM (5.27)

= —o0 k: —O00o
where WL (f ) denotes the PSD of the continuous-time fading process with bandwidth By, un-
derlying the discrete-time fading process h;; [k] [cf. (5.6)], and an e ective normalized fading

bandwidth O

X =Nt; DSTM
Bhe T = XB hi; T (5.28)
Xx=1; BDSTM



CHAPTER 5. MSDD FOR FREQUENCY{NONSELECTIVE CHANNELS 85

can be introduced.

5.4 Performance Analysis

In this section, we provide tight symbol-error rate (SER) approximations for the dilerknt
detection schemes, which are computed using truncated union bounds over the pairwise error
probabilities (PEP) of the dominant error events. While a cast—iron proof is yet to be found
it is generally accepted, cf. e.g. [HF92, LLKO04, PL0O7b], that single-transmit-symbol errors,
which have been shown in [DS90] to dominate the error rate of MSDD when transmitting over
the AWGN channel, are also the most probable error events when transmitting over fading
channels (cf. Section 5.4.4 for more details). Therefore, we will in the performance analysis of

MSDD restrict our attention to candidates of the form
-1 [ L]

STI = st ;Sr'j_l;SEI;/I(')va;sﬁﬂ;::: ;ST (5.29)
withVO; v 2Vvandv®hevo,

In the following analysis, we distinguish three di[erent cases. (i) In cases where the QSFC
model is inaccurate, we compute the PEPs based on the CFC model, using standard methods
for the analysis of quadratic forms. This is done in Section 5.4.1. (ii) In Section 5.4.2 we present
a novel analysis for the QSFC model which represents an accurate image of reality for slow and
moderately fast fading (Bn.e T  0:01) when using non—(di-)cyclic DSTM codes and also for
fast fading (Bpe T 0:03Nt :::0:05N1) when (di-)cyclic DSTM codes are considered, cf.
discussion of the validity of the QSFC model at the end of Section 5.2.2. This analysis provides
us with many novel and interesting theoretical insights, e.g. regarding asymptotic performance
for high SNR and 7/ or large N and the comparison between the dilerent detection schemes
based on the definition of an eledtive SNR. (iii) The PEPs for suboptimal MSDD based on
combinatorial geometry, if the autocorrelation matrix ' of the fading process is approximated
by a matrix of smaller rank to reduce decoder complexity, are computed in Section 5.4.3.

The SER approximations for the various detection schemes considered in this work will
then be presented in Section 5.4.4, followed by numerical examples to illustrate our analytical
findings in Section 5.4.5.

We note, that the PEPs for DF-MSDD and S-MSDD are the same as those for regular ML
MSDD. Separate expressions for the approximation of their SERs will be given in Section 5.4.4.

5.4.1 Pairwise Error Probabilities Based on the CFC Model

To analyze the PEPs for the general case of a spatially correlated continuous—fading channel,
we apply standard methods based on the characteristic function of Hermitian quadratic forms,
cf. e.g. [Bar87, HF92, BCTV98, BV01, SFGO02].
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5.4.1.1 (DF{)MSDD

To compute the PEPs based on the CFC, it is convenient to first vectorize the channel model
(5.15) as

_ =1
r<vec R (5.30)
=1 - — [
=vec Sp.cH:+N (5.31)
Using the identity (4.12) we obtain
N =
= INR SD;C hc+n, (5.32)
where
— [
he = vec H. (5.33)
_ 0]
n = vec N (5.34)

With §D;C§B;C = Inn. it is fairly straightforward to show that the conditioned correlation
matrix s of the received vector r is given by

1, -]

rrls = Evrtjs (5.35)
i S s [ s N

= INR SD,C TC INR SD,C (5.36)

with the (NN2Nr  NN-2Ng)-dimensional channel-plus-noise autocorrelation matrix
TCFRX tc ™ 4 r21|NN$NR; (5.37)

with ™ and R* [cf. (4.9) and (4.10)] describing spatial correlation at transmitter and re-
ceiver, respectively, and the (NNt NN t)-dimensional temporal fading autocorrelation matrix

¢ L tdeplitz I:"[O]; 4 YINNg 1]'%I (5.38)
Similarly, it is easy to see that the metric of the ML estimate S can be written as [cf. (3.11)]*
Y e I .,
d S = Iy, So(M Iy,)Sp, T: (5.39)
Thus, if we define
FESoM  In)Sp So(M  Iy,)SH (5.40)

%In the case of BDSTM with blocklength LBPS™ the temporal correlation is described by L =

toeplitz  Lo; Liiiiii Ly o with L Ztoeplitz  U[i]; Ui+ LBPST™™M i fi4(Nyp 1)LBDSTM
4Clearly, this holds for any S, but we write § here, because we are concerned with the probability that the

decoderdecidesin favor of § rather than S.
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we can write
LI 43—
A =d S dS (5.41)
= My, F)Tr (5.42)

for the dilerknce between the metrics of the MLélstimateES‘I and the true signal S. Thus, we
can see that the pairwise error probability PEP S'! S | i.e. the probability of the decoder
deciding in favo&l)f S &Sina binary decision between S and S disregarding all other

candidates S 62 S; S , can be computed via
1 _ [
PEP S! S =Pr(A 0): (5.43)

We observe that A is a Hermitian quadratic form in zero-mean complex Gaussian random
variables. Hence, the characteristic function @ (v) EEe¥ of Als given by [SBS66]

L] : [
® (V) = det INNTNR v I’I’|S(INR F) (544)
NN e ) =
- 1 jv 7ris (Ing CEX; : (5.45)

j=1
( x;: ith eigenvalue of X) with s and F as defined in (5.35) and (5.40), respectively.
Based on (5.43) and (5.44) the PEP can then be computed via (cf. e.g. [Pro00])

1 1] 1 |joL+jc ® (V)

PEPS! S = dv (5.46)
2 ] —cotjc V
- Res ® V) (5.47)
i=1 VIV
] -
| c— LY i T
= Res - - (5.48)
V=j \/i+ Vv Vv JV|

i=1 =1

(Resy=« ff (x)g: residue of f (x) corresponding to the pole at x = X) with

wE 't NNTNg: (5.49)
FrsFil
and jvi, 1 i N, NN+Ng, denoting those N, poles of ® (v) that lie in the upper_half

of the complex v—plane. The constant ¢ 2 R that must satisfy 0 ¢ min;<i<n, (Re I%I I):I
is introduced to move the path of integration away from the pole at v = 0. Consequently,
the PEP can be evaluated —with arbitrarily high accuracy as n ! 1 — through numerical
integration of (5.46) using a Gauss—Chebyshev quadrature rule [BCTV98, HF92]
Y I —
PEP S! S - Refd® (ck+jo)g «Imfd (c +jog (5.50)

k=1
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with
ok oy
« =tan (T : (5.51)

Alternatively, the PEP can be computed based on (5.48) using the standard formula (cf.
e.g. [BV01)])

P ~ .
Res ®(v) _ lim 1 ditt o (v)(v jv)

5.52
vy oV vojvy T() dvti—t v 552

(r(y) éﬁ({‘]’xy_le‘X dx fory2 Rand I'(y) =(y 1)!fory 2 N: Gamma function) to compute
the residue corresponding to a pole jv;' of multiplicity |;. As this may be quite di Ccult to
evaluate if a pole jv;' has multiplicity I; > 1, Siwamogsatham et al. [SFG02] proposed a simple
yet very accurate approximation technique, where di [erent small constants are added to jv;" to
disperse the multiple pole into a small cloud of distinct single poles and the individual residues
are evaluated using (5.52) with I; = 1.

5.4.1.2 CDD and DFDD
Due to the close relation between CDD, DFDD and MSDD, the expressions derived above for
the PEPs of MSDD extend to CDD (N = 2) and DFDD as well.

5.4.1.3 (Di erentially) Coherent Detection

The PEPs for coherent detection can be derived in complete analogy to the case of MSDD and
a detailed derivation is therefore omitted. Based on a vectorization of the channel model as in
(5.30) the dilerkence between the metrics of the true transmit signal S[k] and an estimate §[k]
reads [cf. (2.56)]

Deoh=2"(Ing Fon)Z (5.53)
with
] 1
_ f H[k
; L veetHIKlg (5.54)
vecf R[Kk]g
L] | SO
Ony: S[k] Sk
Feon = 7N St (5.55)

Skl Skl Onyine

One can see that Ao is again a Hermitian quadratic form in zero-mean complex Gaussian
random variables z whose autocorrelation matrix can be found as

L1 1
2218 = E 77" j SIK] d5'56)
] ] T
HH HH II—_N.F S [k] .
(Ine SKD me (ng SKD me Inge STK + 2Inong
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where [cf. (4.13)]
HH = Rx TX; (557)

with ™ and ¥ [cf. (4.9) and (4.10)] describing spatial correlation at transmitter and re-
ceiver, respectively. Therefore, the characteristic function of Ay, reads

L] : [
@ coh(v) = det INTNR 1\Y ZZ|SFCOh (558)
Nt -

= 1 jv
j=1

zzjs Fcohi] : (5 . 59)
and the PEPs can be computed using one of the methods described in Section 5.4.1.1.

Note that the individual PEPs of coherent and dilerkntially coherent detection are the
same. The dilerknce in average SER is caused by error propagation in diLerkntially coherent
detection, which is accounted for in the SER approximation, cf. Section 5.4.4.

5.4.2 Pairwise Error Probabilities Based on the QSFC Model

The PEP analysis presented in Section 5.4.1 is valid for arbitrary MIMO fading channel scenar-
i0s, i.e. regardless of the fading bandwidth and in the presence of spatial correlation. However,
it does not permit much theoretical and intuitive insight regarding issues such as diversity order,
possible error floors at high SNR or comparisons between the di Lerent detection schemes.

In order to gain such insights, we present a novel approach to evaluate the PEPs based on
the QSFC, which is a valid model for arbitrary DSTM with slow to moderately fast fading and
with (di-)cyclic DSTM for fast fading as well (cf. discussion in Section 5.2.2). In particular, we
consider the interesting special case of a MIMO channel without spatial correlation, i.e.

Tx — INT and Rx = INR: (560)

As basis for our considerations serves a generalization of a classical result from [Pro00,
Appendix B] for sums of Gaussian quadratic forms to the case, where the individual terms in
the sums are multiplied by non{identical weights. This is presented in Appendix 5.B.

5.4.2.1 Exact PEP of Various Detection Algorithms

54.2.1.1 (DF{)MSDD As mentioned at the beginning of Section 5.4, we are only inter-
ested in the dominant error events, which correspond to single-transmit symbol errors, i.e. to
candidates S B OfAt% form of (5.29). The dilerknce A, between the ML-MSDD metrics
of such a candidate S I;| with an error in position n and the true transmit signal S can be
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derived from (5.41) using a number of rather straightforward manipulations as

S B b NIL= T Iy s [
A, = d Sl d; S (5.61)
L1 1
N 1T O OF 1 1
=2 Re ;I [F nli M [En I (5.62)
i=1 j=1 =1; En
where m;; are the elements of M [cf. (5.25)],
1.
Fo SR IR, (5.63)
CI1C .
E. = 'Q |;|[msnsHR (5.64)

(A . L1 _ ) .
and where ; I;1 and unitary Q I;| are obtained from the eigenvalue decomposition

0 s L rhEh
(VOBHV®O 1 =QTidiag 1Ll ne BT Q |;|m;!5 (5.65)
=01 ) . L
Then PEP S! S , which will be briefly denoted as PEP,, is given by
PEP, = Pr(A, 0): (5.66)
Identifying
1
Xij = My, [En; ]Ilj:l (5.67)
=1; En
Vi = IFalj’ (5.68)

L1
it can be shown (cf. Appendix 5.A.2) that fx;;;y;; g are —regardless of Q I;|1 — iid pairs
of correlated zero-mean complex Gaussian random variables with variances and covariance
[cf. (5.325)]

P = Mpamea A+ 2 1] (5.69)
3 = 1+ r% (5.70)
w = 1 mpa(1+ 2): (5.71)
. L] .
Further, let N Nt denote the number of di [erknt values [;1 , 1 N+, and 'et]e‘f:aﬂ%
li, 1 i N , be defined as these dilerent values and as the numbers of eigenvalues I;1 ,
1 N1, that lead to the same value of j©;j, respectively. Then, we can see that (5.62) is

of the form of the general quadratic form (5.324). Thus, using the results of Appendix 5.B the

5We note that the related literature usually considers the singular value decomposition of (V (0)HV (O
cf. e.g._[SHHSOl, HSO00]. quever, for ogr purpose tr|1:eI eigenuva decomplglsli'c:i(l)rt(I)Tc VADVAU IN-T is more
convenient and leads to a diagonal matrix Q I;{ ~ (VO)HV (D 1y, Q T, since (v M)HV (O is unitary
[HJ85].
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exact pairwise error probability PEP, can be computed in closed form and without eigenvalue
decompositions of large matrices via [cf. (5.326)]

! ) 1 1 !
) o aC M EN i I ) NG | S Y R B ) S
Pr(A<0) = (1) isi Dl o
i=1 k1,0=0 k1,1=0 k1,Ng=0 k2,1=0 k2,i 1=0 k2,j+1=0 kzlﬁ) 1=0
I‘I_lel,i 1_k1,i_1I§li @kl,j 1—k1,j—1D:f|11fk2,j 1 k2i Ty vy, )
k1,0 li—1 Li lj—1 lj—1 Lj V2 .
2,| - - — - - - — - _ _ _ ]
(Vi v )1 2 7an (Vg vy )t 2T (Vg Vg )l ke

(5.72)

J&i
with
11 1 1
4
o= = 1+ — 5.73
V1|2,I 2 J@|J2 N ( )
L
(W (5.74)
xy 1 xl
where the *“ ” and “+” of “ ” in (5.73) correspond to vy, and vy, respectively. Interestingly,

(5.73)—(5.74) reveal that PEP,, depends on the statistical properties of the channel only through
the diagonal element m,., of the inverse autocorrelation matrix M of the fading—plus—noise
process and the noise variance.®

Special Case DPSK: For DPSK (5.72) can be considerably simplified. Assuming the
general DPSK case with N receive antennas, only one residue corresponding to a pole of
order Nr needs to be computed, i.e. N =1 and |; = Ng, and (5.72) reduces to

[ — D:*QN — L1
PEP, = 2171 — 1 [rn i i o o e 1
n 2 4 Ng 1 2K 1+ 4 7
VOO k=0 MOEWOTEI

(5.75)

where v and v(D represent the true and the estimated data PSK symbol, respectively. For
Nr = 1 (5.75) is a closed—form solution for [HF92, Eq. (9)] for the dominant error event. For
Nr 1 (5.75) is a generalization of the results in [SA98, SA01, KHRO05] which are limited to
static fading.

5.4.2.1.2 CDD and DFDD The analytical performance evaluation of DFDD is usually
performed by considering “genie—aided” DFDD, i.e. under the assumption that previous de-
cisions that are fed back into the metric (2.53) are always correct, and accounting for error

(| )
SNote, that this derivation also extends to arbitrary matrices M 6 Uy 21y , i.e. to the case of

mismatched receivers. In this case, however the resulting anaizal expressions for 2, 3 and .y and thereby

for the PEPs are less insightful.
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propagation occurring typically with “real-world” DFDD by multiplying the resulting error
rates with a factor of two, cf. e.g. [SGH99, SL02].

Consequently, the error—rate analysis of DFDD can be performed using the above results
for MSDD, i.e. the PEP for an error event (V ) 1V 0) of genie—aided DFDD s given by

] 1]

PEP V()1 VvV =PEPy; (5.76)
which allows us to calculate the PEP of DFDD for general unitary DSTM, whereas the results
in [SLO2, DBO06] are limited to cyclic DSTM.

Due to the close relation between MSDD, DFDD and CDD, the PEP for CDD can be
computed by setting N = 2 in (5.76).

5.4.2.1.3 (Dierentially) Coherent Detection In analogy to the MSDD case, it is
straightforward to show that the metric di Cerence corresponding to an errorevent VO 1 v ®
can be written as

NAeon=22 Re 1l Xig Vi (5.77)
i=1 j=1

with x;; and y;; as elements in the ith row and j th column of

x & QLT "H (5.78)
v Sl o, (5.79)

L]
respectively, and Q ;1 as defined in (5.65). It can be shown in %&I%y to the proof given in
Appendix 5.A.2 for MSDD that fXx;; ;y;; g are —regardless of Q I;1 — iid pairs of correlated
zero—mean complex Gaussian random variables with [cf. (5.325)]

1
n
2 = 141 5.81
1

Consequently, the PEPs of (diLerentially) coherent detection can be computed in closed form
using (5.72) with
a1 L1

_1 43
Vi2;i = E 1+ J@,JZ 1 (583)

and ©; as defined in Section 5.4.2.1.1.
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5.4.2.1.4 Comparison A comparison of (5.73) and (5.83) reveals that the vyp, 1 ]

N , for noncoherent, i.e. MSDD, DFDD and CDD, and coherent detection are formally very
similar. As the expressions to compute the PEPs from the vy are identical for the dilerent
detection schemes, it is reasonable to regard |, of (5.74) as a sort of e ective SNR (ESNR)
for position n, 1 n N, of the MSDD observation window and p at the same time as
the ESNR for DFDD which is to be compared to the true SNR 1= 2 relevant for coherent
detection with perfect CSI. We can therefore consider the PEPs for the dilerent detection
schemes simultaneously using the general e [edtive SNR , defined as

L1
%: M1+ 2 1, 1 n N; MSDD

e T =M@+ 3 L DFDD, CDD (5.84)
% 2; coherent detection

and
LT 1 1
1 4
p= = 1+ - .
V1)2; 5 o . (5.85)

This holds for transmission over spatially uncorrelated MIMO channels using arbitrary DSTM
constellations when the assumption of quasi-static fading is justified and for cyclic DSTM
constellations under any flat—fading conditions. Similar ESNR approaches have been pursued
previously in [PS03, DBO06]. In particular, the ESNR ¢ for the special case of N = 2, i.e. CDD,
can be shown to equal = ([ T2+ 2)> ([ '112)?, with ' as defined in (5.26),
which is the same as the ESNR derived in [DB06, Eq. (33)]. Furthermore, extending upon
[PSO3] Du et al. presented in [DB06] expressions for the ESNR of DFDD that are equivalent
to those derived here. Hence, our definition of the ESNR for arbitrary positions in the MSDD
observation window can be viewed as a generalization of the ESNRs of [PS03, DB06].

5.4.2.1.5 Performance for Very Slow Fading In the limit of very slow fading, i.e. when

the channel remains practically constant during the transmission of N consecutive DSTM

symbols, the inverse fading—plus—noise autocorrelation matrix converges to M = (Iy (N +

2)~11yn )= 2. Thus, the m,,, can be given in closed form as
N+ 2 1

n
mn;n -

i.e. the loss in SNR of MSDD and DFDD compared to dilerentially coherent detection with
perfect CSlI is [cf. (5.84)]

= (5.87)
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and we obtain the well-known result that for static fading the performance of MSDD and
DFDD in the limit of N I 1 converges to that of dilerkntially coherent detection with
perfect CSlI, cf. [DS90, Edb92, SL02] for PSK with MSDD, PSK with DFDD and DSTM with
DFDD, respectively.

5.4.2.2 Asymptotic Performance for Very High SNR ( 21 0)

In this section, we consider the performance of the dilerknt detection schemes in the limit of
infinite SNR. We assume for the moment that 2! O implies . ! 1 for any detection
scheme and come back with detailed comments on this in Section 5.4.2.2.1.
In Appendix 5.A.3 we prove that the asymptotic behavior of the pairwise error probability
PEP for arbitrary DSTM constellations is in the limit of [ 2; o ]! [0;1 ] given by
I%TNR—N:I
PEP  NTMRpE YRR [ . ]! [0;1] (5.88)

e — - . ’
|:1J i |1| JZNR

~

with ¢ as defined in (56.84) (f (xX) g(x); x ! X: “asymptotic equality” in the sense that

. f . .
lim, . 563 = Land limy_x & () = lim, _.x <£9(x)).

5.4.2.2.1 (DF{)MSDD, DFDD, CDD

Validity of . !'1 : Eq. (5.88) is based on the assumption that 2! 0 implies that

e = n!1 . Therefore, a discussion of the behavior of . in dependence of 2 is in order

at this point. Here, we want to distinguish two di [erknt regions: We are interested in (i) how
e behaves in dependence of 2 as the latter decreases, and (ii) the limiting case of 2 = 0.

To this end, let us consider the matrix M = ( '+ 2l1y)~!. Based on the eigenvalue

decomposition '=U ¢ «U" we can express M as
1 L 1
M = U -diag SR U (5.89)

2
t1 n tN n

Recalling the notation that the eigenvalues  «; are returned in order of decreasing magni-

tude, M depends predominantly on 2 and the smallest eigenvalue «, of ' and can be
approximated coarsely via’
1 ] O]
M ———U dy [Udy (5.90)
tn tog

From this we can see that M and by (5.84) the eledtive SNR . grow roughly linearly with
the SNR ;2aslongas 2> «y. On the other hand, if 2 < <\ it becomes irrelevant
and M converges to ( ')™! the magnitude of its elements depending mainly on the smallest

"The behavior of the eigenvalues of a correlation matrix willbe discussed in detail in Section 5.5.2.
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eigenvalue  «\ of the fading correlation matrix '. In the latter case, the ESNR approaches
[cf. (5.84)]

th g
w=1im o = — 1: (5.91)

2.0 n;n
Ecj)lgllﬁi%l fading bandwidths (i.e. Bn.e T 0:1) ' is rather ill conditioned and . =
t o 1 1 holds even for small observation window sizes N. Thus, the PEP, are
very well approximated by (5.88). This will also be confirmed in Section 5.4.5 by comparing

this asymptotic result with the exact result of Section 5.4.2.1 by means of numerical examples.

Error Floor for Bpe T > 0: From (5.88) and (5.91) it isli:rlnnﬂ:eijiately clear that MSDD
t

entails an error floor, which for growing diagonal elements of
proximated by

is increasingly well ap-

CEh o B dowea
¢ 1 e At W T (5.92)
nin N LT 2R

lim PEP,
2.0

Interestingly, we prove in Appendix 5.A.4 for band-limited PSDs (i.e. W'(f) =0, Bhe <
ifi 1=(2T)), that are bounded in the sense that maxo<s<g, . fW'(f )Bhe Tg < 1, the
asymptotic relation

]
eh O

n;n

¢ Bpe T)2N™D; Bpe T! O (5.93)

where c is a constant which depends on the particular shape of the PSD. Although Clarke’s
fading spectrum (4.22) is not bounded in the above sense, (5.93) holds in this case as well,
cf. Appendix 5.A.4. For standard fading models with PSDs that are not band-limited, such as
the “Gaussian”, “First=" and “Second-order Butterworth” PSDs, cf. Table 4.1, the “width” of
the PSD scales eledtively linearly in By T. Consequently, the same kind of behavior as for
band-limited PSDs can be expected for small By.e T.
Since the above result also applies to DFDD for n = N, we infer that for B,.. T 1 and
2 = (0 the ESNRs of DFDD and MSDD decrease exponentially with N, whereas the PEP
and SER error floors decrease exponentially with NNt Ng [cf. (5.88)]. This is a new result
and explains the observations made in many papers based on simulation or numerical results,
cf. e.g. [HF92, SGH99, SL02, LLKO04], that increasing N rapidly reduces the error floor of
DFDD and MSDD. Again, all of these results apply equally to the error-rate analysis of CDD
with N = 2.

5.4.2.2.2 (Dierentially) Coherent Detection For the sake of completeness, we point
out that the asymptotic PEP of coherent detection can be obtained by letting o = 1= 2 in
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(5.88), i.e.
I%TNR—:LI:I
PEP ( OV TNRe VB 21 O (5.94)

T LN

a result that has been derived previously in an alternative fashion in [BV01, SFGO02].

We also note that —due to (5.84)— the height of the MSDD PEIEler&(I)r rooIr:ils equal to the
PEP of coherent detection (cf. Section 5.4.1.3) with 2 = 1= t ., 1 even for small
ESNRs, i.e. where the approximation (5.92) is inaccurate. |

5.4.2.2.3 Special Case and DSTM Design

Cyclic DSTM: It can be seen from (5.88) that for cyclic DSTM the PEP of any of the
considered detection schemes associated with some error event (V () 1V (0) is asymptotically
equal to the product of the Ny corresponding PSK-PEPs of error events (v ! v,(P) 1 i
N1, taken to the power of Nr and multiplied by a correction factor *7\*™* " NNg. This
reflects the intuitively reasonable result that a cyclic DSTM constellation achieves maximal
diversity if and only if the same PSK symbol is not transmitted from the same antenna in any

two di[erent DSTM symbols.

DSTM Design:  From (5.88) one can also see that the PEPs of the I%?minant single—

symbol error events depend on V () and onlylt:rllrough thejterm ii[ j i T;Tj. The closely
related “diversity product” 2 min,_. .o, ;) i ;1 j©NT  constitutes the primary optimiza-

tion criterion in the design of (full-rank) DSTM codes assuming CDD or coherent detection, cf.
[SHHSO01, HS00]. Thus, our analysis clearly shows that DSTM codes designed to yield optimal
performance under CDD and coherent detection are also optimal under MSDD and DFDD. A
common assumption that —to our knowledge— has not been proven before.

5.4.2.3 Asymptotic Performance for NI1

The above description of the PEPs furthermore facilitates an elegant analysis of the asymptotic
performance of MSDD and DFDD for arbitrary DSTM constellations and fading channels and
for N 11 . We note that for N ! 1  *“edge eledts” in MSDD, i.e. the increase in error
probabilities in positions near the edges of the observation window mentioned in Section 2.4.2.1,
are negligible and

g
lim = PEP, = lim PEP -y (5.95)

N - oo
n=1

A similar statement is true for the ESNR. Hence, we will in the following consider PEP y=»
and PEPy as measure of asymptotic performance of MSDD and DFDD, respectively.



CHAPTER 5. MSDD FOR FREQUENCY{NONSELECTIVE CHANNELS 97

Due to the relation between MSDD and linear interpolation (cf. Section 2.4.2.1) we can
make use of the results of [PK88] on infinite—order interpolation. Consequently, M =2rm=201
converges to

|j1I:(2T) 1

lIiMm Mpyeorme=2r =T ————df; 5.96
I Mz T G+ 2 ©9)

where Wi(f) [cf. (5.27)] denotes the PSD of the eledtive fading process. Provided that the
fading PSD is band-limited, i.e. W'(f) =0, for By < jfj 1=(2T), we directly obtain

Y
e 1 1 2Bnhe T
=T — df + —— = 5.97
Ly () * 2 2 (5.97)

Similarly, it was shown in the analysis of DFDD in [SGH99] using the results of [PK88] for
infinite—order prediction that

1 1
Ciler) ]
lim myy =exp T log W'(f)+ 2 df ; (5.98)
N -0 —1=(2T)
and for PSDs with W'(f ) =0, for By < jfj 1=(2T),
— 0. O R e | e FS
=exp T log W'(f)+ 2 df — ; (5.99)
—Bh,er n

5.4.2.3.1 Very HighSNR (2! 0)

W) =0, for Bhe | fj 1=2T) with Bpe < 1=(2T): Assuming a general band-
limited PSD with Bp.e < 1=(2T) we obtain from (5.84), (5.97), and (5.99) the asymptotic
ESNR

. 1 2By T
MSDD: NI|m M2 e . 2y (5.100)

2
i PP 21 o

n

DFDD: lim N Xpsp

N - oo

(5.101)

where Xpsp is a constant factor that depends on the PSD, e.g. Xpsp = (2 B he T=e) 2Bnerh
(cf. [SGH99)) for Clarke’s fading model or Xpsp = (2Bh.e T) 2Bnet™ for the rectangular PSD.

While (5.101) is known from [SGH99], the MSDD result (5.100) is new and shows that,
similar to DFDD, MSDD does not —in the limit of N ! 1 — sulerd from an irreducible
error floor if the PSD W!(f ) of the e [edtive fading process is zero over a non-countable set of
frequencies. Thus, if the sampling theorem of the e [edtive fading process is over—fulfilled an
error floor can always be avoided regardless of the particular shape of the PSD.
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W) & o0 for 0 jfj 1=2T): If, on the other hand, W'(f) & 0, for 0 | fj
1=(2T), e.g. if the fading process has a “Gaussian”, “1st-order Butterworth” or “2nd-order
Butterworth” PSD (cf. Table 4.1), we directly obtain from (5.84), (5.96) and (5.98) that

. H — D I:It
MSDD:  lim o= T WH(f ) b (5.102)
N -o0; 2.0 —1=(2T)
_ Lleny o o
DFDD: lim Nn=exp T log W'(f) df (5.103)
N -o0; 2.0 —1=(2T)

From this it can be inferred that if W'(f )& 0, for 0 j fj 1=(2T), an error floor is inevitable
with MSDD and DFDD unless (W!(f )" and log (W' (f )) are not integrable, respectively.

Discussion:  In summary, we can conclude that for integrable (W!(f ))_1 and log(W'(f))
the circumstances under which there is an irreducible error floor for MSDD are the same as for
DFDD, cf. (5.99) or [SGH99, Section VI-A]. However, the height of the error floor of MSDD
may be lower by several orders of magnitude than that of DFDD.

Provided that W'(f ) = 0 over a non—countable set of frequencies, e.g. if the sampling theorem
for the fading process is over—fulfilled, we obtain the following asymptotic expressions for the
PEPs of MSDD, DFDD and coherent detection by plugging . = 1= 2, (5.100), and (5.101)
into (5.88), respectively,

coherent: PEP V() 1 v == .'_NTP:._.ﬁIADZN S B (5.104)
i=2 )i LTJTR
%NTNNF%_lD L1 [V v
MSDD: lim PEP - e s M | n . 21 0; (5.105
N = oo N=2[1 I_:\':I_i i |,| jZNR 1 ZBh;e T n ( )
I%-rNR—ll:I
DFDD, CDD:  lim PEPy 51 !NT]EIA_DZN xPSDE,%QLZB“’@)NTNR; 21 0; (5.106)
Ny i:]_J i ’ J R

where Xpsp is a constant factor that depends on the PSD, €.9. Xpsp = (2 B p.e T=£) 2BhertNTNR
(cf. [SGH99]) for Clarke’s fading model or Xpsp = (2Bh.e T) 2Bner™NTNr for the rectangular
PSD.

Based on (5.104)—(5.106) one can now easily compare the asymptotic performance of MSDD
and DFDD to that of coherent detection with perfect CSI. Apparently, MSDD with infinite
observation window length only su [ers from a loss in SNR by a factor of (1 2Bj.e T), whereas
the performance of DFDD is —as noted previously in [DB06]— more severely degraded due to
a loss in diversity by a factor of (1 2Bp.e T), i.e. the error rate of DFDD when plotted over
the SNR ultimately diverges from those of coherent and MSD detection.

8E.g.the PSD L(f)=( +1)T(2jfjT) forjfj 1=2T) and zero otherwise with 1 [PK88] would lead
to an error oor for DFDD but not for MSDD, since log( !(f)) is integrable, whereas ( '(f)) s not.
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5.4.2.3.2 Clarke's Fading Model In this section, we evaluate (5.97) and (5.99) for finite
2 for the popular special case of Clarke’s fading model, cf. (4.22). In particular, after tedious

but straightforward integration we obtain for MSDD
1 1 (|

_ 1 1 1 2arcsin(Bhe T 2)
lim m- o= — 1+ — I ] ' : 5.107
N L oo [N=2GIN=27— r2] r2] 1 (B e T r2])2 ( )
and for DFDD
Nllm MnN = (5108)
| e A O ] _ 1 1
1 h.e 1 Bre T 221 2arcsin(Bpe T 2 1
o (2 B hee T)ZBh'e'iF'eXp ( h;e n) ; ( h;e n)
n n

Eqgs. (5.107) and (5.108) can be combined with (5.84) and (5.85), (5.72) to obtain closed—form
results for the ESNR and the PEP, respectively. We note that while limy _ . my.n Was also
considered in [SGH99, SL02, DBO06], (5.108) is a new result as numerical integration was used
in [SGH99, SL02, DBO06] to solve (5.99).

5.4.3 Pairwise Error Probabilities for CG{MSDD

In Section 3.2, we presented an MSDD algorithm based on combinatorial geometry, so—called
CG-MSDD, and showed that its complexity is exponential in the rank N of the temporal
correlation matrix ' of the fading channel. While this is promising, we note that especially
for small observation window lengths N and moderately fast fading the rank of ' is often close
to N. Hence, CG-MSDD is computationally ine [cieht in these cases. At the same time the
number N of dominant eigenvalues  «;, 1 i N |, is usually significantly smaller than the

t

rank N of '.° It therefore appears reasonable to approximate using only its N largest

eigenvalues, i.e. by means of the rank-N matrix
1 1
cGe — t [U t]:;i [U t]:;i (5109)
i=1
with [U ¢].; denoting the eigenvector of ' corresponding to the eigenvalue tj, and to let
CG-MSDD operate on this approximate & rather than the true
Section 3.2.2 with its rank-N approximation [cf. (3.137) with (3.135)]

. L.e. we replace Q. in

I:hl_ 1 I;I:I
~ e _
Qc éQD L] TIZ [U t]:;i [U t]:;i Iﬂg (5110)

i=1

9The behavior of the eigenvalues of a correlation matrix willbe discussed in detail in Section 5.5.2.
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Clearly, this brings about a metric mismatch, which we will subsequently refer to as rank
mismatch. In order to gain insight into its e [edt on performance, we consider the PEPs of CG-
MSDD under rank mismatch. It should be clear now that the situation at hand is in principle the
same as that of Section 5.4.1, where a metric mismatch was caused by the decoders assumption
of quasi-static fading. In both cases the decision metric is generally not matched optimally to
the fading process. Since furthermore the fading process and the received signal are apparently
the same in both cases, we can compute the PEPs of CG-MSDD as described in Section 5.4.1,

merely replacing M in (5.40) with [cf. (3.134) and (3.135)]

—1 - IzlI:I
—1 t;i
2 iyl ﬁ[u dy U oy — (5.111)
n i=1 ! n

5.4.4 Approximation of Symbol{Error Rate

An exact computation of the symbol—-error rates (SER) is usually not feasible due to the complex
structure of the decision regions. Thus, having derived expressions for the PEPs of various
detection schemes, we will in this section present approximations for the corresponding SERs,
that are based on truncated union bounds over the PEPs of the dominant error events and
therefore amenable to computationally very e [cieht evaluation. These approximations turn
out to be quite tight.

5.4.4.1 (S{MSDD and DF{MSDD

In Section 2.4.2.2 we argued based on the relationship between MSDD and linear MMSE
interpolation (cf. Section 2.4.2.1) that decisions in di Lerent positions of the observation window
should be unequally reliable. Therefore, we will first consider the SERs of the individual
positions of the observation window and present approximations for the average SERs of (S-
YMSDD and DF-MSDD later on.

In general the symbol-error rate SER,, for data symbols V ,, in position n of the observation
window can be upper bounded using the union bound averaged over all LN~ relevant transmit
sequences:

1 I | ] L[] 1]

=

PEP S! S ; (5.112)

SER,

[N-1
(Sl (§1V 8V n

where the LN~ S and the LN-1 L S with V., &V, are formed fromV andV ,1
N 1, respectively, as in (3.8).

Evaluation of (5.112) is computationally tractable only for small constellations and obser-
vation window sizes N. In order to obtain a simpler approximation for SER, we examine the
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PEP of (5.47) for the general case of the spatially correlated CFC more closely. Based on the
definition

P =3MSp. (5.113)

= - _ -
it is shown in Appendix 5.A.5 that the PEP S! S depends on S and S only through the
matrix
1 1 1 100111

— =

Te e P SHSp(M I\,)SESp (M Iy,) P ; (5.114)

with T, and M as defined in (5.37) and (5.25), respectively.

5.4.4.1.1 Group Constellations For L being a power of two, cyclic and dicyclic codes
fully represent full-rank unitary group constellations, cf. [Hug03]. In both cases P is a sparse
matrix with a single one in each row. Whereas P is constant and independent of Sp for cyclic
constellations, there are 2N~ di [erknt matrices P in case of dicyclic constellations accounting
for the two dilerkent types of matrices appearing in the dicyclic-DSTM signal constellation,
cf. Section 2.1.1.2. This means that the set of LN~ matrices S can be partitioned into Np
equivalence classes §',§ with respecttoP,1 k Np,where Np = 1and Np_= 2N~ for cyclic
and dicyclic constellations, respectively. Furthermore, since §B§D = diag I%D—Jfél; 210 SK Sy
with Srﬁ'én 2V,1 n N, for group constellations, the inner sum of (5.112) is independent
of which class representative S 2 §,k3 is chosen. Forming a set S of Np representatives one
for each of the Np dilerknt equivalence classes 5',(3, 1 k Np, we can thus limit the outer
summation to only Np LN71 terms (Np =1 or Np =2V 71),

To reduce the number of terms of the inner sum in (5.112), we propose to take only the
dominating instead of all LN~ L relevant error events into account. As motivated at the be-
ginning of Section 5.4.2, we consider single-transmit-symbol errors as dominating error events,
I.e. error events, where S dilers from S in only one DSTM symbol S, &S,. In particular,
we further restrict our attention to error events (§ ! §) that dominate the asymptotic perfor-
mance of MSDD for 2! 0. Using the results of Section 5.4.2.2 on the behavior of the PEPs
under spatially uncorrelated fading in very high SNR [cf. (5.88)] these are given by

- = “ 1] N -~
Sy = 'S= SH;::i;sH :SHsH g =VvoO vasn; 20, ; (5.115)

with

i

e Em E@ID
L, = T= argmin mEN (5.116)

MR L N} =1

W . - o bl
and ; I;1 as eigenvalues from the eigenvalue decomposition of V O 7V (O 1y, cf. (5.65).
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With this, and the observation that due to di [erential encoding a data—symbol error occurs
in position n if either the transmit-symbol in position n or in position n + 1 is detected
erroneously we can approximate SER,, by

1
1 C—H | g N ) B A%
SER, — —1 PEP S! S + PEP S! S 1 n 1;
" oss sy, 8184,
(5.117)

where the subscript | in the inner sums in governed by the choice of S as Ith element, 1 |
Np, of the set S.

Consequently, the SER of general S-MSDD (cf. Section 2.4.2.2), which returns decisions on
symbols V,,, (N NY=2c+1 n N d (N NOH=2e can be approximated via

I:I S
T = | I— | Y W I S | S %
SER - PEPS! S + PEPS! S (5.118)
P [SICS] _ N2No 1 Bigy, (SIS,

Similarly, we approximate the SER of DF-MSDD (cf. Section 2.4.4), which returns decisions
onsymbolsV,,N 1 5 n N 1 PF, using

1 A | . | N S B s | R
SERorusop 1~ B PFaT) F pep st § +  PEPS! &
PLU L [SISh=N-1- 5 &ir&, &,
(5.119)
i.e. under the assumption of perfect feedback.
5.4.4.1.2 Non{Group Constellations For non—-group constellations such as orthorgonal

and Cayley codes a simplification of (5.112) based on equivalence classes with respect to P is not
possible. Furthermore —contrary to the case of DSTM from group codes— it is not guaranteed
for non—-group DSTM codes that the combination H,, ':an 1:S01-1:Sq; Sn, Spi1:S n+1gWIth
She1=Sn-1,Sh=VIV, VO V0SS, =Spa,and V, =V O 2L [cf. (5.116)] is
admissible, i.e. that there is a V n—1 2 V such that Sn =V n—1Sn—1. Hence, the minimization
criterion in (5.116) is not necessarilyan appropriate indicator for the dominant error events
for every realization of S. However, we found from numerical evaluations that the SER of
non—%loup codes is approximated Hte accurately using (5.117) and (5.118) with L candldates
S = Iy (VO Iy, (v ()H; - | L, for which H,, is admissible, and with S from
the correspondmg set Sm, n N 1, as defined in (5.115) with (5.116).
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5.4.4.2 DFDD

For a fair comparison with the SER approximation of MSDD, we approximate the SER of
DFDD by forming a truncated union bound over the set §N;| [cf. (5.115)] of dominant error
events of DFDD with perfect feedback and averaging over V () 2 V. Contrary to DF-MSDD,
error propagation is more pronounced in DFDD and accounted for by a factor of two. l.e. we
consider [SL02]

o LI 11 [
S

SER = PEP S! S ; (5.120)
I=1 fury
where the PEPs are computed using the expressions for MSDD with
— 1
S = Sthisi i (visy_)" m; 1 1 L (5.121)
- ] -
S = SHst v (BSN_l)H@; 12 L; (5.122)

and L, as defined in (5.116). Furthermore, averaging with respect to V () 2 V can be omitted
for group DSTM codes.
5443 CDD

Due to the close relationship between CDD, MSDD and DFDD, the SER of CDD can be
approximated using

I N i | D
SER  © PEP S! S ; (5.123)
=1 oy
with the PEPs computed using the expressions for MSDD with

- |
S = st (l)sl)Hm; R T I (5.124)
- | ~ A
S = s?;(vtﬁsl)Hm; 12 L; (5.125)

and L, as defined in (5.116). Note that contrary to DFDD with N > 2 there is no error
propagation here. Again, averaging with respect to V () 2 V can be omitted for group DSTM
codes.

5.4.4.4 (Di erentially) Coherent Detection

For a fair comparison with the above SER approximations, we approximate the SER of (di Lert
entially) coherent detection via

x, 1 1] ]
SER T PEPVO 1 v (5.126)

1=1 Py
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with xe = 1 and xe = 2, for coherent and di Lerkntially coherent detection, respectively, L, as
defined in (5.116), and averaging with respect to V() 2 V can be omitted for group DSTM
codes.

5.45 Numerical Results

In this section, we complement our mathematical performance analysis using a number of illus-
trative numerical examples. At this, we concentrate on three major aspects. In Section 5.4.5.1
we compare ML MSDD with reference schemes such as conventional di [erkntial detection (CDD,
N = 2), decision—feedback di [erkntial detection (DFDD) and (di Lerkntially) coherent detection
with perfect channel state information (CSl), cf. Sections 2.4.1, 2.4.3 and 2.4.5, respectively. In
the second part presented in Section 5.4.5.2, we turn to investigating the impact of the di[erk
ent (suboptimal) implementations of MSDD, e.g. the e [edt of the use of the Fano-type metric
(cf. Section 3.1.2.3), the e [cieht symbol-search algorithms of Section 3.1.4, or rank mismatch
in CG-MSDD. The performance of the various MSDD implementations as a function of the
maximum admissible complexity per decoded symbol will follow in Section 5.5.3.

Unless explicitly stated otherwise, we present results obtained from the analytical expres-
sions derived above and only resort to simulations when analytical expressions are not available
or when the tightness of an approximation is to be illustrated. We refer to them as “analytical”
and “simulation” results, respectively. Also, unless explicitly stated otherwise, the results are
based on the frequently considered fading model due to Clarke [Cla68].

5451 ML MSDD

In this section, we consider the performance of ML MSDD when solved by means of some
optimal algorithm (e.g. MSDSD-FS) in comparison with the benchmark detection schemes.

Most of the results in this section will be presented in terms of the e[edtive normalized
fading bandwidth By T [cf. (5.28)] and eledtive SNR . [cf. (5.84)], because it allows for
general statements regardless of system parameters such as numbers of antennas, transmis-
sion rate or individual DSTM constellations. Furthermore, we illustrate the tightness of the
SER approximations given in Section 5.4.4 and present some results on the e[edts of spatial
correlation in the MIMO channel.

5.4.5.1.1 Spatially Uncorrelated Channel

ESNR vs. Position n for Dierent  N: Fig. 5.1 shows the eledtive SNR . = , in
the individual positions of the MSDD observation window for an e [edtive fading bandwidth
Bhe T = 0:1, an SNR of 10log,o( ?) = 40dB and dilerent values of N. For comparison,
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Figure 5.1: ESNR . vs. position n of observation window for di[erknt values of N, Bpe T =
0:1 and 10log,( ;2) = 40dB.

we included the true SNR 1= 2, i.e. the e[edtive SNR for coherent detection with perfect CSI
and an “average” eledtive SNR . of MSDD as dash—dotted and dashed lines, respectively.
Since&?:tlhe average transmit-symbol error rate of MSDD is given by the arithmetic mean
1=N ., PEP, of the error rates PEP, in the individual positions of the observation window
and (ii) the PEPs are asymptotically proportional to _“™N® [cf. (5.88)], it is easy to see that

e

1=N " PEP, is asymptotically proportional to —,"™"® with
1
T o= T TNTNR (5.127)

Therefore, we included ¢ with NtNr = 1 in the figure to reflect the average performance of
MSDD, noting that . decreases if Nt Ng increases.

First, it can be seen that the eledtive SNR in the center of the observation window is
higher than at the edges, as was to be expected based on the relationship between MSDD
and linear interpolation (cf. Section 2.4.2.1). More specifically, the individual e [edtive SNRs

n of MSDD are almost identical for 2 n N 1, but deteriorate significantly at the
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Figure 5.2: ESNR . vs. position n of observation window for N = 20, dilerent fading
bandwidths By T and SNRs.

very edges of the observation window, i.e. for n = 1 and n = N, with dilerknces of up to
10dB when comparing non—edge and edge positions. As the detection error rates are by (5.88)
asymptotically proportional to ;NTNR the performance of MSDD is dominated by the relatively
poor reliability of the decisions at the edges of the observation window. This is a strong
argument for the use of S-MSDD with N"= N 3, i.e. MSDD where the two decisions at the
very edges of the observation window are discarded. With respect to DF-MSDD, this suggests
to deploy DF-MSDD with some 5F 1and PF =1, such that BF decisions are returned

in positions N OF 1;:::;N 2 of the observation window, i.e. on Vy_;— =V [k 1,

DF
U 1|

Second, Fig. 5.1 illustrates how the performance of MSDD with growing observation window
size approaches that of coherent detection with perfect CSI, as the number N of samples, based
on which the implicit channel estimation is performed, increases.

Finally, one can observe that —even in this rapid e[edtive fading scenario— the use of
moderate observation window sizes su [ced to achieve close to optimal noncoherent detection
performance, as the loss in power e [ciehcy compared to the limiting case of N '1  is 1:3dB
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Figure 5.3: ESNR . vs. the SNR 1= 2 for Bn.e T = 0:001, dilerent values of N and n 2
fdN=2¢; N g.

and 0:7dB for N = 10 and N = 20 in center positions of the observation window, respectively.

ESNR vs. Position n for Dierent Bpe T: Fig. 5.2 shows the ESNR of the individual
positions n of the MSDD observation window for di [erent values of By T and 2 for N = 20.
For comparison, we included the true SNR (dash—dotted line). Note that the ESNR of DFDD
is equal to that of MSDD for n = N. One can clearly observe how —as By.e T increases— the
ESNR deteriorates significantly at the edges of the observation window compared to its center,
hinting at the large gains in power e [ciehcy achievable with MSDD compared to DFDD (cf. also
Fig. 5.11 for symbol error rates). For the non—edge positions2 n N 2 on the other hand
there is only a noteworthy loss in power e [ciehcy compared to coherent detection with perfect
CSI for normalized e [edtive fading bandwidths of the order of By.. T = 0:1. Hence, we will in
the following concentrate on comparing the ESNR for n = dN=2e and n = N associating them
with the performance of (S-)MSDD and DFDD, respectively.
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Figure 5.4: ESNR , vs. the SNR 1= 2 for By T = 0:1, dilerent values of N and n 2
fdN=2¢; N g.

ESNR vs. SNR:  Figs. 5.3 and 5.4 illustrate the loss in SNR of MSDD (n = dN=2¢, solid
lines) and DFDD (n = N, dashed lines) with dilerknt values of N for By T = 0:001 and
Bh.e T = 0:1, respectively.

In the case of By T = 0:001 even very small observation windows such as N = 3 are
su Lcieht for MSDD to achieve nearly optimum power e [ciehcy and full diversity, whereas
DFDD requires an observation window of size N = 10 to achieve the same performance and
the e[edtive SNR of CDD saturates at approximately 46 dB.

For Bh.e T = 0:1 on the other hand the ESNR of CDD saturates well below 10 dB and even
N = 4 leads to a saturation of ESNR in the considered SNR range for both MSDD and DFDD.
Still, MSDD significantly outperforms DFDD for any observation window length N > 2. One
can also clearly observe, how MSDD with N 10 practically provides full diversity, while
DFDD —even in the limit of N ' 1 — sulerk from a significant diversity loss and achieves a
maximum asymptotic slope of 1 2By T = 0:8 [cf. (5.106)].
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Figure 5.5: ESNR ¢ vs. the length N of the observation window for dilerent fading band-
widths Bh.e T and SNRs 1= 2, and n 2 fd N=2¢;Ng.

ESNR vs. Observation Window Length N: Fig. 5.5 shows the ESNR as a function
of the observation window length N for n 2 fd N=2e; N g, di Lerknt values of B,.e T and SNRs.

In this figure, one can observe the rapid convergence of the ESNR as N increases, and that
a significant gap even for large N remains only for DFDD in fast-fading environments, i.e. for
Bh.e T of the order of 0:1.

ESNR vs. Bpe T for 2=0: Figs. 5.6 and 5.7 show the e[edtive SNR . for 2=0as
a function of B T for n 2 fd N=2e; N g, di [erent values of N and Clarke’s and the Gaussian—
PSD fading models, respectively. We compare ML MSDD [(5.91), solid and dashed lines]
with the asymptotic result (5.262) for the suboptimal decoder whose coe [ciehts are computed
according to (5.253) (dash—dotted and dotted lines).

One can observe (i) that —as expected from our analysis in Section 5.4.2.2.1— the asymp-
totic slopes of the curves for both the optimal ML MSDD and the suboptimal (5.262) decoder
are 2(N 1) on the adopted double-logarithmic scale, (ii) that the curves for (5.262) are

asymptotic (for Bn.. T ! 0) lower bounds for the optimal curves, (iii) that positions around
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Figure 5.6: ESNR . vs. Bhe T for 2 =0, Clarke’s fading model, di[erknt values of N and
n 2 fd N=2¢;Ng.

the center of the observation window are also for 2 = 0 more reliably detected than those at
the edges, and (iv) that limy; 2j .jeci0) e ! 1  for By T < 0:5 regardless of n.

Furthermore, Fig. 5.7 for ML MSDD and the Gaussian—-PSD fading model supports our
conjecture made in Section 5.4.2.2.1 that even for fading models with PSDs that are not band-
limited the same kind of behavior, i.e. ¢ / (Bpe T)2N71, is obtained.

PEP vs. SNR for Finite  N: Fig. 5.8 compares the PEPs for one of the dominant error
events for n = dN=2e (solid lines), n = N (dashed lines), coherent detection (dash—dotted lines)
and the corresponding asymptotes according to (5.88) (dotted lines) for finite N. We adopted a
cyclic (B)DSTM [HS00, Table Ifwith Nt =3, R=1,Ngr =1,Bne T =0:1and N 2|:f|4;6; 10g.
The horizontal and vertical lines mark the asymptotic ESNRlim 2 .o ¢ = ( H—t o 1 and
the corresponding error floor (5.92) for N 2 f 3; 4g, respectively.

This numerical example nicely confirms our analytical findings in Section 5.4.2.2 regarding
the asymptotic performance of the detection schemes for 2! 0. In particular, one can observe
the accuracy of the approximation of the error floor in (5.92). Only for relatively high error
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Figure 5.7: ESNR  Vs. Bhe T for 2 =0, the Gaussian-PSD fading model, di [erent values
of N and n 2 fd N=2¢e; N g.

floors there is a small deviation, which is due to the fact that . is finite, while the asymptotic
result (5.92) was derived based on the assumption that 2! 0 implies o !1 . This figure
also shows that even for By.. T = 0:1 quite small values of N are su Lcieht to lower the error
floor below the PEP-region of interest.

PEP vs. SNR for N !'1 : Fig. 5.9 compares the PEPs for one of the dominant error
events for n = dN=2e (solid lines), n = N (dashed lines), coherent detection (dash-dotted
lines), and the corresponding asymptotes according to (5.88) (dotted lines) for various Bp.e T
andN 'l . Asexemplary parameters we chose cyclic (B)DSTM [HS00, Table I] with Nt = 5,
R =1, and Ng = 1.

Fig. 5.9 clearly shows that for large By.e T even in the limitof N 1 the PEP of DFDD
(n = N) is severely a [edted by the diversity loss of (1 2By.e T), whereas the SNR loss entailed
by MSDD (n = dN=2e) has a far less detrimental e [edt on the PEP.
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Figure 5.8: PEPs of dominant error event vs. SNR for cyclic (B)DSTM with Nt =3, R =1,
Nr =1,Bpe T=0:1, N 2f3;4,6;10g and n 2 f N=2; Ng. For comparison: coherent detection
with perfect CSI and asymptotes for 2! 0. Horizontal lines: approximation of error floor
according to (5.92).

5.4.5.1.2 Symbol{Error Rate Approximation Having presented numerous results on
the various detection schemes using the general framework of the e [edtive SNR, we will in the
following illustrate the tightness of the symbol-error rate (SER) approximations of Section 5.4.4
using a few numerical examples.

Required SNR for SER = 10° vs. Position n for Dierent N: Fig. 5.10 shows
the SNR required by ML MSDD to achieve, respectively, SER, = 107> (solid lines) and an
average error rate SER = &; "SER, = 107 (dashed lines) as function of the position
n,1 n N 1, for dilerent window sizes N. As an example, we consider cyclic (B)DSTM
with R =1, Nt = 3, Ng = 1. Also included is the SER for di[erentially coherent detection
assuming perfect CSI (dash—dotted line).

First, we observe a good agreement between the SER approximation from (5.117) and the

simulated SER. Second, it can be seen that the individual error rates SER,, are almost identical
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Figure 5.9: PEPs of dominant error event vs. SNR for cyclic (B)DSTM with Nt =5, R =1,
Nr =1for N!1 . For comparison: coherent detection with perfect CSI and asymptotes for
2 0
s 0.

for symbolsV,and2 n N 2, but significantly deteriorate for symbols V , at the edges
of the observation window, i.e. n =1and n =N 1. More specifically, there are diLerknces of
5 8dB in power e [ciehcy when comparing non—-edge and edge positions. This complies with
the observations made when considering a similar plot in terms of ESNR in Fig. 5.1.

Required SNR for SER = 107° vs. By T, Cyclic (B)DSTM: Fig. 5.11 compares the
various detectors in terms of the SNR required to achieve SER = 107° as function of By T
for cyclic (B)DSTM with R = 1, Nt = 3, Ng = 1. For MSDD and DFDD an observation
window length of N = 10 was used. Both analytical results according to Section 5.4.4 (lines)
and simulation results (markers) are plotted. As reference curves, the SNR for MSDD and a
very-slow-fading model (By.e T ! 0) and for (dilerkntially) coherent detection with perfect
CSI are shown, as well.

First, we note the good match of the SER approximation from Section 5.4.4 and the sim-
ulated SER. Only for decision—feedback MSDD (DF-MSDD) with 5F = PF =1 and subset
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Figure 5.10: Required 101log,,(Ep=No) to achieve SER = 10° for position n in observation
window of ML MSDD. Parameters: Cyclic (B)DSTM constellation, Nt =3, Nr =1, R = 1,

MSDD (S-MSDD) with N”= 7 there is a noteworthy deviation in fast-fading scenarios as
apparently decisions close to the edges of the observation window are somewhat less reliable
than predicted by SER approximation from Section 5.4.4, cf. also Fig. 5.10. In the case of
DF-MSDD this deviation is increased by the fact that we assume perfect feedback in our SER
approximation.

Second, we observe that CDD su [erk from a relatively high error floor already in moderately
fast fading with B.e T 0:018. While DFDD significantly improves power e [ciehcy compared
to CDD, it is still outperformed by MSDD by about 2 6 dB depending on the fading bandwidth.

Finally, it can be seen that DF-MSDD and S-MSDD significantly improve performance in
the fast—fading regime. Almost the entire gain in power e Lciehcy achievable with S-MSDD is
already accomplished with N ™= 7, which corresponds to a moderate complexity increase by a
factor of 1:29 compared to MSDD with N = 10.
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Figure 5.11: Comparison of various decoders, MSDD and DFDD with N = 10. Required
101log;o(E»=N,) to achieve SER = 107° vs. By.e T. Cyclic constellation with Nt = 3, Ng =1,
R = 1. Lines: analytical results, Markers: simulation results.

Required SNR for SER = 107° vs. B,T, Orthogonal DSTM: Cyclic DSTM as
considered above plays a special role for noncoherent detection, because the detector’s QSFC
assumption, i.e. the assumption of the channel being constant during the transmission of each
DSTM symbol, does not lead to a performance degradation even in fast-fading scenarios (cf.
Section 5.2.2 for more details). For non-diagonal DSTM constellations, such as orthogonal
DSTM constellation, this leads to a metric mismatch, which ultimately limits the performance
of detectors in high SNR regimes.

Fig. 5.12 shows the performance of DSTM with orthogonal DSTM with R = 1, Nt = 2,
Nr = 1 in terms of the SNR required to achieve SER = 107° vs. B,T. MSDD is compared
with DFDD and CDD. For MSDD and DFDD an observation window length of N = 10 was
used. Analytical results (see Section 5.4.4, lines) and simulation results (markers) are plotted.
In order to illustrate the degradation due to the discrepancy between the QSFC model as
assumed by the detectors and the CFC model, that serves as basis for our results, analytical
and simulation results for a channel that actually follows the QSFC model are also included as



CHAPTER 5. MSDD FOR FREQUENCY{NONSELECTIVE CHANNELS 116

40 ~ | , , ,
© CDD ! —— CFC model
o DFDD : - - - QSFC model |
MSDD | !
S-MSDD (N"=7) 3,' /
+ MSDD, static fading )
- coherent perf. CSI /
335 ' ! 1
z ¢
1N L7
) 2
S /lﬁ ’
(@) P /
2 - /
o - - 7/
—i 7/
1> oz
g 30 e |
=2 —_ = —~x
g |—————r R
- q
[ _____
[ e Rl =Rl e T 4
25 —
0.001 0.01 0.05

Figure 5.12: Comparison of various decoders, MSDD and DFDD with N = 10. Required
101log;o(Ep=Ny) to achieve SER = 107° vs. B,T. Orthogonal design with Nt = 2, Ng = 1,
and R = 1. CFC model (solid lines) and QSFC model (dashed lines). Lines: analytical results,
Markers: simulation results.

dashed lines in the figure.

First, we observe that SERs from the approximation in Section 5.4.4 and simulated SERs
closely match also for this non-group constellation. MSDD and DFDD can cope with much
faster fading than CDD. However, it can be seen that the performance of the detectors is limited
by channel variations during the transmission of one ST symbol, which are not accounted for
in the decision metrics, as the noncoherent detectors are based on the QSFC model. Clearly,
the impact of this metric mismatch on the reliability of decisions in the individual positions of
the observation window is the same. This explains, why the use of S-MSDD (or DF-MSDD,
not shown) does not lead to the expected significant gains in rapid fading scenarios.
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5.4.5.1.3 Spatially Correlated Channel To illustrate the impact of spatial correlation
in the MIMO channel [cf. (4.8) with (4.9) and (4.10)], we use the simple exponential correlation
model [CRTPO03]

i) = e DL (5.128)
) = e B (5.129)

where x™ and xJRX denote the position vectors of transmit antenna i and receive antenna j in
multiples of the carrier wavelength, respectively, and 2 R". In accordance with the commonly
acknowledged fact that spatial subchannels from two di[lerknt transmit antennas to the same
receive antenna or from one transmit antenna to two dilerknt receive antenna are practically
uncorrelated if the elements of the antenna arrays are separated by at least half of the carrier
wavelength (cf. e.g. [SFGKO00]), we choose the parameter of this model as = 0:8. While
other array geometries may at times be more appropriate, we restrict our attention to linear
equispacedantenna arrays.

Comparison of Receivers Aware / Unaware of Spatial Correlat ion: Fig. 5.13
compares the power e [ciehcy of the various detection algorithms for cyclic DSTM with Nt = 3,
R=1, = 1 and a |jnear equispaced transmit-antenna array with normalized interelement
spacing Efx xTx 0:01 such that ™[i;i +1] = 0:992, i 2 f 1;2g, i.e. in the presence of
strong spatial correlation in the MIMO channel. The normalized fading bandwidth is chosen as
BhT =0:03and N = 10. Fig. 5.13 shows analytical results for receivers that are unaware (solid
lines) and aware (dashed lines) of the spatial correlation.'® Simulation results for the receivers
that are unaware of the spatial correlation are depicted as dash—dotted lines. For comparison,
we also included analytical results for the SERs in the case of a spatially uncorrelated channel
(dotted lines).

First, Fig. 5.13 shows that our SER approximation of Section 5.4.4 is quite tight also in
the case of a spatially correlated MIMO channel. We further can observe that the performance
degradation due to the detectors’ ignorance of spatial correlation is particularly pronounced
for CDD, whereas for DFDD and MSDD only a moderate loss occurs. For S-MSDD (N "= 7)
and DF-MSDD (not shown) the receiver unaware of spatial correlation achieves practically the
same power e [ciehcy as the one taking spatial correlation into account, which means that the
ignorance of spatial correlation has a particularly strong impact on the reliability of decisions
at the very edges of the observation window. Note, that in the case of coherent detection with

10\Unaware of spatial correlation" means that the receivers assme that spatial correlation is not present. All
noncoherent detectors considered in this work belong to thiglass of algorithms. \Aware of spatial correlation"
means that the receivers take the spatial correlation into acount, i.e. use matrix coe cients C;; instead of
scalar coe cients ¢j as discussed in Section 5.3.1.
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Figur@.l& SER of the various detectors vs. SNR for linear equispaced transmit-antenna array
with ™ x[X 0:01, cyclic DSTM with Nt =3, R =1, Nk =1, N =10, B,T = 0:03.
Dotted lines with markers: simulation results for receivers unaware of spatial correlation.

perfect CSI the detector is naturally aware of spatial correlation. Hence, the dashed and the
solid lines coincide in this case.

Furthermore, a comparison with the results for a spatially uncorrelated channel (dotted
lines) reveals, that the strong spatial correlation hardly influences the asymptotic diversity
order achieved by the detection schemes. Instead it mainly causes a (significant) loss in SNR.

Finally, it is worth mentioning that BDSTM helps to avoid detrimental e [edts of spatial
correlation on the performance of the detectors, since di Lerent elements of a DSTM symbol are
transmitted in modulation interval that are usually separated by several modulation intervals.
Therefore, the temporal variations of the fading channel decorrelate the respective channel
coe Lciehts.

Required SNR vs. Interantenna Spacing: Fig. 5.14 shOWS@alytical results for the
SNR required to achieve SER = 107° vs. the interantenna spacing <™ x[X Lof a linear

equispaced transmit-antenna array of various numbers Nt of antennas. In particular, we
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Figure 5.14: Required SNR to achieve SER,, = 107 vs. interantenna spacing %ﬁx XX %or
cyclicDSTMwithR =1, Ng =1, N =10, B, T = 0:03 and linear equispaced transmit-antenna
array.

plotted the required SNR for center and edge positions of an MSDD observation window of
length N, when the receiver is unaware of the spatial correlation, for the example of cyclic
DSTM with R =1, Ng =1, B, T = 0:03.

One can observe that there is consistent improvement in the reliability of decisions in the
center of the observation window with increasing Nt for spatially dense transmit-antenna arrays
due to the increased diversity. Note, that this holds despite the fact that the e [edtive fading
bandwidth By.e T increases as Nt grows. Even for very dense arrays, when the interantenna
spacing is only 1% of the carrier wavelength, our model predicts significant gains in power
e Lciehcy, when using a larger number of transmit antennas.

Interestingly, matters at the edges of the observation window are fundamentally di[erknt
for spatially dense antenna arrays. Here, the spatial correlation seriously impairs the reliability
of the decoder output. Especially for large values of Nt the loss in power e [ciehcy of edge
positions (DFDD) compared to center position (S-MSDD and DF-MSDD) is tremendous.
Thus S-MSDD and DF-MSDD are contrary to DFDD or regular MSDD very robust against
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Figure 5.15: Required SNR to achieve SER,, = 107° vs. length %}X X %f linear equispaced
transmit-antenna array for cyclic DSTM with R =1, Ng =1, N =10, B,T = 0:03.

impairment due to spatial correlation in the MIMO channel.

Required SNR vs. Length of Antenna Array: Fig. 5.15 shows analytic@oresults for
the SNR required to achieve SER = 107° vs. the physical length "¢[*  x[*

equispaced transmit—antenna array of various numbers Nt of antennas. As in Fig. 5.14, we
plotted the required SNR for center and edge positions of an MSDD observation window of

f a linear

length N = 10, when the receiver is unaware of the spatial correlation, for the example of cyclic
DSTM with R =1, Ng =1, B, T = 0:03.

The diLerent options for the outer decoder, i.e. for the (usually) (N 1)-dimensional tree—
search decoding problem, are listed in Table 5.2.  This figure shows, that while matters in
center positions, i.e. for S-MSDD and DF-MSDD are not fundamentally dilerent from the
scenario considered in Fig. 5.14, the performance at edge positions, i.e. for DFDD and also
regular MSDD, deteriorates even more significantly. Here, antenna arrays of larger numbers of
antennaEre advant@eous only for physically relatively long antenna arrays. For small array

lengths 1¢]* x[,XT t would —for DFDD— even be better to use a single antenna only.
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Variants of MSDD
Name: Mnemonic: | Section:
Subset (MSDD) S 2.4.2.2
Decision—-feedback (MSDD) | DF 2.4.4

Table 5.1: Summary of variants of MSDD.

Outer MSDD decoders (Section 3.1.3)
Name: Mnemonic: Section:

Agrell-SpD MSDSD 3.1.3.1
Fano-algorithm | Fano-MSDD | 3.1.3.2

Table 5.2: Summary of outer decoders for MSDD.

Inner MSDD decoders (Section 3.1.4)

Name: Mnemonic: | Section: | Restrictions:
Full search FS 3.14 —
Lattice decoder LD 3.1.4.1.2 | only for (di-)cyclic DSTM

Bound intersect detect | BID 3.1.4.1.3 | only for (di-)cyclic DSTM

3.14.4

Linear approximation | LA only for Cayley Codes

Table 5.3: Summary of inner decoders for MSDD.

MSDD metrics (Section 3.1.2)
Name: Mnemonic: | Section:
Maximum-likelihood | ML 3.1.2.2
Fano-type FM 3.1.2.3

Table 5.4: Summary of metrics for tree-search MSDD.
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5.4.5.2 Implementation{Dependent Performance Analysis

In the following, we present some results based on our analysis and results obtained via Monte—
Carlo simulation to illustrate the dilerence between the performance of the various optimal
and suboptimal detection algorithms introduced in Chapters 2 and 3.

For the sake of clarity, let us briefly summarize the various options of implementation. The
variants of MSDD proposed in this work are listed in Table 5.1 along with their respective
mnemonics and the section where they were introduced. For inner decoding, i.e. for the search
for the (next-)best extension in the outer tree—search decoder, we consider the options sum-
marized in Table 5.3. Recall, that for the orthogonal DSTM MSDD can be cast into the form
of a single 2(N  1)-dimensional tree-search decoding problem with respect to PSK symbols,
which can therefore be solved as in the single antenna case, cf. [LSPWO05] or Section 3.1.4.1.1.
Finally, the possible metrics for the outer MSDD decoder are given in Table 5.4. Based on
Tables 5.1-5.4 individual implementations of MSDD are identified using the following code:

[Variant]{[Outer decoder]{[Inner decoder]{[Metric]

This way DF-MSDSD-LD-FM refers to an implementation of decision-feedback MSDD
using the Agrell-SpD as outer tree-search decoder, the lattice—-decoder-based symbol search
and the Fano-type metric. In the case of Fano—-MSDD the Fano-type metric is used always,
since —as discussed in Section 3.1.3.2— the combination with the ML metric would lead to a
computationally quite ine [cieht decoder.

As benchmark algorithms, we also consider CDD (N = 2) and DFDD and their LD-based
implementations proposed in [CSZ01] and [SL02], respectively. Unless specified otherwise, the
CFC model from Section 5.2.1 is applied for simulations.

Comparison of Inner Decoders: Fig. 5.16, exemplarily shows simulation results for the
performance with LD-based symbol search for cyclic (B)DSTM with Nt =3, R =1, Ng =1,
Bhe T = 0:09 and N = 10. A-SpD-based MSDD, i.e. MSDSD, its variants S-MSDSD and
DF-MSDSD ( JF = PF = 1), DFDD and CDD are considered, and suboptimal LD (dashed
lines) is compared with optimal FS or BID-based symbol search, i.e. ML MSDD, (solid lines).
It can be seen that the cosine—approximation applied in LD causes only small performance
degradations in the order of 0:2 0:3dB compared to BID or FS symbol search regardless of
the particular detector.

Comparison of MSDD Metrics: Fig. 5.17 compares the power e [ciehcy of MSDSD
and its variants S-MSDSD (N "= 7) and DF-MSDSD ( 5F = PF = 1) with Fano-type metric
(MSDSD-FM) to optimal MSDSD and Fano—-MSDD. As example, we consider cyclic (B)DSTM
with Nt =3, R=2, Ng =1 and N = 10. Since L = 64 in this scenario, FS inner decoding is
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Figure 5.16: Comparison of FS and LD-based inner decoding. SER vs. 10log,,(Ep=Ng) for
MSDSD with N = 10, S-MSDSD with N = 10 and N "= 7, DFDD, and CDD. Cyclic (B)DSTM
with Nt =3, Ngr =1, R =1and By T =0:09. Solid lines: FS, BID, Dashed lines: LD.

computationally complex and we consider LD-based symbol search in all cases. The respective
curves for CDD-LD and DFDD-LD are also included for comparison. MSDSD-LD-FM clearly
outperforms CDD-LD, which suler from a very high error floor in this relatively fast fading
scenario, and DFDD-LD. We further observe that the deployment of the suboptimal Fano-
type metric results in relatively small performance losses of about 0:5 1:0dB. Interestingly,
the performance loss due to the Fano-type metric is almost negligible for DF-MSDSD-LD,
which must be a result of the very low dimension (two) of the tree-search decoding problem
in this case. This way, DF-MSDSD-LD-FM achieves almost the same performance as S—
MSDSD-LD-FM. Also —as expected— MSDSD-LD-FM shows a very similar performance as
Fano-MSDD-LD.

Finally, a comparison between the results for MSDSD-LD and MSDSD-BID and the re-
spective lines in Fig. 5.16 reveals that the performance loss due to the cosine-approximation
in LD-based symbol search is even smaller for larger signal constellations. This is because
the di[erknce between PSK—components of the DSTM symbols that lie next to each other on
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Figure 5.17: Comparison of various decoders with N = 10 (CDD with N = 2) and LD-based
inner decoding. SER vs. 101log;,(E,=Ny) for cyclic (B)DSTM with Nt =3, Ng =1, R = 2,
and Bp.e T = 0:09.

the unit—circle and thereby the inaccuracy of the cosine—approximation are reduced for larger
constellations.

Error Floor of CG{MSDD with Rank Mismatch: Recall, that we suggested to use
a rank-reduced approximation of the (N N )-dimensional autocorrelation matrix ' of the
fading process based on its N largest eigenvalues, cf. Section 5.4.3. We referred to the resulting
metric mismatch as “rank mismatch”. In Fig. 5.18, we consider the performance of CG-MSDD
with rank mismatch. In particular, we are interested in the resulting error floor for this non—
ML-MSDD. For this purpose, the PEP obtained from evaluation of (5.47) for the dominant
error event, i.e. a single-transmit-symbol error at the edge of the observation window, and
210 is plotted as function of the normalized fading bandwidth B,T. Fading according to
Clarke’s (left subplot) and the Gaussian—-PSD (right subplot) model are assumed, cf. Table 4.1.
Exemplarily, we consider BPSK and observation window lengths N = 10 and N = 20.
We observe that the error floor is monotonically lowered with increasing N and especially
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Figure 5.18: Pairwise error probability of dominant error event vs. B, T for BPSK, very high
SNR ( 2! 0) and diletent values of N and N.

that reductions by orders of magnitude are achieved with relatively small values N N.
Clearly, the error floor increases with the fading bandwidth for fixed N as the rank mismatch
becomes more pronounced. It is also interesting to note that the error floor with N = 20 is
higher than that with N = 10, as the number of dominant eigenvalues of the corresponding
(N N)-dimensional autocorrelation matrix ' is lower in the latter case. Therefore, using a
smaller N may in the case of CG-MSDD be not only advantageous from a complexity point of
view, but also with respect to performance. Since the error floor with respect to BER follows
closely the error floor considering the dominant PEP, the PEP-based analysis may serve as
quick guideline for choosing an appropriate value for N given N, B, T, and the target error
rate for which near ML-MSDD performance is desired.

Performance of CG{MSDD with Rank Mismatch: Figs. 5.19 and 5.20 show for
N =10 and N = 20, respectively, the SERs from an approximation as in Section 5.4.4 (solid)
and simulations (dashed) vs. the SNR 10 log,,(E,=No) for CG-MSDD with rank mismatch and
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Figure 5.19: SER of CG-MSDD vs. SNR 101log,,(Ep=N,) for BPSK and Clarke’s fading model
with N = 10, and di Lerknt values of N and BhT. Solid lines: analytical results. Dotted lines
with markers: simulation results. For comparison: ML-MSDD.

for ML-MSDD. Contrary to the other MSDD detection schemes further error events besides the
single—transmit-symbol error events, which are mainly caused by AWGN, have to be taken into
account to get a reasonably tight approximation of the SER of CG-MSDD with rank mismatch.
The reason is that the rank-reduced approximation of ' corresponds to an underestimation
of the fading bandwidth. This in turn leads to an increased number of errors caused by rapid
channel variations. These error events, which correspond to single-data—symbol errors, are
therefore included in the SER approximation as well. Clarke’s fading model is considered, with
di Lerknt values of B, T. It can be seen that the performance of CG-MSDD with N <N is
very close to that of ML-MSDD until the error floor due to the rank approximation of *
kicks in. For example, to achieve ML-MSDD performance down to SER = 1074, N = [2; 4]
and N = [3; 4] are required for B,T = [0:001;0:03] and N = 10 and N = 20, respectively.
These results strongly motivate the application of CG-MSDD based on the rank-reduced fading
model, while keeping in mind that with CG-MSDD a larger N does not necessarily lead to
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Figure 5.20: SER of CG-MSDD vs. SNR 101log,,(Ep=N,) for BPSK and Clarke’s fading model
with N = 20, and di Lerknt values of N and BhT. Solid lines: analytical results. Dotted lines
with markers: simulation results. For comparison: ML-MSDD.

improved performance. We also observe that analytical and simulated SER results match quite
well, except for small values of N , where the rank mismatch causes a high error floor and
the analytical approximation overestimates the height of the error floor. This is because the
abovementioned single—data—symbol error events are due to their connection with the fading
process highly correlated. However, predictions for the N required to lower the error floor
below SER = 10~* from the PEP analysis (see Fig. 5.18) are quite accurate.
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5.5 Complexity Analysis

In the previous section, we analyzed the performance of the various detection schemes. We
showed that MSDD and its variants can achieve a power e [ciehcy very close to that of co-
herent detection with perfect channel state information, if the observation window length N is
chosen su [ciehtly large. Since the complexity of the brute—force approach to MSDD is expo-
nential in N, the question that remains to be answered is what the complexity of the alleged
computationally e [cieht implementations proposed in this work is.

As it is customary in the literature (cf. e.g. [HV02, JO05a, FFLO5, JZ99, Chapter 6]), we
consider the average number CP° of candidates examined per decoder use, i.e. in the case of
MSDD per block of (N 1) decoded data symbol V [K], as fundamental measure of decoder
complexity in the complexity analysis of the various detection algorithms. Note, that in the case
of tree—search decoding, this also includes all partial candidates §n = 8::;8E "1 n
N 1, examined in the process of tree-search decoding. The average number C¥™ of examined
candidates §n per decoded symbol, which is the relevant quantity when comparing algorithms
that return dilerent numbers of decisions per decoder use, is trivially derived from CP° by
division with the number of decisions returned per decoder use, i.e. (N 1) for MSDD, N for
S-MSDD and 5F  PF +1 for DF-MSDD. While other quantities such as the average number
of floating—point operations (flops) per decoded symbol may be more accurate in describing
decoder complexity, because the complexity of considering a candidate may vary from algorithm
to algorithm, the latter depends very much upon implementation raising questions such as “How
many flops are required to perform a certain algebraic computation?””, which are of no interest
at this point. On the other hand, CP"° as introduced here is uniquely specified by the properties
of the algorithms as described above and does not depend on programming skills or the like.
In case one is actually interested in e.g. the average number of flops one must merely weigh the
number of candidates with the number of flops required in the consideration of each candidate.

In this section, we first provide analytical expressions for the average complexity of MSDD
based on sphere decoding and combinatorial geometry in Sections 5.5.1 and 5.5.2, respectively.
These are then evaluated in Section 5.5.3 —augmented by simulation results where an analytical
evaluation appears to be intractable. We will reveal a number of interesting characteristics of
the complexity of the MSDD-based detection schemes, showing that a power e [ciehcy close to
that of coherent detection with perfect CSI is attainable at average and maximalomplexity
comparable to that of simple CDD.
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5.5.1 Tree{Search MSDD

In this section, we provide a complexity analysis of tree-search-based MSDD. In the case of
tree-search decoding, the average total complexity per decoder use is given by the sum
NEL__1
chlo = C°; (5.130)
n=1
where CP° denotes the average number of partial candidates §n consistingof =N n+1
DSTM symbols, 1 n N 1, that are examined by the tree-search decoder per block of
(N 1) decoded data symbols.

For reasons of analytical tractability, we consider the spatially uncorrelated QSFC model
and ML MSDD based on the Fincke—Pohst refinement of the SpD (cf. Page 26), referring to
it as FP-MSDSD and discuss implications of the following results on other tree-search—based
MSDD algorithms later.

FP-MSDSD examines all (partial) candidate sequences §n, 1 n N 1, that “lie inside
the sphere of radius ”, i.e. for which [cf. (3.20)]

d, S, = §Ezﬂl§i + X, % (5.131)
i=n
. (<]

holds. Cthrary to the Agr%—%)D the FP-SpD does not updated via :=d; S when a
sequence S is found with d; S (see also [HV02, JO05a]). It is therefore bound to using a
finite initial search radius , which has to be chosen as small as possible to minimize decoder
complexity, but at the same time su [ciehtly large, to guarantee that the ML estimate S is
found inside the sphere with high probability thereby avoiding frequent repetition of the search
with an increased search radius. Note that keeping the search radius xed is not a complexity—
optimal variant in practice, but it (i) renders a complexity analysis feasible and (ii) serves as
an upper bound for decoders which update the search radius during decoding.

Consequently, the quantity CP° denotes the average number of candidates §n, 1 n
N 1, that fulfill (5.131) for an appropriately chosen

In Section 5.5.1.1 we derive a lower bound for CP°, which shows that the complexity of FP—
MSDSD is exponential in the length of the observation window N regardless of the SNR and the
temporal channel correlation. In Section 5.5.1.2 we present expressions for exact computation
of CP°, In Section 5.5.1.3 we derive an analytical expression for the asymptotic complexity
of FP-MSDSD for the block—fading channel and group DSTM codes and motivate why these
results should also extend to non—-group DSTM codes.
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5.5.1.1 Lower Bound on Complexity

In [JO05a] a simple lower bound was given for the computational complexity of FP-SpD when
applied to coherent MIMO detection. In order to derive a corresponding bound for the decoding
problem at hand, we first recall that should be chosen according to

g
=(1+")Ed S =(@1+")NNtNg; " >0 (5.132)

with some arbitrarily small but positive constant " , to assure that —in the limitof N 'l —
the probability of finding S inside the sphere tends to one, whereas for (1 " )NNTNRg the
probability of finding S inside the sphere would eventually tend to zero as N grows, cf. (3.41)

and (3.42).
Let us introduce the search depth
|le:||:I L1 1 [ [
S =sup k2Z ®2[1;N 1];dy—x Sn-x ; (5.133)

It indicates the depth k up to which a particular pathlzslorreslji_londing to §N_k is pursued in the
decoding tree, i.e. the maximal depth k, where dy _EISN_T:I still holds.

Let us further introduce an indicator function I, Sy—¢ that equals one if dy—k Sn—«
and zero otherwise, i.e.

]

1 = ]

LT T 1 ifdy— Sy

lk Snek = _ =N ;1 kN1 (5.134)
0 ifdy—x Sn—k >

In analogy to [JO05a, Lemma 1] we can sum over all possible candidates using the indicator
function and write for the instantaneouscomplexity C"!, i.e. the total number of examined
candidates excluding the root for a particular received sequence

NETr ol L

chnst = I« Sn_x (5.135)
k=1 sp «
] Ea— | — 1 R
= LD Sy (5.136)
k=1

where the second line follows from the fact that due to the change 8§N_k 18 § each addend
of the second sum in (5.135) is accounted for LN %=1 times. Interchanging the sums we can
write
e .l
=L (N-D L¥Ie Snok (5.137)

g k=1
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with the definitions (5.133) and (5.134) for the search depth and indicator functions, respec-
tively,
[

=L (N-D Lk (5.138)
sl k=1

and with the definitions of the finite geometric series and expectation

L 11
L ~=F+1
=L~ (N7D - (5.139)
L 1
I:Is% 1
5t - 5.140
B L 1 ! (5.140)
where the expectation is taken with respect to S only.
Averaging C™t over all received sequences, i.e. over all S, H and N, we obtain
L1 [ 1
CbIO = L CInSt 5.141
:\:ﬁl"\' CACro— 1 (5.141)
— s 5
= Esgun L 1 1 (5.142)

for the average total number of examined candidates §n, 1 n N 1, examined by the sphere
decoder. Applying Jensen’s inequality (cf. e.g. [CT91]) to the convex exponential function, one

can see that the expected number CP° of candidates inside the sphere is lower bounded by
L1 1 L1
cho  Lfsan®SI g (5.143)

Thus in order to prove that t%%v&a%ound (5.143) is exponential in N, we need to show that
the expected search depth E S  grows asymptotically linearly in N. While we indicated
the random variables, with respect to which expectation is taken in the above expressions, using
subscripts, we will in the following drop the subscripts noting that all expectations are taken
with respect to S; S; H and N.
[T L L1l

IZIIn analogy to [JO05a] we compute a lower bound on E S by considering Pr ° S

k , which by (5.133) and Markov’s inequality (cf. e.g. [CT91]) can be written as

Pr S k = 1 Prdy— Sy > (5.144)
1 L[] CTT1
E dv-k Sn—«x

1 : (5.145)
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_ - = O o, OO _
With the definition of dy—x Sny—x from (3.20) and jjXjj“ = tr XX we can write

o N N I S RS oy
E dv—« Sn—k = E tr CIJl 11 11811+Ci;j1Nj18j1
R ] EEEE

~H ~H
Gij 2szSJZH12 + G 2szsz

jGji“NTNr(1+ 2); (5.146)
i=N—k j=i

where we epr0|te|:(I|) that S;, H; and N; are mutually independent, (ii) the power constraint
E oS [k]J =1, and (iii) EfS[k]g = On,.ny SUCh that

C11 i R N Py N
S gH _ E JJHMJJ = N1Ng Imj1=]2
E tr H S 1S50,5;,Si.Hj, = o : (5.147)
ifj16]2
1 1 i ] o
HE &H _ EJJNMJJ =NrNg ;7 ifj1=]>
E Nj;S,S,Nj, = Tz (5.148)
0 If]]_&]z
|:IH s =H 1
E HSiSiiSi,N;; = 0: (5.149)
Recall that cj,i j N, are the coe Lciehts of the (N  i)th order linear backward MMSE

prediction error filter for the fading—plus—noise process normalized by the corresponding stan-
dard deviation of the prediction error, cf. Section 3.1.2.2 for details. As the noise process is
assumed temporally uncorrelated with variance 2 we obtain %‘q;j & S5 1 i N,
where equality holds only for static fadingand (N i) !1 , cf. also Section 5.4.2.1.5. Plugging
this into (5.146) we obtain the upper bound

LT 3 514+ 2
E dN—k SN —k > n NTNR(k + 1), (5150)
n
which by (5.145), with the definitions
1+ 2
= = "N:Ng (5.151)
n
K = b= c¢ (5.152)
&0 : :
and ° S being an integer in turn leads to
1 1
Pr- S Kk 1 —(k+1) (5.153)
k+1
=1 - - 5.154
< (5.154)

Let us further —quite arbitrarily— introduce a K —ary random variable , which is uniformly
distributed over the set f 1;0;1;::: ;K 2g. With this, we can continue from (5.154) writing
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for0 k K 2

CIC_ 1 1
Pr S Kk 1 Pr( <k) (5.155)
= Pr( K): (5.156)
Note that this also holds for K 1 Kk N as in this case (5.156) trivially states that
(I I A I T _
Pr S Kk 0. Consequently, E * S can be bounded via
LT KEZ_ 1k 3
E °S Ef g= — = (5.157)
_,K 2
> 7 2= N 2 (5.158)
where we used K = b= ¢c> = 1, =(1+" )NNtNgr and defined

CRd+").

i D (5.159)

I . ) ) . .
Clearly, by (5.158) E ° S  asymptotically grows at least linearly in N. Plugging (5.158) into
(5.143) we obtain a lower bound for the average complexity

LN -1 L

Cblo
L 1

(5.160)

This bound shows that the complexity of FP-MSDSD with an appropriately chosen radius
= (1 +" )NNtNgr, " > 0, is exponential in N regardless of the noise variance or the
bandwidth of the fading process. It thus represents a non-trivial extension of [JO05a, Theorem
2, Ineq. (29)] to the case of MIMO MSDD considered here.
Since the bound (5.160) turns out to be quite loose (cf. Section 5.5.3) for observation window
lengths of interest, we consider the problem of exact computation of the complexity of FP-
MSDSD in the next section.

5.5.1.2 Computing the Exact Complexity

In order to compute the complexity of FP- MI%IDIS:EI) V£ proceed as follows. In Section 5.5.1.2.1
we derive an expression for the probability Pr d, S, | Sh that a particular candidate Sn,
1 n N 1 lies inside the sphere of radius given that a particular S, was transmitted.
In Section 5.5.1.2.2 we determine how to appropriately choose such that the transmitted
sequence S lies inside the sphere with a desired probability p®s. Finally, in Section 5.5.1.2.3
we provide an expression for the complexity CP° and we devise simplifications for e [cieht
evaluation of this expression for special fading—channel scenarios.
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. I B . .
5.5.1.2.1 Calculation of Pr d, S, ] Sn To compute the probability that a partic-
ular §n lies in the sphere of radius given that a particular S, was transmitted we use the
same methods applied in the performance analysis in Section 5.4.1. It is convenient to vectorize
the channel model. With i =N n+ 1 [cf. (3.4)] and the definitions of iN+ Ng—dimensional
vectors

rn = Vec Ii%ﬁ; i RY QI:I (5.161)
h, = —Vec Ii%—Ir'j';::: T HE QI:I (5.162)
A, = vec Ii%\Ir'j';::: N QI:I (5.163)
and (Nt ANt )-dimensional
§D;n %ag%!];::: ' SN EI (5.164)

the received signal corresponding to the last i transmit symbols of the observation window can
be expressed as

1 N _
= Ing Son hn+n,; 1 n N: (5.165)

The correlation matrix of the received vector r, conditioned on §n is given by

1_, - [
rr|S:n é_—EI I rmsn = Ing rrlS:ns (5.166)
where
C g [IT1 ] J
rr|S;n = D;n ;"‘ ﬁlﬁ INT Sg-n (5.167)
t L:'toe li Iitl too... .t -
no= plitz 147 2450005 Ra (5.168)

and };j as element in the ith row and jth column of ' [cf. (5.26)] describing the temporal
correlation of the e [edtive fading process. O O _

With (5.165) the dilerknce | between the MSDD metric d, S,, of a candidate S,, and
the radius can be written as

e PR s
» Sn = dy Sp (5.169)

= (. Fo)rn ; 1 n N 1; (5.170)

where

=)
Fo<Spn L+ Zl, In, Sh.: (5.171)
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[= [
We observe that , S, includes a Hermitian quadratic form in zero-mean complex Gaussian
random varia:blles with correlation matrix s, [cf. (5.166)]. Hence, its characteristic function
o (V) ZE&n Js given by [SBS66]

: C
® . (v) = eVdet I, jv rr|S;nFn|:!R (5.172)
s A,
= eV 1 IV L 5nFai (5.173)
i=1
PR I =
= gV — = ol (5.174)
. VoV
i=1 ’
with poles jv ., where
1 .
V= — = 1 i ANy (5.175)
rrj§,n':n;i

rris,nFnil denoting the ith eigenvalue of  s.nFnand s, and F as Elefined in (5.167)
and (5.171), respectively. Using ® _(v), the probability that a candidate S, lies inside the
sphere of radius given that S, was transmitted, can be expressed as

N I Oy 1 I Y % 1
Pr d, S, n = Pr , S, 0CS, (5.176)
Ig:ﬂ c
= i q)"7(\/)dv (5.177)
2] _cotjc V
e bl )
= Res ———~ (5.178)
i=1 v Vanri v
with jv* ;, 1 i N v NN+, denoting the N ., poles of ® (v) [cf. (5.174)] that lie
in the upperEhlaIf of tlrzll%ncomplex v—plane. The constant ¢ 2 R that must satisfy 0 ¢
Mmini<i<n,,, Re V', s introduced to move the path of integration away from the pole at
v=0.
Consequently, the same methl%islﬁls %ployed irlljthe performance analysis in Section 5.4.1
can be used here to compute Pr d, S, j S, i.e. e.g. through numerical integration of

(5.177) [cf. (5.50) and (5.51)] or analytically applying (5.52) to (5.178) with (5.174) and (5.175).

[ | R I _ .
5.5.1.2.2 such that Pr d; S i Sn =p's As pointed out earlier it is important to

properly choose the radius . On the one hand, choosing too small results in a high decoder
cor&;ll%)fity, because the decoder is likely to not find a candidate S inside the sphere, i.e. with
d S , and will subsequently have to repeat the search with an increased . On the other
hand, choosing too large will lead to a high probability of the decoder finding an S inside the
sphere, but at the same time to a high computational complexity, since many other candidates
lie inside the sphere as well. Hence, the objective must be to find an intermediate value for ,
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Figure 5.21: Required normalized radius =(NNtNg) versus NNt Ng such that S lies inside
the sphere with probability p“es,

such that the decoder succeeds in finding a candidate with high probability p®s, but in doing
so does not examine too many other candidates.

ForN !'1 this problem has a simple solution, as should be chosenas := (1+" )NNtNgr
with an arbitrarily small positive constant " , cf. (3.41) and (3.42).

For the proper choiclego&lthe radius  in case of finitt N we consider S = S and the
corresponding metricd; S . Asd; S is 2(NNtNg;2NN7NRg) distributed in this case (cf.
Section 3.1.2.2), we can use well-known results from stochastics (cf. e.g. [Pro00]) and obtain
from (5.176)

T [ (NNtNg; )

Prd, S = (NN, NG (5.179)

( (A;x) éjiy’*_le_y dy: (lower) incomplete Gamma function). Using (5.179) we can compute
the radius  such that S is found inside the sphere with a given probability p“s. Note that
this result depends neither on the SNR nor on the temporal correlation of the fading channel
which is very convenient for decoder design. It also depends on the system parameters N, N,
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Nr only through the product NN+Ng of the three quantities.

For illustration Fig. 5.21 shows the normalized radius =(NNtNg) required for the true
S to lie inside the sphere with a given probability p“s as a function of the product NNt Ng.
It illustrates, how the required value of converges from above to NN+ Ng in the sense that
limyn Nk~ =(NNTNg) =1 for any fixed p®es< 1.

_ _ =] _ [
5.5.1.2.3 Complexity Given such thatl:PIrIZqil I%I ] S = pdes accordlng to (15:179)
for some desired pYs and the probabilities Pr d, S, ] Sn = Pr n(S ) 0] S, from
(5.176), the expected number CP° S, of candidates §n, 1 n N 1, examined by the
FP-MSDSD provided that S, was transmitted is given by

=R [ e |:|
ct's, = Pr d, S, . ;1 n N L (5.180)

Sh

Thus, the overall complexity given S was transmitted reads
O Ve g O |:|
cbe's = Pr d, Sn n (5.181)
n=1 [sSh

: - : : L] =
The complexity CP° is finally obtained from averaging C”° S over all S.
For DSTM with group codes, however, we find from inserting (5.167) and (5.171) into
(5.172) that ® _(v) depends on S, and S, only through

Zy = %:‘;::: ;Zﬂ_lm| (5.182)

with

z, £8Ms;: (5.183)
[l

_ .| - _
Consequently, the set of all Z, is equal to the set of all S';:::;Sk ™ regardless of S, and

averaging over S is thus not required, i.e.
(1]
cble s = cblo: (5.184)
5.5.1.2.4 Special Fading Scenarios  Evaluation of (5.181) can be computationally expen-
sive for arbitrary fading channels and large (non-group) constellations and observation window
sizes N. Therefore, it is interesting to consider DSTM with group constellations in two partic-
ular fading scenarios, (i) block fading and (ii) an artifical scenario which we refer to as “semi-
block fading” to approximate very slow and slow fading, respectively. In thesl%lcaélfsli:tlis possiiblle:I
to determine sets of sequences S, that are equivalent with respect to Pr d, S, ] Sn,
such that only a relatively small number of set representatives need to be considered in (5.180).
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Block Fading:  For this classical special case, the channel is assumed to be constant over
the entire observation window, i.e.

H=1.., H (5.185)

and ' = 1yy. Using the identity (Iyn +XIn)" = Iy (N +x)"11yn )=x the MSDD metric
of (3.20) reduces to

101 1 1 1
dh Sh =— En% " 5 i H+ N5 (5.186)
n n
where
ND 559N, (5.187)
NFL—
W =yt Z (5.188)

i=n
with Z; as defined in (5.183) Weréllnlt:rloduced éls the distributions of H and N are invariant to
unitary transformations, Pr d, S, ] Sn depends on the true and the candidate transmit
signal only through the singular values ., of ,,1 m Nt,1 n N 1.

While, for general DSTM group codes, it does not appear to be feasible to give closed—form
expression for sets of sequences §n that lead to the same | ., equivalence sets with respect
to , can be determined as follows. | is the sum of an identity matrix and i 1 random
matrices Z; uniformly iid over the set V, i.e. its support is given by the Cartesian product
of (N n) sets V and shifted by Iy,.. Formally, we can therefore determine the distribution
f ,C )of by (N n)-fold convolution, which leads to

(w8 J w 11

o Ll P =T T I I |
| S g EE U G IS § 25— B

f ()= = M In,+ v
1=0 /=0 L 1=0 I=1 ' I=1

(5.189)

where | =n 1 iE=1; i ( m[>X Y. generalized Kronecker— with respect to complex—

valued matrix arguments, which equals one if X =Y and zero if X & Y ). Every summand
in (5.189) represents a set T, M q '? s LT=(@ 1), of sequences Z, that consist of
1 symbols V® |, symbols V (2), etc. in arbitrary order, i.e. that are equivalent with respect
to . The product of binomial coe [ciehts in (5.189) gives the number of possible ways to
arrange those symbols, i.e. the cardinality jT,"j of each set T,™.
Thus, the expected number CP© of candidates § inside the sphere can be computed by

’ 1 = 1 % I:I
cplo = T Pr d Sh (5.190)
Zn (™ [
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with §n = diag %Iﬁ; 0 ZR g Ing |:§In, some fixed §n and only one representative per set
T, ™. This approach of computing CE° is similar to that of [HV02] in that equivalence sets
of candidate sequences are used to compute the expected complexity. However, the criterion
with respect to which equivalence sets are formed is di [erent from that in [HV02] and thus the
methods used in [HV02] are not applicable here.

LPSK: For the special case of single-antenna transmission, i.e. L—ary phase-shift keying
(LPSK), the metric d, S, depends on the candidate §n and the true transmit signal Sh only
through the quantity [cf. (5.186) and (5.188)]

NI—J. ;
=l ZiE (5.191)

i=n

Again, the exact distribution of | .; does not appear to be analytically tractable for arbitrary

L, whereas the distribution of  is again of the form of (5.189). For L =2 (BPSK) and L =4

(QPSK), on the other hand, solutions for the distribution of _.; can be given in closed form.
In particular, we obtain in the case of BPSK

ey ] R 1 o s R e A |
@ 2+ M n 1
2

[ n 2 —— i even

2
1O= g T

[ (@ 2)] i odd
=0
(5.192)
( [ jl: Kronecker— function which returns 1 ifi = ar&zlI (IJjJtherwise)_, il%l we can compute
the average complexity CP° based on the evaluation of Pr d, S, j S, for d(fi+1)=2e+1
representatives S for which Zn consistsof (M 1 )entriesland entries 1,0 n 1

This means that the complexity of computing CP° is only linear in (N n) for BPSK.

In the case of QPSK one finds that with respect to ., there are %(d(ﬁ + 1)=2e+ 1)(d(h +
1)=2e+2) equivalence sets T,™, withg =[1 1 ; o 0'=( 1),0 d (@ 1)=2e
0 , Whose representatives Z., consist of (M 1 )entriesl, entries 1and( )
entries j. The cardinalities of these sets read

—
% @:?:nﬁju:EifRef ng=Imf ,g=0
(n)

[—1—: —:: OfT=(n—1) % elseif Ref ,g=Imf ,g&0orImf ,g=0 ;
otherwise
(5.193)
0 d(@ 1)=2e 0 . This means that the complexity of computing C2° is only

quadratic in (N n) for QPSK.
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Semi{Block Fading: This artificial model is supposed to approximate slow and mod-
erately fast fading while allowing to determine equivalence sets to reduce the complexity of
assessing the complexity of FP-MSDSD. Here, the channel is constant for the transmission
of N=Nsg 2 IN successive symbols S[k] and the correlation among the Nsg channel states is
described by the (Nsg  Nsg)-dimensional correlation matrix &g such that

"= 5 Ineanenes™ (5.194)
Based on the eigenvalue decomposition
ss=U 1 gBUHgB (5.195)

' has rank Ngg and can be expressed as

t:(U ¢

SB

In=Nsgi1) gB(UHtSB linN=Ngs): (5.196)

Consequently, the channel matrix H [cf. (5.21)] can —based on the Karhunen-Loéve expansion—

be written as

_ I L1 [ 1] L1
H = U t 1N=NSB;1 t IN_I_ W (5197)

SB SB

where W denotes an (NsgNt  Ngr)-dimensional matrix of iid N.(0O; 1) entries. Furthermore,
we can apply Woodbury’s identity for matrix inversion (cf. e.g. [HJ85]) to obtain
1 = o
M = _r2] IN (U gB ]'NZNSB;l) t gB + nINSB (U EB 11;N=NSB) . (5198)

SB

Based on the assumption that the non-zero eigenvalues of &g are distinct, such that L

and thereby L+ 2lyg,  are diagonal matrices we can then express the ML-MSDD
path metric as

(1]
4 35 = (5.199)
1 i - - 1
1 NE 1, NEpETd iy CE
= R — %2 O o T UGl ko Dl + 0y R
n i=1 ss’! Nj=1 =g k= [MFNgg [

where ui; and ¢ ; are the elements of U « and . as introduced in (5.195), w;j; and
ni; are mutually independent N+—dimensional vectors of iid N¢(0; 1) and N.(0; 2) distributed

1 For an appropriate choice ofNsg and L one can consider the eigenvalues of the autocorrelation maie

! of the fading process to be approximated by the semi{block fadig model and determineNgg as the smallest
number that (i) is greater than the number of dominant eigenvalues of ' and (ii) satises N=Ngg 2 N. &g
should then be chosen as g = toeplitz f '[0], '[XN=Ngg];:::; '[XN(Nsg 1)=Nsg]g, wherex = Nt and
x =1 for DSTM and BDSTM, respectively.
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random variables, respectively, and

KNRsE ]
kn = Zi; 1 k Ng 1 (5.200)
i=max( n;(k—1)N=N gg+1)
NFI— ]
Nsg;n é:IINT_|_ Zi, (5201)

i=max( n;N —N=Ngg+1)

with Z; as defined in (5.183). Consec&len%/, sequences Zn for which all «n, 1 k Ngg,
are equal lead to the same metric d, S, and therefore lie inside the sphere with the same
probability. Representatives

—~ I:II:IH H !

Zin = Zpank=N=Nea+1) s -1 LineNgs 5 L k Nsg 1 (5.202)
- —
ZNggn = Zmax(n;N ~N=Ngg+1) ’ - - - ' ZN -1 (5.203)

and cardinalities of equivalence sets with respect to .., 1 k Ngg, are obtained in the
same way as for block fading [cf. (5.189)].

In I%Irdl% to determine representatives for and cardinalities of equivalence sets with respect
to d, S, one has to for_m theE_ICartesian_product of the above equivglence sets, i.e. form all
possible concatenations Z, = Z{ ;:::;ZN ., " of representatives Zy,,, 1k  Nsg, and
multiply the cardinalities of the respective constituent equivalence sets. Thus, choosing a larger
Nsg increases the complexity of the computation and in the limiting case of Nsg = N this leads
naturally to the result that all “equivalence sets” are of size one, which means that all LN ™"

relevant §n have to be considered individually.

5.5.1.3 Asymptotic Complexity Analysis

The complexity analysis presented in the previous sections is —when considering arbitrary
constellations and fading scenarios— useful for exact computation of the complexity of FP-
MSDSD for moderate observation window lengths N and constellation sizes L. In this section,
we derive an expression C,s for the asymptotic complexity C° of FP-MSDSD for N ! 1
that is tight in the sense that

blo
lim =1 (5.204)

N - oo Cas

and provides interesting insights into the dependence of the complexity on system parameters.
Although we do not have stringent proof our numerical results strongly suggest that the com-
plexity of FP-MSDSD grows with increasing memory of the fading process (see Section 5.5.3).
This conjecture is also supported by an interpretation of the result derived in the following. For
this reason, and for analytical tractability, we consider the block—fading channel case. While we
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only give an explicit proof for DSTM with group codes, it should become clear in the following
that this result can be expected to also hold for non—-group codes, as it hinges on the fact that

n=h in the limit of 1 ! 1 tends to zero for almost all pairs of sequences Sn and Sn (see
below).

Derivation: The derivation of C,s consists of two major steps. In the first step, we
consider d, S,, and determine, which terms can be I%gll%:lted in the limitof N !'1 |, thereby
obtaining a significantly simplified expression for d, S, . In the second step, we make use of
the method of types (cf. e.g. [CT91]) to group the §n into “type classes”. Based on this, we
determine a so—called “strongly typical set” [CT91] of §n that lie inside the sphere with the
same probability. A proof that the contribution to the average complexity of the §n that do
not belong to the strongly typical set is negligible concludes the derivation.

Using (5.183), (5.185)—(5.188), and SM'S,, = fily, with fi = n+1, we can write!?
[ 1 1 % 3 %
dy Sn & = % i T H+S'N, (5.205)
n
1T 1
N 1

= jjHjj +ﬁﬁl %+ Re tr HN S (5.206)

1 - ) - = DZD%H_ @C'

m ] nHJJ +2Re tr ,HN_S, + ~Nn X

Later in this section, we will show that terms CP° with n close to N are in the limitof N ! 1
negligible in CP°. Let us therefore discuss the asymptotic behavior of some of the terms in
(5.206) forn 1

N

R, e o are g 0.0 7 i, AL
- =1: As the eIemeDnts of N, are iid N O; random variables, = is a
2 NtNg 2#=f;2fiNTNg random variable. As its variance for i! 1  tends to zero this

term converges in distribution to its mean NtNg 2.

- — 1. [
%ENnﬂ(ﬁ(ﬁ + 2)): The elemer@ of S'N,=f are N. 0; 2= random variables, as
the S, are unitary matrices. Thus =M+ 2))! 0inthe limitof !l

Based % similar arguments, it is easy to see that the two remaining terms
2=fiRe tr S;,HN/' and 2=(A(f + 2))Re tr HN!S, can be neglected for
nll ,aswell

In summary, we obtain

1010 — L1 1 ] 51
lim Pr d, S, » = lim Pr jjHijj? =3 JHijiz 2 = NiNe © (5.207)
R - oo

R - 0o n

] ] ] [ ) ) ] ) ) )
12\We consider the normalized versiond, S, - of the metric dj S, because this clari es the notion of

what contributions to the metric can be neglected.
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Based on (5.207) and the “method of types” [CT91], we prove in Appendix 5.A.6 that for
DSTM with group constellations the asymptotic approximation

(NTNg; 2(=N  NtNg)) L

Cas = LN 5.208
o F(NtNg) L 1 (5-208)

is tight in the sense of (5.204).
Approximation: Recalling that a reasonable choice of the sphere radius is = (1 +

" )NNtNg, with a small positive constant " , we see that for not too large 2 the second
argument of the incomplete Gamma function is small and we can approximate C,s using (5.296)

by

(2(=N_ NeNe)“™= L

C LNt 5.209
@ (NTNg)! L 1 ( )

(2" NeNg)'™™ L
(NN 1 L : (5.210)

Discussion: Interestingly, (5.204) together with (5.208) and (5.210) states that the asymp-
totic computational complexity of FP-MSDSD (i) di Lers fundamentally from that of FP-SpD
applied to coherent MIMO detection, cf. [JO05a, Section VII] in that the exponential rate
of growth of complexity is independent of the SNR and (ii) is equal to that of brute-force
MSDD which examines LN~ candidates. This can be explained intuitively by looking back

atlglllejabove derivation, from which we have that for large N and = (1 +" )N|NjNR’
d S =N (jojj2= 2" NtNg) for all but a negligible number of pairs S,;S, . This

means that for jjHjj? smaller than " Nt Ng 2 practically all LN=(L 1) (partial) candidate
vectors lie inside the sphere and are thus examined by the FP-MSDSD algorithm. The prob-
ability for this event is given by the first factor in (5.208), which for = (1 +" )NNtNgr
is independent of N and by (5.296) approximately proportional to 2NTN=, cf. (5.210). This
means that the average complexity of FP-MSDSD for the block—fading channel is dominated
by the worst—case complexity, whereas for FP-SpD applied to coherent MIMO detection the
instantaneous complexity converges in distribution to the average complexity, cf. [JO05a].
Clearly, in continuous fading the probability of all matrices H,, containing only small entries
reduces as N grows. Hence, we may —based on the above arguments— speculate that block
fading represents the worst case fading scenario as far as detection complexity is concerned.

Non{Group Codes: The above result hinges on the fact that ,=h [cf. (5'18% in_thle:I
limitof Ai!1l converges in distribution, i.e. for all but a negligible number of pairs S,;S, ,
to Ony:ny- Clearly, in the case of non—-group codes a stringent proof based on the method of
types is not feasible, as the support of the Z; is usually not a finite set of elements. Still, it is not
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di Cculit to show that the sequences S1; S,;::: and §1; §2; :.: can both be interpreted as output
of a memoryless random source generating zero—-mean unitary matrices. Thus, one can see that
by the law of large numbers ,=h [cf. (5.188)] converges in distribution to Oy, .n, even for
non-group codes. So while we did not give an exroglilcit_pr%}c that the rate of this convergence is
su [ciehtly fast to justify the disregard of pairs S,;S, for which =1 deviates significantly
from On,.no 1t Can be expected that the asymptotic behavior of the complexity for non-group
codes does not dilerd fundamentally from that for group codes. This was also confirmed by
means of numerical examples.

5.5.2 MSDD Based on Combinatorial Geometry

In Section 3.2 we derived CG-MSDD assuming that the channel autocorrelation matrix *

has a reduced rank N . We also found that its computational complexity is of the order
O((log,(L)N)2NANTNRY) | = f2:4g, which means it would be polynomial in N if N was
independent of N. We note that the latter assumption has also been made in [MAKAOQ7],
where the related MAPSgD algorithm was proposed, cf. Section 3.2.2.4. To shed light on its
validity, we study the relation between N and N considering the eigenvalue distribution of '
for asymptotically large N. In fact, we will give insightful exact expressions for the complexity
of CG-MSDD and show that for various popular fading models N grows linearly with N. This
clarifies that the complexity of combinatorial-geometry based MSDD, i.e. CG-MSDD and the
algorithm of [MAKAOQ7], is e [edtively exponential in N for these fading models.

Recall that the number of examined candidates S is equal to the number of cells in the
central arrangement, as there is an one-to—one correspondence between each cell and a S.
Due to the symmetry of the central arrangement and the fact that Sy can be fixed as phase
reference, the value of CP° equals half the number of cells in the central arrangement. Thus,
provided that ‘' has N non-zero eigenvalues «.,, C"° is given by [cf. (3.129)]

ANty g :11 BPSK
cblo = ox= ; (5.211)
n 2; QPSK
As already established before, CP° is polynomial in N if N s fixed.

The questions that need to be answered now are (i) how many eigenvalues need to be
considered to have (near) ML-MSDD performance and (ii) what is the asymptotic behavior
of CP°. We will in the following answer the second question and come back to the first one
with comments later on.
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5.5.2.1 Asymptotic Complexity

Provided that the discrete-time fading process is such that its PSD

1 _ NEE1
W) = k2T = lim ‘[kle72 T (5.212)
K= —oo k= —N+1

exists and that jW!(f )j is measurable in the sense of Lebesgue the eigenvalues of the autocorrtle-:I
lation (Toeplitz) matrix ' converge to those of the corresponding circulant matrix circ 1
[GS58, Section 5.2], see also [Gra71] for a tutorial treatment (circf xg: circulant matrix with
vector x as first column). It can further be shown that these eigenvalues converge to the spec-
trum of the corresponding autocorrelation function as the dimensions of the matrix grow to
infinity [GS58, Gra71], i.e. the sequence

F=P(=NT)); 1 n N; (5.213)

and the sequence ., 1 n N, of eigenvalues of ' (sorted in order of decreasing
magnitude) are for N ' 1 asymptotically equally distributed. Since

)
Wi(f) = % Wi  k=T); (5.214)

k= —oco
where WL(f ) is the PSD of the continuous-time fading process, we conclude from (5.213) and
(5.214) that if WL(f ) is non-zero over a continuous set of frequencies, the number of non-zero
eigenvalues N grows linearly with N, i.e. complexity of CG-MSDD is exponential in N .
Remark: Note that if repetition transmit diversity is employed and the di[erkent transmit
antennas operate in an alternating fashion (compare regular cyclic DSTM versus BDSTM as
discussed in Section 5.3.2) the sequence of eigenvalues ., and the sequence Y'(n=(NTN+)),
1 n N, are asymptotically equally distributed.

5.5.2.2 Further Discussion and Examples
For fading processes with e [edtive normalized fading bandwidth B.. T there are asymptotically
N =2bNBpe TC+1 (5.215)

non-zero eigenvalues and CP° is of the order
O((log,(L)N )2@MB herh) NTNR -1y (5.216)

Besides fading models, such as the “rectangular” and Clarke’s model, that have strictly band-
limited PSDs W (f ), there are a number of fading models, such as the “Gaussian”, the “1st-—
order Butterworth” and the *“2nd-order Butterworth” models, whose PSDs are not band-
limited, cf. Table 4.1 for a list of these common fading models. Consequently, all eigenvalues
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of !

are non-zero, i.e. «¢, > 0,1 n N, and nothing would be gained in terms of
complexity if optimal ML-MSDD was desired. However, the latter fading models exhibit quite

a strong concentration of spectral power at low frequencies, i.e.

=1 " (5.217)

with a small positive constant " and N N. Consequently, '

is, depending on " , well
approximated using only its largest (dominant) N eigenvalues ., and thus near ML-MSDD
performance can be achieved in this case as well. (See Section 5.4 for a performance analysis
of CG-MSDD with N <N .)

Table 5.5 contains the (approximate) asymptotic eigenvalue distributions for the above-
mentioned commonly used fading models, “approximate” in the sense that we used W!(f)
%LIJtC(f) for jfj N =(NT) also for non-band-limited PSDs. We also listed N as a function
of " [cf. (5.217)], and the number of relevant eigenvalues  «, if " =107 is desired.**

Interestingly, we see from (5.211) in conjunction with Table 5.5 that the complexity of
CG-MSDD is independent of the SNRwhich is in stark contrast to tree-search based MSDD.
Instead the complexity exponent is in all cases directly proportional to the normalized Doppler
spread By T and the observation window length N. This means that while the complexity of
CG-MSDD is polynomial in N if the number of (dominant) eigenvalues ., is fixed, the com-
plexity of (near-ML) CG-MSDD for all these standard fading scenarios is in fact exponential
in N, as the number N / N of non—zero / dominant eigenvalues  «, asymptotically grows
linearly in N. Only for certain pathological fading models such as the block—-fading model,
where the channel remains constant and ' has only a single non—zero eigenvalue regardless of
N, the complexity of CG-MSDD is truly polynomial in N.

For further illustration see Figs. 5.22 and 5.23, where we exemplarily plotted the eigenvalues

v, sorted in order of decreasing magnitude for N = 1000 and di Lerknt values of By, T for
Clarke’s and the Gaussian—-PSD fading model, respectively. One can observe that for finite
window length N, a slightly larger number N > 2bNB.. Tc+ 1 of eigenvalues than suggested
by the asymptotic results in Table 5.5 has to be taken into account to achieve near ML-MSDD
performance.

1
1L_r| x+x— 2+1 =4

_ [
+ arctan 2 2x+1 +

B0Only " (N) can be given in closed form: " = 1 zlog S——pso—
P BN 4 Nx 1
arctan 20 2x 1 with x = B T

14We have veri ed that this is su cient to achieve ML{MSDD perfo rmance for error rates down to at least
10 4.
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N (") [see (5.217
Asymptotic eigenvalue distribution (~ ) fsee ( )
(N (" =10"%)
Rectangular model:
1
1 ~
L1 .1 n 2bNBpe Tc+1(=N )
ty = ZBhT ’
; otherwise (2ONBpe Tc+1)
Clarke’s model (land—mobile model):
| —
e N ; N
ty = (NBhe T)? b n=2c? 2bNB.e TCc+1(=N)
: otherwise (2bNB .. Tc+1)
(5.218)
Gaussian—-PSD model:
1 — I/
% oy 2
P NB o ch N ] =
t pP—= ;1 n N 2 NBpe Terfc™™ " +1
! B hT
g otherwise (2b2:75NBh;e TC+1)
(5.219)
First—order Butterworth PSD model:
Ier 5 ﬁ .
C1 N%BneT .1 n N 2 NBpe Ttan T2 +1
tn (N Bh;e T)2 + bn:202)’ h;e 2
0 otherwise (206366NB e TC+1)
Second-order Butterworth PSD model:
— P35 EINE
2 2(Bnhe T)°N ~
ED (Bre T) 411 n N __ 13
t (NBh.e T)*+ 16bn=2c b7
% otherwise (2b7:2INBpe Te+1)

Table 5.5: Asymptotic distributions of the eigenvalues

ble 4.1 and number N of “dominant” eigenvalues for approximation of

brackets the value of N when " = 1074).

v, for various fading models, cf. Ta-
'in CG-MSDD (in
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10 ]
—— tn

8 —x- (5.218) in Table 5.5

2
107 A Bhe T=0:01 1
ST b " Bre T=0:03
101 i '""'~i1::'::::::::::::::::::::::::j::::::::::« .
1!
I
!
10" g} .
' N
1
i'
107 Lt ' ‘
0 20 40 60 80 100
index n !

Figure 5.22: Eigenvalues ., sorted according to their magnitude for Clarke’s fading model,
N = 1000 and di[erent values of Bpe T.

10* |

P —— tn

i —x=-(5.219) in Table 5.5

I
10° .
10° .
107 plM S T
10° .
10'1 | |

60 80 100

index n !

Figure 5.23: Eigenvalues ., sorted according to their magnitude for the Gaussian PSD,
N = 1000 and di[erent values of Bpe T.
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5.5.3 Numerical Results

In this section, we provide numerical results to augment our analytical results from Sec-
tions 5.5.1 and 5.5.2. At this, our focus lies on tree-search methods. Here, we will first
present some results to illustrate our analytical findings from Section 5.5.1, before we move on
to simulation results for the complexity of the more involved tree-search methods such as MS-
DSD and Fano-MSDD, for which closed—form expressions to describe their complexity appear
inaccessible. This is concluded by a comparison of the various MSDD implementations with
respect to achievable performance when the instantaneous complexity per decoded symbol is
limited, i.e. if the search may be truncated.

In the second part of this section, we compare the computational complexity of tree—search
MSDD with that of CG-MSDD.

Unless explicitly stated otherwise, we consider a spatially uncorrelated MIMO fading channel
with temporal correlation according to Clarke’s fading model.

5.5.3.1 Tree{Search MSDD

CPl vs. SNR: Fig. 5.24 compares the exact complexity of FP-MSDSD with N = 10
computed as described in Section 5.5.1.2 for di Lerent fading scenarios as a function of the SNR.
In particular, DQPSK transmission (Nt = Nr = 1) over block, semi-block with Nsg = 2, and
continuous fading channels is considered. In the semi-block fading model, where in general the
channel remains constant over NN 1=Nsg modulation intervals, the o [=diagonal element &g,
of (2 2)-dimensional &g describing the correlation between the channel coe [Ciehts of the
two fading blocks is chosen as Jo(2 0:01N=2) = 0:975 to approximate continuous fadm&Wlth
nolr__rlnallzed fading bandwidth B,T = 0:01. The radius is chosen such that Pr d; S |
S =0:99, i.e. the correct transmit sequence is found inside the sphere with 99 % probability.
Simulation results for 10log,,(Ex=No) 15dB (not shown in the figure) coincide with those
obtained from our analysis.

It can be seen that the number of candidate signals inside the sphere rapidly decreases
as the SNR increases and converges to the lowest possible complexity for successfuldecoding
CPlo (N) N 1 Except for the high-SNR region the semi-block fading model serves as good
approximation for the continuous fading model. We further find our intuitive reasoning at the
end of Section 5.5.1.3 confirmed, as the complexity of FP-MSDSD is largest for the case of
block fading and reduces with decreasing memory of the fading process.

CP° vs. N: InFig. 5.25 we consider the complexity of FP-MSDSD for dicyclic DSTM with
Nt =4; R =0:5 and Ng = 1 when transmitting over a block-fading and a QS-fading channel
with normalized fading bandwidth By T = 0:01 at various SNR values. The dilerent types of
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10°¢ + ‘ ,
g —— block fading
: —e— semi-block fading (Nsg =2; &g.1.,=0:975)
105 —— continuous fading (B, T =0:01) |
—s&— continuous fading (B, T =0:03) ]
10°}
2_- 1035*
[
1025*
10'}
100 | | | |

5 10 15 20 25 30 35 40
1010g,0(Ex=No) !

Figure 5.24: Complexity CP° of FP-MSDSD vs. T%IZ\I]R for di Iﬁbr&lfading scenarios. Parameters:
DQPSK, Nt =Ng =1, N =10, such that Pr di(S) jS = 0:99.

curves in Fig. 5.25 are (i) the exact complexity for the block—fading (solid lines) and the QS-
fading channel with B, T = 0:01 (dashed lines), (ii) the lowest possible complexity C2° (N) =
N 1 (dash-dotted line), and (iii) the complexity of brute-force ML MSDD Cg°(N) =Nt
(dash—dotted line). One can observe that while the complexity for the block—fading channel is
lower for small values of N and low SNR, it grows at a far higher rate towards larger N than for
the QS fading channel. It can be suspected that long backtrackings to levels close to the root
of the search tree occur more frequently for the block—fading channel with strong dependencies
between all channel coe Lciehts considered in the observation window, while for the QS-fading
channel the dependences are limited due to the non-zero bandwidth, i.e. finite memory, of
the fading process. Comparisons with C2° and CP° illustrate the complexity savings feasible
compared to brute-force ML MSDD and the increase in complexity compared to a DFE-type
decoder.

The lower complexity bound (cf. Section 5.5.1.1) and the asymptotic complexity (cf. Sec-
tion 5.5.1.3) are illustrated and compared in Fig. 5.26 for the example of cyclic codes with
Nt =3, R =1, Ng =1, and a block-fading channel. Again, the search radius is adjusted
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10" ——

101log,,(Ep=Ng) = 10
101log,0(Ep=Ng) = 15
101lo0g,o(Ep=No) = 20
10log,,(Ep=Ng) = 25

S O x O

10°}

Cblo I

blo
Cmin

— block fading |]

o ---ByT =001
10 ! ! ! I
4 6 10 12 14

8

N !
Figure 5.25: Exact complexity CP° for QS fading with B,T = 0:01 (dashed lines) vs. block
fading (solid lines) over length of observation window N. For comparison: Complexity of
brute-force ML MSDD (CP° = LN 1) and of DFE-type decoder (CPl° =N  1). Parameters:

Diclg_Lchic DSTM WEIh Nt =4, R =05, Ng =1, 10log,,(Ep,=No) = [10; 15; 20; 25], such that
Pr di(S) ]S =0:99.

(1 | ) I _ ) )
such that Pr d; S ]S =0:99. In particular, the dilerknt types of curves are (i) the ex-
act complexity (Section 5.5.1.2, solid lines), (ii) the lower bound (Section 5.5.1.1, dotted lines),
(iii) the approximation (5.209) for C,s (Section 5.5.1.3, dashed lines), (iv) CEO(N) =N 1
(dash-dotted line), and (v) CP°(N) = LN~ (dash-dotted line). It can be observed that the
complexity bound derived in Section 5.5.1.1 is quite loose for N 30. This is similar to the
bound found in [JO05a, Section VI] for sphere decoding in MIMO detection with CSI. The
exponential growth of complexity with increasing N is clearly visible from the exact results
for CP°, Also, there is good agreement between the asymptotic approximation and the ex-
act complexity of FP-MSDSD for almost any value of N and SNR as long as the complexity
exceeds CPIo . Consequently, max(Cas; CP°) with C,s according to (5.209) represents a very
easy to evaluate yet reasonably accurate approximation of the complexity of FP-MSDSD. Fur-
thermore, one can observe the reduction of complexity in the exponential region by a factor
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Figure 5.26: Complexity vs. observation window size N. Parameters: Cyclic DSTME\/]vith Nt =
3,R=1,Ng =1, static fading, 10l0g;o(Es=No) = [0; 20; 40; 60], such that Pr di(S)  j

S =0:99.

of 102 per 10dB dilerknce in SNR, as was to be expected from (5.209) for this example with
Nt = 3 and Nr = 1. Fig. 5.26 also again illustrates the tremendous complexity savings with
FP-MSDSD compared to brute-force ML MSDD (CE°).

CPo vs. Nt = Ng and SNR: Fig. 5.27 compares the complexity of FP-MSDSD for
diLerknt rate-1 DSTM codes transmitted over a block—fading channel with equal numbers of
transmit and receive antennas. It shows (on a logarithmic scale) the approximate complexity
max(Cas; C20) with C,s according to (5.209) over the SNR and the number of transmit and
receive antennas Nt = Npg for observation windows of lengths N = 10; 20; 30. Note that
according to the power normalization of S[k] and the definition (5.7) of the SNR the total
average received power is independent of Nt and scales linearly with Ng. Interestingly, it
can be seen that an increase in the number of antennas at both ends of the channel not only
increases reliability of transmission but may also be beneficial in terms of detection complexity.
The minimum number of antennas required at both ends of the channel to push C"° towards
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Figure 5.27: Complexity max(Cas; C2° ) with C,s according to (5.209) vs. SNR and Nt = Ng
for cyclic DSTI\%Iover block—f%lling channel for dilerent values of N. Parameters: R = 1 and
such that Pr dl(é) ] S =0:99.

CPlo strongly depends on N and the SNR and it grows towards larger N and lower SNR. This
behavior can be understood based on the discussion at the end of Section 5.5.1.3, where it
was pointed out that the exponential increase in the average complexity CP° of FP-MSDSD is
dominated by the worst—case complexity if all Nt Ng coe [ciehts of the MIMO channel happen
to be small compared to the power of the AWGN. From basic stochastics, it is clear that the
probability of this event decreases (exponentially) in Nt Ng, since the channel coe [ciehts are
uncorrelated. Therefore, the point, where the worst-case complexity becomes dominant, moves
towards lower SNR, i.e. higher power of the AWGN, as Nt and / or Ny increase.

While FP-MSDSD is particularly interesting from an analytical point of view, it is in many
cases not optimal in the sense of minimal decoder complexity. In the following, we will therefore
direct our attention at the computationally more e [cieht MSDD algorithms developed in this
work. For a fair comparison with the benchmark decoders CDD and DFDD, we subsequently
consider the average number CY™ of examined (partial) candidates per decoded symbol, which
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Figure 5.28: Complexity of MSDSD-LD with N = 10 vs. parameter ¢ (initial radius i =
NNtNgc ). Cyclic (B)DSTM with Nt =3, Ng =1, R =2, and B, T = 0:09.

for S-MSDD is given by CP°=N"and for DF-MSDD by CP°=( 5F  DF 4+ 1),

Initial Radius: To study the e [edt of the initial radius i,y = NNtNgrC on the complex-
ity of regular MSDSD, i.e. MSDSD based on the A-SpD (cf. Section 3.1.3.1), we exemplarily
consider MSDSD-LD (the results are very similar for other MSDSD algorithms) for cyclic
(B)DSTM with Nt =3, R =2, Ngr =1 and By T = 0:09. Fig. 5.28 depicts the complexity
C*Y™M for dilerent SNRs as a function of the constant ¢ introduced in (3.39). While com-
plexity increases if the initial radius is chosen too small, substantial complexity savings of up
to 70 % compared to i,y ' 1 can be obtained by choosing an optimal finite start radius.
It is interesting to note that the optimal choice of the parameter c 2 is roughly indepen-
derl%I OIfZI thl%l observation wi_n%;w length I\l (not shown in the figure), whereas the probability
Prd;, S, c NNtNgr j S of the true S lying inside the sphere of radius i, increases with
N.1 It can also be observed that, for this relatively fast fading example, the complexity of

= [ 1
15This follows from evaluation of Pr d; S; ¢ NNtNgjS , cf. (3.116).
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Figure 5.29: Results for DF-MSDSD-LD with N =10, ¢ =2, PF =1 and dilerknt values of

OF. Left: SER, center: average complexity C¥™, right: minimal allowed limiting complexity
Cim (see text). Cyclic (B)DSTM with Nt = 3, Ngr = 1, R = 2, and B T = 0:09. With
ML-MSDD metric (solid) and with Fano-type metric (dashed).

MSDSD with infinite initial radius may increase for larger SNR. This is due to the fact that
the radius after the first tentative decision S may be much larger than the metric for the ML
decision for high SNR. A finite start radius, on the other hand, leads to the more intuitive
result that the decoding complexity decreases monotonically with the SNR. All of the following
results assume the optimal finite start radius with

c =2 (5.220)

Results for DF{MSDSD: Before we compare the di lerent MSDD algorithms, we take a
look at appropriate choices for the parameters 5F and PF of DF-MSDSD (cf. Section 2.4.4).
The evaluation of the eledtive SNR and the SER in the individual positions of the MSDD
observation window (cf. Figs. 5.2 and 5.10, respectively), revealed that the reliability of the
decisions is roughly independent of the position in the observation window, with the exception
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of the edge positions in fast-fading scenarios. Since the complexity (normalized by the depth
of the tree) of a tree—search decoder typically is an increasing function of the tree depth, it is
therefore reasonable to choose PF =1, i.e. regardless of the choice of 5F, such that only the
decision on the last symbol in the observation window is discarded.

In Fig. 5.29 we therefore plotted the results as a function of 7, which for PF =1 is equal
to the number of decisions returned per decoded block. As exemplary system parameters, we
consider cyclic (B)DSTM with Nt = 3, R = 2, DF-MSDSD with N = 10, ¢ = 2, with regular
ML-MSDD metric (solid lines) and with Fano-type metric (dashed lines), Bpe T = 0:09,
various values of E,=Ng and Ng = 1. In particular, we consider (i) the SER (left), (ii) the
average number C*™ of examined (partial) candidates per decoded symbol (center), and (iii) a
quantity Cim defined as the minimal number of examined (partial) candidates per decoded
symbol, after which the tree-search can be terminated without noteworthy impact on the
SER.16

The SER results in the left subplot show that the performance improves slightly if 57 is
increased, which is (i) due to the fact that the reliability of the decisions improves (slightly)
from the second-to-last position towards the center of the observation window (cf. Fig. 5.10),
and (ii) because the eledt of error propagation is reduced if fewer previous decisions are fed
back into the DF-MSDD metric.

The results on C™ show that for low SNR, the average complexity of DF-MSDSD shows
the behavior typical for tree—search algorithms, i.e. the complexity is an increasing function of
the tree depth  5F +1. In high SNR (cf. lines for 10log,,(E»=No) = 27 dB), on the other hand,
the average complexity of DF-MSDSD even decreases with growing 5. This is because in the
considered range of parameters the average complexity per decoder use is close to its minimum
2 OF +1. As BF decisions are returned per decoder use, the minimal complexity per decoded
symbol of (unlimited) DF-MSDSD is given by 2 + 1= BF.

Finally, the results on Cim clearly show that small values of 7 are preferable. Interestingly,
while the average complexity C*Y™ grows towards lower SNR, we can see that the tree-search can
be terminated after only 2 and even after only 1 examined candidate(s) per decoded symbol for
DF-MSDSD operating based on the ML-MSDD or the Fano-type metric, respectively, without
noteworthy impact on the power e Lciehcy. l.e. while DF-MSDSD with unlimited search would
require 8:4 (ML metric) and 4:3 (Fano—type metric) metric computations per decoded symbol
at 10log,o(Ep=No) = 7dB an implementation where the average complexity is equal to the
maximal complexity of 2 (ML metric) and 1 (Fano—type metric) would achieve practically the
same power e [ciehcy. Towards higher SNR, Cji, grows rapidly with BF. However, for BF =
it is still practically equal to the average complexity. Hence, for practical implementation, where

®More speci cally, Cii, is determined such that the SER is increased by no more than a fact of 1:1 compared
to the unlimited search.
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Figure 5.30: Complexity vs. 101log,,(Epr=Ny) for various detection algorithms with N = 10 and
optimal ¢ = 2. Cyclic (B)DSTM with Nt =3, Ng =1, R =2, and B, T = 0:09. Solid lines:
without Fano-type metric, Dashed lines: with Fano-type metric.

DF

maximal complexity plays a very important role, j= = 1 is the appropriate choice. In the

following, we consider

(5.221)

in our comparison of the various detection schemes, i.e. the tree searched in DF-MSDSD is of
depth two.

Average Complexity: Fig. 5.30 compares the diLerknt possibilities to reduce the com-
plexity of MSDSD, i.e. deployment of ML-MSDD (solid lines) or Fano-type metric (dashed
lines) and diLerknt implementations for outer and inner decoders. As example, we again con-
sider cyclic (B)DSTM with Nt = 3, Nr = 1, R = 2, Bhe T = 0:09, and N = 10. For
comparison, we also included the complexities of CDD-LD and DFDD-LD, which are con-
stant one. The corresponding performance results can be found in Fig. 5.17. It can be seen
that the complexity of all implementations decreases rapidly with increasing SNR, since the
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search quickly terminates for small enough noise. The variants MSDSD-BID and especially
MSDSD-LD with improved symbol-search strategies operate at significantly reduced average
complexity compared to MSDSD-FS. Furthermore, applying the Fano-type metric speeds up
the search especially in the lower SNR range, as was anticipated in Section 3.1.2.3. Combining
Fano-type metric with inner LD, i.e. MSDSD-LD-FM, and Fano-MSDD-LD vyield tremendous
complexity reductions by approximately two decimal powers compared to MSDSD-FS. This
gain comes at the expense of a loss in power e Lciehcy of less than 1dB (cf. Fig. 5.17). However,
due to the large size of the signal constellation (L = 64) and the depth of the search tree, the
average complexity of MSDSD-LD-FM and Fano-MSDD-LD is still quite high in low-SNR
regimes. DF-MSDSD-LD on the other hand, when based on the ML-MSDD and on the Fano-
type metric on average requires no more than approximately 4 and 6 metric computations per
decoded symbol, respectively, even in very low SNR, where the SER already lies well above
1071, The reason for this lies in the fact that the depth of the search tree is only two. At
higher SNR, the average complexity of DF-MSDSD is slightly increased compared to the other
MSDD implementations included in this comparison. This is because —contrary to the other
implementations— for DF-MSDSD the depth of the search tree is larger (by one) than the step
size, in which the observation window slides forward from decoder use to decoder use.

Taking into account that the performance of DF-MSDD is even better than that of regular
ML-MSDD (cf. Fig. 5.17) DF-MSDSD(-LD-FM) clearly has the most appealing average-
complexity—to—performance tradeo [af all algorithms considered in this work.

Performance with Limited Maximal Complexity: For practical implementation the
maximal decoder complexity is of great importance. Therefore, in Figs. 5.31-5.33 we consider
the performance that can be achieved by the dilerkent MSDD implementations if the maximal
number of examined (partial) candidates per decoded symbol is limited to a finite Cj,, i.e. if
the tree—search process in the outer decoder is terminated after (N  1)C;,, (MSDSD, Fano-
MSDD) and ( oF PF + 1)Cim = Ciim (DF-MSDSD) examined candidates. In all cases, we
again considered the example of cyclic (B)DSTM with Nt =3, R =2, Ngr =1, N = 10 and
Bh.e T 210:003; 0:099. The short vertical lines with markers indicate the average complexity
CsY™ of the detection schemes.

Fig. 5.31 shows results for MSDSD with FS, LD and BID and for DF-MSDSD with LD
inner decoding, when the ML-MSDD metricand ¢ =1 ,i.e. 5t !'1 , are used. One can
observe that for relatively slow fading (cf. left subplot with By.. T = 0:003) all algorithms
find very good first estimates and only minor gains are achieved if the decoder is granted more
decoding complexity. For MSDSD-FS and MSDSD-BID a very steep cli[“dccurs at Cj, =
L = 64, because with 4t 'l MSDSD-BID like MSDSD-FS examines all candidate branches
emanating from a considered node before the radius is updated for the first time. In faster fading
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Figure 5.31: Performance of MSDSD with various symbol-search strategies vs. maximal allowed
complexity per decoded symbol for dilerent SNRs 10log,,(E,=No) and fading bandwidths
Bh.e T. Parameters: Cyclic (B)DSTM with Nt =3, R =2, Nk =1, N =10,c !1
ML-MSDD metric. Vertical lines: average complexity C™.

(cf. right subplot with Bne T = 0:09) the first estimate obtained by the (regular) MSDSD
is far from optimal. Here, both MSDSD-LD and MSDSD-BID do not suler a noteworthy
performance degradation if the maximal complexity is limited to C;,, = 103:::10%, with higher
values for higher SNR. For MSDSD-FS the behavior is very similar to that of MSDSD-LD
when Cji,, is multiplied by a factor of 40. For all three symbol-search algorithms the required
maximal complexity is higher by orders of magnitude than the average complexity C™, which
is considered very inconvenient for practical implementation. DF-MSDSD-LD on the other
hand in all cases converges very quickly to its final solution. After only one examined candidate
per decoded symbol, DF-MSDSD-LD achieves practically the same power e [ciehcy as regular
MSDSD. Further improvements are also realized quite quickly, so that the complexity can be
limited to values C;,, C™, which also lies well below the average complexity of the other
MSDSD algorithms considered here.
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Figure 5.32: Performance of MSDSD with various symbol-search strategies vs. maximal allowed
complexity per decoded symbol for dilerent SNRs 10log,,(E,=No) and fading bandwidths
Bh.e T. Parameters: Cyclic (B)DSTM with Nt = 3, R =2, Nk =1, N =10, ¢ = 2,
ML-MSDD metric. Vertical lines: average complexity C¥™.

Fig. 5.32 shows results for the same transmission scenario, but with ¢ = 2, i.e. a finite
initial sphere radius = i = 2NNtNRg. Here, the convergence of the tree-search in regular
MSDSD is accelerated significantly in rapid fading (right subplot). Now limitations of maximal
complexity to Cji,, = 300:::600 are feasible for MSDSD-LD and MSDSD-BID. In the case of
DF-MSDSD-LD the performance-complexity tradeo[(fdrc ' 1  was already so good that the
use of a finite threshold actually slightly increases the SER when limiting the complexity per
symbol to very small values. The same e [edt can be observed for MSDSD-FS and MSDSD-LD
in the case of very slow fading (left subplot).

If, in addition the Fano-type metric is used, the speed of convergence of all algorithms
is increased further, as can be seen in Fig. 5.33. However, this improvement is only minor,
showing that the importance of the Fano-type metric lies mainly in the reduction of the average
complexity when the maximal complexity is unlimited. For comparison, we also included Fano-
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Figure 5.33: Performance of various MSDD implementations vs. maximal allowed complexity
per decoded symbol for dilerent SNRs 10log,,(Ep=No) and fading bandwidths B,.e T. Pa-
rameters: Cyclic (B)DSTM with Nt =3, R =2, Ngr =1, N =10, ¢ = 2, Fano-type metric.
Vertical lines: average complexity C¥™.

MSDD-LD. The SER when the maximal complexity is limited consistently lies above that of
MSDSD-LD-FM. Especially in slow-fading scenarios (left subplot) Fano-MSDD-LD requires
a significantly larger value of Cj,, than MSDSD-LD-FM, although the average complexities
are practically identical. Interestingly, the SERs of MSDSD-LD-FM, MSDSD-BID-FM and
Fano-MSDD-LD all converge around Cj, 100. While the average complexities of these
algorithms are now of the same order of magnitude as that of DF-MSDSD-LD, the latter is
still superior by far with respect to required Cj, .

Having clearly identified DF-MSDSD-LD as most promising algorithm for power—e Lcieht
tree—search—based noncoherent detection we want to investigate the influence of the length of
the observation window on the performance-complexity tradeo [_To this end Fig. 5.34 shows
the SER for DF-MSDSD-LD-FM with ¢ =2 and N 2 f 6;10g as a function of the maximally
allowed complexity Cji,, per decoded symbol for the example of cyclic (B)DSTM with Nt = 3,
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Figure 5.34: Performance of DF-MSDSD-LD-FM vs. maximal allowed complexity per decoded
symbol for diLerknt SNRs 10 log;,(Ep=No) and N . Parameters: Cyclic (B)DSTM with Nt = 3,
R =2, Ng =1,Bpe T =0:09, ¢ = 2. Vertical lines: average complexity C=¥™.

R=2,Bpe T =0:09, Ng = 1.

One can observe that a larger N not only improves the power e [ciehcy of the unlimited
tree search, but also leads to better performance for any value of C;,. The reason for this
is that the reference symbols Y pen, N 1 n N, [cf (3.61)] computed from the N 3
feedback symbols facilitate the inherent channel estimation on the remaining two positions
of the observation window. Despite common perception regarding MSDD we here observe
the eledt that increasing the length N of the observation window not only leads to better
performance, but also to lower complexity, as both C¥™ and the required C;,, are (slightly)
lower.
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Figure 5.35: Complexity of CG-MSDD vs. SNR 10 log;,(Ep=Ng) for N = 10 (left) and N = 20

(right), di [erknt values of N and DBPSK. For comparison: average (dash—-dotted) and 0:1%—
complexity (dashed) of FP-MSDSD for Clarke’s fading model and di Lerent values of B, T.

5.5.3.2 CG{MSDD

Having illustrated the complexity of the various tree-search-based MSDD implementations in
the previous section, we now direct our attention at MSDD based on combinatorial geometry,
so—called CG-MSDD and compare its performance—complexity tradeo [T that of tree-search-
based MSDD.

Complexity vs. SNR: Figures 5.35 and 5.36 compare the computational complexity of
CG-MSDD according to (5.211) with those of FP-MSDSD and MSDSD (based on the A-
SpD), respectively, as function of SNR for DBPSK, N 2 f 10;20g. In particular, the average
complexity C*™ and the complexity that is exceeded by MSDSD in 0:1% of all blocks are plotted
for FP-MSDSD (Fig. 5.35) and MSDSD (Fig. 5.36). We observe that, if average complexity
of MSDSD is considered, CG-MSDD is superior only for relatively low SNR and slow fading,
where small values of N are su [cieht to achieve low SERs (see Figs. 5.19 and 5.20). However,
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Figure 5.36: Complexity of CG-MSDD vs. SNR 10 log;,(E,=Ng) for N = 10 (left) and N = 20
(right), di [erknt values of N and DBPSK. For comparison: average (dash—-dotted) and 0:1%—
complexity (dashed) of MSDSD for Clarke’s fading model and di Lerent values of B, T.

when the comparison is made with respect to the 0:1%—complexity of MSDSD, CG-MSDD
turns out to be a far more attractive alternative, as e.g. the 0:1%-complexity of FP-MSDSD
attains its maximum of I%IL“ for SNRs up to 10log,,(Ep=N,) = 10dB, 15dB, and 25dB
for B,T = 0:03, 0:01, and 0:001, respectively. Such a comparison is particularly relevant for
practical implementations where the variable complexity and thus processing delay inherent to
sphere decoding is a problem.

Simulations for DF-MSDSD (not shown in the figure) revealed that in this transmission
scenario each run of DF-MSDSD with BF = PF =1 and N 2 f 10;20g can be terminated
without any performance penalty after only two examined candidates per decoded symbol, i.e.
both C™ and the 0:1%—-complexity do not exceed two in this case. This clearly illustrates the
superiority of DF-MSDSD in cases where N > 1is required for CG-MSDD.
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Figure 5.37: Asymptotic complexity of CG-MSDD for DBPSK, Clarke’s fading model and
di [erent values of B, T with N such that PEP of dominant error event lies below 10~ (solid
lines). For comparison: complexity of brute-force MSDD CPl° = LN~ (dash-dotted), and
C(ﬁ ) according to (5.211) for fixed N =1;2;3;::: (dotted).

Asymptotic Complexity vs. N: Finally, we consider the asymptotic complexity of
CG-MSDD as N grows large. Figure 5.37 shows the average complexity as function of N for
CG-MSDD with rank mismatch, where N is chosen such that the error floor of the PEP for
the dominant error event lies below 1074, Also plotted is the complexity C2° for brute-force
MSDD. It can be seen that the required value of N —depending on the fading bandwidth
BhT— increases with N, which means that complexity is exponential in N. On the other
hand, this exponential growth is much smaller than that for brute-force MSDD or FP-MSDSD
in the block—fading channel. Thus, CG-MSDD has an asymptotic advantage over FP-MSDSD
and it can be expected that the same holds when compared to MSDSD.
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5.A Derivations and Proofs

5.A.1 Derivation of Eq. (5.10)

In this appendix, we show that [;i 1;i2j1;j21 = ™[i1d2] ®[i1;j2] ‘[ ]. Using (5.8) and
1

introducing for notational simplicity A = - ™and B élb' RX“We can write:
L1 1
[0 150z 5]2] =€ hig,lk+ ThSl K] (5.222)
L] H H H -
=E A W[k + [(Bj;:)"Bj,:W"K](Ai,;) (5.223)
R YR T | 1 1
= Ail;: qlflxth;yE W:;x [k + ]W Hy[k] (Aiz;:)H: (5-224)
x=1 y=1
Exploiting the fact that the elements of W [K] are iid with temporal correlation [ ]:
o B
:Ail;i(Aiz;i) t]1;xk]2;x [ ] (5.225)
x=1
=Ail;:(AiZZ:)HBjEI:(BjZ;Z)T 1 (5.226)
= ™igsia] ™fixja] ] (5.227)

with ™[i;jJand R¥[i;j ] denoting the elements in the ith row and j th column of ™ = AAH
and R = (BBH")', respectively.

5.A.2 Derivation of Egs. (5.69){(5.71)

In order to prove that f x;; ; yi; g are iid pairs of correlated zero-mean complex Gaussian random
variables with variances and covariance as given in 55.69)—(5.71) we recall that x;; and y;; are
the elements in the ith row and j th column of ~™_,. ; m{E, and F, as defined in (5.64)

and (5.63), respectively. Consequently, we have
I:|I:I —

[X1:05 Xo1; 20 s Xneas Xy oo s Xwn |7 = vec m'En. (5.228)
=1; En

Vi1 Y2500t YN Yazi i Y ] = vecfFqhg: (5.229)

Due to the definitions of E,. and F, in (5.64) and (5.63) it is clear that x;; and y;; are
zero—mean complex Gaussian random variables.
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5.A.2.1 Variance 2

X

To show that the x;; are mutually independent with equal variance we write with (5.64)

E e myE 5.230
- M En VEC m 1 (5.230)
=1; &n =1; &n
’I:I | @DAIIJ;I IZIZIZI
= m" m Lo Ing Qll ) (5.231)

1=1; 18n 2=1; 2&8n

] o 1
E vecfR ,gvecfR ,g" Iy, S ,S"QTI

Since the channel coe [ciehts are sl,ﬁ_latially uncorrelated so are the elements of R . Exploiting

that both S | 1 N, and Q ;| are unitary, and introducing the nth unit vector e, we
can write
—1 —1 1
= INTNR ml:lgn m in ql, 2 T [ 1 2] r21 (5.232)
1=1; 18n >=1; >En
L, 2, Ul
= Inong (Mon €nmpy) + v (M enmgy): (5.233)
. 1, ] .
Recalling that M = + 2l [cf. (5.25)] we obtain
g L, ,
= IN-.—NR (M 5n enmn;n) €n mn;n :n + nen (5234)
(I ,1
= INTNRmn;n mn;n n:n + n 1 ; (5-235)

(en: nth unit vector, [i j]: Kronecker— function which returns 1 if i =] and O otherwise).
Thus, with |, =1 and (5.228) we obtain the desired result that the x;; are iid with variance

nn
=My (M @+ 3) ).

5.A.2.2 Variance 2

y

L 1]
With (5.229), (5.63), the absence of spatial correlation in the channel and unitary Q I;1 and
S, we quickly find that

1 B4 |:|_—|]1—_||:||:| LIT] 1
Eyy"' = Iy, Q H E vecfR,gvecfR,g" Iy, QT (5.236)
= INTNR(1+ r%)! (5237)

proving that the y;; are mutually independent with equal variance =1+ 7.
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5.A.2.3 Covariance Xy

Similar to the above proofs, we can write

O R E— @l:m;m Hmﬂ:' L1 1
E xyt = m;n Ing QLI 'S,S E vecfR gvechng Ine. QI
=1; &n
(5.238)
= Inong f;n+ en@EM enMpn)™ (5.239)
= Inong 1 Mpn 1+ ﬁ : (5.240)

e, x5y =1 my, (1+ 2), which concludes the proof.

5.A.3 Derivation of Eq. (5.88)

C—1
It follows from (5.85) and 1+ 1=x 1+1=(2x); x!1 , thatin the limit of infinite (e [edtive)
SNR
1 .
ICTEN
Vai 1; [ 2 61! [0;11: (5.242)

[ el! [051] (5.241)

Vl;i

Hence, the characteristic function ® (v) [cf. (5.331)] of A has one pole at v = j of multiplicity
NtNg and N poles at v=j=(j©ij?> ¢ ) of multiplicities I;, 1 i N , and the expression
for the PEP simplifies to
L1 |j |
1 1 ’\ﬁvl_i i

PEP Res Vv VTR vy o Larel! [001] (5.243)

The remainder of the proof is done in analogy to that of the general error—probability result
presented in Appendix 5.B based on repeated application of (5.333)-(5.334) with definitions

o1 el b

P(v) = v R v (5.244)
=
(n) = i . .
Q"™ (v) e ;1 n N 1; (5.245)
Do | L1 1]
and with ;23 = 21 )i 1,1 ] leading directly to (5.88).

5.A.4 Derivation of Eq. (5.93)

In order to prove (5.93) we assume a suboptimal interpolation filter, prove that it fulfills (5.93)
and show that the optimal filter can not do better than (5.93).
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_ ) _ _ ) C1 [ [ I R
Let e, denote the interpolation error in the interpolation of H, . from H ;j using a
filter with coe [ciehts p, = [Py} 1% Poo1;Pr+1; ic  Pn]T, e
.1% ] { B
e = n i p H . : (5.246)

I})
=1; En

Then, it is well known from fundamentals of stochastic processes (cf. e.g. [Kay98]) that the
interpolation—error variance is given by

1 [ I:II:(ZT)
2 LEje’ =T ( )qﬁ(f)P(f)df; (5.247)
—1=(2T

where W'(f ) denotes the PSD of the e [edtive discrete-time fading process [cf. (5.27)] and

| E—
P(f) E@ p e’ (= )E (5.248)

=1; En

is the power transfer function of the filter p.

Recall that we are interested in the asymptotic behavior for very slow fading, i.e. fading
PSDs with very small bandwidths. Hence, in order to achieve a small interpolation error
variance ,Zn [cf. (5.247)] it appears reasonable to choose the interpolation coe [ciehts such that
the minimal power of f in %ries expansion of) P (f) is maximized. Therefore, we use the

series expansion exp(x) = -, X'=i! of the exponential function and write
Py = 1 p @O ) E (5.249)
— =1; gn i=0 I
= B A |
= By p 2T ) E; (5.250)

=1; Bni=N—-1

where

L D G T I(|n ). (5.251)

=1; 8n i=0

Pn—2(f)

Following our above goal, we choose the coe [ciehts in p,, such that
Pv—2(f) =0 8f: (5.252)

Since Py —2(f ) is a polynomial in f of degree N 2, this can be achieved by choosing p,, such
that all N 1 coe Lciehts of this polynomial are zero. l.e. p, is determined as solution of the
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(N 1) (N 1))-dimensional system of equations

1

1 1 1 1 i 1

—{n 1 n 2 1 1 S n N
(n 1)2 (n 2)? 1 (1)? =i (n N)?

_(n DN72 (n N2 o1 ( DNT? i (n NONT2

Plugging this into (5.250) it is straightforward to see that in the limit of fT !

P(f) ¢ (fT)XN-D: fT 1 0;

EEZ_ ll:(ln )N —1@.
S () P '

=1; En

where

Provided that W'(f ) =0, for B < jfj 1=(2T) we therefore obtain

Igh,el:l
‘n T W) (TN Ddf; Bpe T! 0

—Bher

which for PSDs that are bounded in the sense that

max fW(f)g< 1; with W) W )Bpe T

0=f <B h,el 1

is trivially upper bounded by

2% t;n 2N —1).
2N 1 Oan;aBXh’eéqJ (F)9(Bhe T) :

170

:

(5.253)

][]

TR [

o WIH

0

(5.254)

(5.255)

(5.256)

(5.257)

(5.258)

This result does apparently not apply to the interesting special case of Clarke’s fading model,
as the magnitude of its PSD is not bounded in the sense of (5.257), cf. (4.22). Here however,

the exact solution can be given in closed form as

IjBIh,el:l 2T2(N -1) IjBlh,el:l 2(N—1)
T W) (TN Vdf = S df
_Bh,e|:I 0 B|,2] f2
e
L1

2T2(N —1) 2N —1

1
2

N[ -~

;N +

(5.259)

L1
;1 ;(5.260)

N|
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where ,F;(a; b;c; 2 denotes the hypergeometric function, cf. e.g. [AS72, Ch. 15]. With Gauss’
hypergeometric theorem ,Fy(a;bic;1) = {252, 2 is for Clarke’s fading model asymp-
totically given by

2CohN i 4=
2, ﬁpé (Bre TN, By T! 0 (5.261)

As these results apply to a suboptimal filter, whose coe [ciehts p,, are chosen according to
(5.253), it is clear —by definition— that linear MMSE interpolation can not lead to higher
interpolation—error variances. At the same time, as the number of degrees of freedom in the
design of the filter is limited by the number N 1 of coe [ciehts p , there can not be a filter
that achieves 2, € (Bne T)*; Bne T! Owithx> 2(N 1)

Due to the relationship between MSDD and linear MMSE interpolation (cf. Section 2.4.2.1)
we therefore obtain in the limit of Bpe T! 0

e O

nn

C Bhe )M Bpe T! 0; (5.262)

with some constant c, which concludes our proof of (5.93).

5.A.5 Derivation of Eq. (5.114)

Plugging the definitions of s and F from (5.35) and (5.40), respectively, into expression
(5.44) for the characteristic function ® (v) and making use of the identities detf I, + ABg =
detfl,+ BAgand (In A)(Iy B) =1y (AB), where a and b denote the numbers of
rows of A and B, respectively, and we can write

L1 . L
® (v) = detlj_-Nr,\lTNR v I"I"|S(INR F) (5.263)
O] - O O =y
= det INNTNR Jv INR SD;C T. INR SD;C (5264)
1 1 Yy = .
Ihe So(M Iny)Sp So (M In;)Sp
1 ] I apy—
=det Innene VTe Ine SpeSp (M Ing) SpSoie
cH < cHa D:"]j}l
Sp,cSo (M In;) SpSoye 1 (5.265)
If we further introduce
P =39Sy, (5.266)

and exploit that Sp is unitary, we obtain

- I I i (S - L]
® (V) =det Iynong VTe Ing  PPSESo (M Iy,)SpSpP PP (M Iy,)P

(5.267)
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From this, one can see that the characteristic functlolnjtb (v) of the metric di[erknce between
S and S and through (5.46) also the PEP S'! S depends on SandS only through the

matrix
1 L1 [ _— L 1LIT]

= =

Te I, P" SESo(M 14,)SpSo (M Iy,) P (5.268)

as stated in (5.114).

5.A.6 Proof of Eq. (5.208)

In this appendix, we prove (5.208) by showing that for DSTM group codes
1 lim < 1+", (5.269)

with C4s given in (5.208) and some arbitrarily small positive constant " ;5. At this, it is intuitively
convenient, to regard Z as defined in (5.182) as a sequence of i 1 random Ela%cels:llmlforml)b
iid over the signal constellation V and CP°=L""! as the expectation of Pr d, S, j Sh

with respect to Zn, ie.
Lo O

blo — FQ Iil!r—l.
C)° =E,, Prd, S, ]Sn LT (5.270)
For the proof, we make use of the method of “types” [CT91].

A type gz, (or empirical probability distribution) of Zn 2 V" ! is defined as an L-
dimensional vector whose Ith component is given by @, = P(V"jZ,)=(F 1), where
PV <'>12n) denotes the number of occurrences of the symbol V () as submatrices in Zn. The
set of all Zn of a particular type q,, = q is referred to as “type class” and denoted by

% |
TW="2Z,2Vv"! qun =q : (5.271)

Let us further define the “strongly typical set” [CT91]
L= B( L1
AN =—Z 2 v . P Tas;l 2f1;::0;Lg ; (5.272)

n,

where p = 1..,=L denotes the true distribution of the elements of V (or “typical type” of Zn)
and 45 is an usually arbitrarily small positive constant which specifies how “typical” a Zn has
to be to be admitted to the strongly typical set. Further, let

] ]
QM =gz, %n AV (5.273)
o a2 A (5.274)

denote the set of all types q~_ and the set of the dilerknt types of Zn that belong to the

strongly typical set A(’;)s, respectively. Finally, let us with (5.207) introduce for convenience
1 1

T 1. . . -
™ LPr jiHjj? = nHji?  2(=f N:Ng) with Z,2 T™; (5.275)
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which due to jj ~Hji®> ji nji’ jiH]j? can be upper bounded by
1 o 1
n( =n NT NR)

™M Pr jjHjj? — (5.276)
‘ 1 i gii® =2
For | as defined in (5.188) we have for any q,
1 1
lim o= = lim % I, + qg@ v = (@ p)vY; (5.277)
R - oo R - oo
=1 =1

-

where we used _, V" =0, and in partlcular I|m,=?|_:ro =0 for q = p. Plugging this
into (5.276) and recalling that&rlle norm jjHjj%isa 2 NtNg;2NtNg random variable, as the
elements of H are iid N 0;1 random variables, we obtain

. (NTNg; n( NTNR))_ : (n)
L L = Ry

2(=r—NTNR)

NtNgr; — =
lim M Jim T v O
e 9 fle F(NTNR)
With this and (5.208) we can write
) blo L 1 blo
N“Inoo e L N“Inoo @ v (5.279)

and we will in the following prove (5.204) with C,s as defined in (5.208) by deriving bounds on
liMy . oo Cblo:( S)LN—l)l

Remark: Note that trl%l“typical” sequences Zn are not those few that represent strongly
correlated palrs Sh; Sn , 1e. for which jj ,jj is large, but those that correspond to the vast
majority of Sn that are not correlated with Sn Since MSDD is essentially an estimator{
correlator structure [Kai60] it is intuitively reasonable that these candidates are unlikely to
become the ML solution, i.e. to lie inside a sphere of given radius with higher probability than
other “untypical” §n that are strongly correlated with §n. This fact is expressed by (5.278).



CHAPTER 5. MSDD FOR FREQUENCY{NONSELECTIVE CHANNELS 174

Lower Bound: Using the definition of types we can write

o ) — PR n | = I R
L Cblo o = ™. o iT,ViPrdy, S iS
I|m|nf(1)7 = liminf — Zn " ()1) i " i (5.280)
N - oo P LN—l N - oo LN—l e -
;;; o i T VjPr dy S iS
liminf " Zn O 'm((l)’LNq_l (5.281)
P
L1 oy
- wiTMj §
lim inf —"= @1'13“_1 a ) a (5.282)
N - oo M N-1
- (o
o = mram 1 Tg )
“,xlmq'orlf R (5.283)
NF— ]
= liminf L™ (5.284)
— OO n:l
L
= L - (5.285)
LI [ — [ L1 -1~ =
where we used (i) the fact that Pr d, S, ] Sn Prd; S jS,8S;S 2 VN and

the corresponding S,, Sa,1 n N 1toobtain (5.281), (ii) the relationsl,_(&zlm), (5.275)
and (5.276) to get to (5.282), (iii) (5.278) for writing (5.283), (iv) the identity — om j T, "] =
LN~ in (5.284), and the fact that the limit is (5.284) is well-known to exist.

Upper Bound: We distinguish between i for1 n  N=2 W%eéa%n is \_/aIIi%and for
N=2+1 n N 1, where we use a simple upper bound on Pr d, S, j Sn . At this,
the choice of the value N=2 is rather arbitrary.

Forl n N=2,ie.N!1 impliesin!l ,we can write with (5.275)

Cblo |:ng) - Nt
. b . e N
I|Ln sipm = I|Ln solip Wqu jL (5.286)
o R s S
= |lim supEl %qu(n)j @_ .@?ﬁas - q(n). IIi—N+1 (5287)
N e rof) P grof, 1T
=
@\ ﬁ (n) . o(R—1)H (q)
limsup A" Omax —— L[4+ as LLIN*L (5.288)
e AR B Dt 20
1
(n) @
limsup max — b At —9_p-(=D(HM-H @) g (5 080)
N qrofl b’ - o
I:I(n) I:I as
= limsup max —— L~ (5.290)

Now qrfl  §
where we used [CT91, Theorem 12.1.3], which states that the size of a type class T, ™ is
bounded by At2(=DH@ j T (Mj  20=DH@ with the entropy H (q) £ g log,(q) of
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a memoryless source whose distribution is given by the type or empirical probability distribution
g, to get to (5.288). To obtain (5.289) we used the trivial upper bound jA“;lj L*1. The
second addend in the squared brackets in (5.289) tends to zero as i ! 1 , because (i) 1 <

V= < 1= [cf. (5.278)], (ii) H(@) < H(p), 89 62Q™, 1 n N 1, for any
arbitrarily small positive constant s, and (iii) the number of di[erknt types q is according to
[CTI91, Theorem 12.1.1] at most polynomial in ii. With (5.278) we therefore obtain

cplo I:NITNR' S(=f NtNg) (n)I:I
limsup —2—  limsu 0 L™ 1 n N=2; (5.291
N-»oop l(ol)LN—1 N—»oop (NtNg; 2(=N  NtNg)) ( )

where

| | —
N 1
oLk @ e e
q as =

Note that, since jg pj < as=L, 892 Q(r;)s, (") can by choice of .5 be brought arbitrarily
close to 1, regardless of 1.
. [ P R R
For N=2 + 1 n N 1 we use the trivial upper bound Pr d, S, ] Sn 1,
8Z,2 V"1 ie.

. Cplo . F(NtNR)
limsup —2——  limsu L™ N=2+1 n N 1
Vel OINT N el (NN 2(=N NNg))
(5.293)
We thus have
Cblo )
limsup @ limsupBy(N) ; (5.294)
N - oo p N - oo
where
N ~
Bu(N)észR; n(=f N7Ng) (n))L‘”+l+ e F(N7Nr) LN+t
- (N1 NRg; %(I:_H_I NtNg)) (==t (NTNgr; 2(=N NtNg))
- [ ]
=By,1(N) LBu2(N)
(5.295)

Let us first consider the term By.1(N ). Using the series expansion of the incomplete Gamma
function

L1 1
xN N N1 x)K
N

) N+k+1 k! (5.296)

k=
we obtain with (™ 1

(NtNg; ﬁ(

5.297
(NtNg; r21 ( )

A NrNg) ™) ?:ﬁ NtNg) ™ @R.
=N NtNRg)) =N NtNg ’

~| 1
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which is increasingly tight for small arguments of the incomplete Gamma function. With
(5.297), = (@ +" )NNtNgr and

O (n)
as = qulr;l;%:z}f g 1 (5.298)

we can upper bound By.1(N) via

Bua(N) e MV

e —— TR L+ 5.299
(L + " NTNR =1 —N Nt Ng ( )
Ntz":lN 11 L]

_ NR (h 1) L+ (5.300)
- . ( NNNg)
1]
_ La_L“> T""'#NR 1
L 1 N n+1 '
k=1 n=1
(5.301)

Inthe limit N !'1  the first term in (5.301) converges to L=(L 1) while the second vanishes,
as

—— ]
lim ) n I;LI—” lim L L W 2 0 k2 N (5.302)
S N (N=2+1F L 1 “ - >

n=

i=1
where we used (cf. Appendix 5.A.7)
nx"=@1 x)"®D g% jxj< 1 k2 N; (5.303)
n=1 i=1
with coe [ciehts c,-(k) that can be computed recursively via
¢’ =1 (5.304)
o= ic P+ ki + 1) (5.305)

@ =

With = (1+" )NNtNg the second addend By.,(N) of the upper bound (5.295) can be
rewritten as

F(NTNR) L—N=2+1 L—N +2
Bu2(N) = : .
uz(N) (NTNg; 2" NtNg) L 1 (5-306)
Since the first factor in (5.306) is independent of N, By.o(N) becomes zero for N ! 1
Hence, the upper bound (5.294) converges as
limsupBy(N) = limsupBy.a(N) + limsupBy.2(N) = L(1 + " )NTNR (5.307)

which together with the lower bound (5.285) and ",s arbitrarily small establishes (5.204) as
desired.
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5.A.7 Proof of Eqg. (5.303)
In this appendix, we prove that
nx"=1 x)"®H % jxj< 1, k2 N
n=1 i=1

with coe [ciehts c,-(k) that can be computed recursively via

0 = V=1
(k) — k=1) _
a’ =g =1
M = ic Yk i+ pdEY:

177

(5.308)

(5.309)
(5.310)
(5.311)

To this end we deploy the technique of complete induction, i.e. we show that (5.308) holds
for k = 1, k = 2 and that it holds for k if it holds for k 1. At this, we repeatedly make use

of the relations

n“x" = x— n“ +x":
n=1 dX n=1
For k = 1 we can write
1 g E—1
nx" = Xd— x"
n=1 X n=1
_ 4 x
~ Tdx1 x
. X
@1 x?
which satisfies (5.308)—(5.311).
For k = 2 we obtain using the result for k =1
1 dg E—1
n?x" = X nx"
n=1 X n=1
— d x
 Tdx (1 x)?
X + X2
1 x)3

which also satisfies (5.308)—(5.311).

(5.312)

(5.313)

(5.314)

(5.315)

(5.316)

(5.317)

(5.318)
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Finally, for arbitrary k we can write

1 dg £ 1
nx" = Xg nk=Ixn (5.319)
n=t ™ 1
_ P
= x& 1 x) G X (5.320)
' -

= x(1 x)"* @ x)k. c VixTt+ (1 x)"_l' a Ux'k  (5.321)
|¥| i=1 ) ) i=1 ]
(1 x)~k+D i;_}!ixi_l cii;_%!ixi+ c,,i;_}!kxi (5.322)
i=1 i=1

= X Ci
- - |
1 ) - [
= @ x)"®D eV xR 4 ic?&_l) (k i+ X :(5.323)
i=2
A comparison with (5.308)—(5.311) shows that (5.308)—(5.311) hold for any k if (5.308)—(5.311)
hold for k 1 as assumed in (5.320). This concludes our proof.

5.B Error{Probability Result for Multichannel Signal-
ing

In multichannel communication systems the metric di[erence between a pair of transmit sym-
bols can often be expressed as a special case of the quadratic form
NGB T 1

L1
A=" Re © XYy ; (5.324)
i=1 i=1

where fX;j;Vij 9 1 ] li, 1 i N , are iid pairs of correlated zero—-mean complex
Gaussian random variables WIJ_IIh__I] ] 10 2 L

X ] []

E N X Vi == < (5.325)

Yij ooy
and®;,1 i N ,aredistinct constants usually related in some way to the di [erkence between
two elements of the signal constellation (see below). The l;, 1 i N , may or may not be

equal.
Theorem: Given a random variable A as defined in (5.324) the probability that A < 0 can
be given in closed form as

) SHm NG E i S ) S | N o R B R RGN |

=1
Pr(A<0) = ( 1) J&i (5.326)
i=1 Iﬂ— k1,0=0 inIJZO kl,N =0 k2,1=0 k2,i 1=0 Kk2,j+1=0 kzlﬁ) 1=0
H i 1=k i— ; l\&l kij 1—k1j—1 l koj 1—kzj—1 .
keo i kl,lliilkl,l 1 Vll;i l,_llj 1_1 1] 1] 2,J|j 1_1 2,j (Vl;j VZ;j )|J

(Vg vy )itk Tk (v v )itk sk (v vy )litked amkes !
jei
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where

—
j — 2 1

\Y; = W+ —— . - Wi 5.327

. ez gD (5.327)
L1 2 1

Voi = We + —— . — + W, 5.328

! ez g (5.328)
Lt Ref 4Od (5.329)

Wi = — - -
| JOIJZ( )% 3 J ny2)
and kZ?Ne 0, kZ;O kl;N@, k2;i k2;i—1-
Proof: The probability Pr(A < 0) can be computed via (cf. e.g. [Pro00])
N L —1
® (V)

Pr(A< 0) = Res (5.330)
=1 VIV v
where @ (v) fE¢ and jvi,1 i N, denote the characteristic function of A and the
poles of ® (v) on the positive ima@itnlary aXislfllc the complex v—plane, respectively. As A'is a
sum of iid contributions i 59 @ixi;j yIIJII , 1 i N , 1 j Ii; in pairs in;j Yii 9 of
(I I I ' L1 L] .
correlated N¢(0; ) and N. 0; ¢ with = E Xij Vi, We can write
N1 Vo )i
® (v) = (Ve Vai) (5.331)

V)V )
with vy and w; as defined in (5.327)—(5.329), respectively. Note, that both vy; and v,; are
positive regardless of Ref ,,Od as | yyj? % 5. Hence, poles jv,; and jvy; lie on the
positive and negative imaginary axis, respectively, and the residues in (5.330) correspond to
poles jvi" = jvz;.

The proof essentially makes use of the following relations:

First, if V is a pole of multiplicity | of a function f (v), then the residue corresponding to
that pole can be computed via

Resf f = | @ 't = 5.332
Res (V)g—vmm o v Vi) : (5.332)
Second, the Leibniz rule also known as generalized product rule states that
1 Iﬂ” I —1
2 el = 30 2w e
dv - av I |
Third, the following simple derivative is used repeatedly
I:dl L1
o O D=L 9T (5.334)

where Hiy é_—l"(l + x)=I"(I) denotes the so—called Pochhammer symbol.
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Since ® (V) is a rational function in v the proof boils down to computing the residues via

'%'(V):' e
Res = =R(va) (V) (5.335)
V=] V2 i .
j=1
where
GrAg o
e T
RV £ — “P(V) (5.336)
(. [l
N S—
Pv) £ b+ i)t v eyt (5.337)
o

Using the Leibniz rule (5.333) and (5.334) R(v) can be written as

o Ty g
dv

Kz Vli—KLo

R(v) = P(v): (5.338)

k1,0=0

Assuming for the moment that 1 <i <N , we successively chop factors o CR(v) defining a
sequence of functions

QW) = P+ jva)' (5.339)
QUA(v) = QUI W)V +viz)*; (5.340)
QUNe)(y) = QWNe~D(y)(v + Ving)Ne; (5.341)
Q(Z:l)(v) FQ(l;NO)(V)(V jV2;1)I1; (5.342)
QPAv) = QEIW(V  jva2)*; (5.343)
Q(Z;i—l)(v) F‘Q(z;i_z)(v)(v jVZ;i—l)li 1 (5.344)
Q(2;i+l) v) E‘Q(Z:i—l)(v)(v jVoisn )'i+1; (5.345)
QFI A (v) = QE (W juzin) (5.346)
Qe d) EREODWE gt = e (6347
and repeatedly apply (5.333) and (5.334) to compute e.g.
S =

P (v) T 1)'1 QU (v) (5.348)

I?Il)klo kllHllklo k1,1 I:dl Hd (1;1) 5.349
k1,1 (V+ V)i koK dy QWD(v)  (5.349)

k1,1=0
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as in (5.338). Having done this for Q&Y (v) through Q@Ne=1(v) we eventually obtain

T S i T SHEaE | S [ B o R N R 2 ]

R(v) = ( 1)1t ¥ : (5.350)
k1,0=0 k1,1=0 kl,NI_e__I:O k2,1=0 k2,2=0 k2i 1=0 k2,j+1=0 ka,Nng 170
(li—k1,0) Ll_i_l—l E N d 1 H
oD k1.0 (R JTkaj 1=K j 2 iTkzj 1—kaj i
Vli_kl’o =1 (V + jvl;j )|j+ kl‘j 1—k1,j i (V jV2;j )|j+ kz‘j 1_k2,j No kZ,NO 1

j&i
where we introduced indeces k.o King and kyi  koi—1 to simplify the notation. Combining
the various M'-functions, binomial coe Lciehts and Pochhammer symbols, introducing ko, 0
for notational brevity, and plugging the results into (5.335) and (5.330) leads to (5.326).

The proof that (5.326) also holds for i 2 f 1; N g follows in complete analogy to the above
proof for 1 <i<N and is omitted for brevity. [ |

We would like to point out that this general result extends upon related ones that can
be found in the literature, e.g. [SA01, Pro00, SA98], as the coe [ciehts ®;, 1 i N , are
distinct and may also have distinct “multiplicities” ;. It is therefore possible to use (5.326) to
e.g. analyze the performance of DSTM, whereas the results in [SA01, Pro00, SA98] are only
applicable to DPSK.

5.C Block Dierential Space{Time Modulation

In [DBO6] Du et al. proposed to permute the individual PSK elements of blocks of cyclic DSTM
transmit symbols S[k] prior to transmission in order to avoid the increase in e [edtive fading
bandwidth incured by regular DSTM.

More specifically, at the transmitter side, DSTM transmit symbols are grouped in blocks of
LBPST™ symbols S[k+ ], 0 LBDST™™ 1. Instead of transmitting S[k] followed by S[k+1]
and so on in a row-by-row fashion, i.e. due to the diagonal structure of S[k] using alternating
transmit antennas, they suggested to first transmit s;.1[k+ ] from antenna 1 during modulation
intervals kNt + +1, 0 LBPSTM 1, followed by s,.o[k + ] from antenna 2 during
modulation intervals kNt + +1+LBPST™™ ¢ LBDST™™ 1 and so on. After transmission
of syrn.[K+ ] from antenna Nt during modulation intervals kNt + +1+LBPSTM (N 1),
0 LBDPST™™ 1, the next block of LBPS™ DSTM symbols is processed in the same fashion.

This is advantageous in two ways:

The artificial channel decorrelation incured by regular DSTM is avoided, as symbols s;; [K]
and s;; [k + 1] that are successive in the direction of di [erential encoding are transmitted
from the same antenna in two successive modulation intervals.
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In the case of spatially correlated channels BDSTM leads to a decorrelation of subchan-
nels, over which the di[erent elements of the same S[k] are transmitted, due to the tem-
poral fading. Provided that LBPS™ s chosen su [ciehtly large, full transmit diversity
order Nt can still be achieved even in a spatially fully correlated channel.



Chapter 6

Multiple{Symbol Di erential Detection
for Frequency{Selective Channels

Orthogonal frequency division multiplexing (OFDM) is a popular modulation technique for
transmission over frequency—selective channels and has been adopted in several standards such
as, e.g. for digital audio and video broadcasting, wireless local and metropolitan area net-
works, and ultra-wideband radio. OFDM decomposes a both time- and frequency-selective
channel into a number of parallel time-selective but frequency-nonselective channels, which fa-
cilitates low—complexity channel equalization, cf. e.g. [WE71, Bin90, BKS92]. The combination
of OFDM with antenna arrays at both transmitter and receiver, which is usually referred to as
MIMO-OFDM, has recently received considerable attention as a means to improve bandwidth
and/or power e Lciehcy, cf. e.g. [SBM* 04] for an overview.

Especially in strongly frequency—selective channels and mobile environments with relatively
fast changes of channel conditions, the problem of acquiring accurate channel state information
is aggravated compared to the frequency—nonselective case considered in Chapter 5. In such
scenarios, diLerkntial encoding and detection without the need for CSI becomes an even more
attractive alternative.

In this chapter, we therefore consider the application of the computationally e [cieht im-
plementations of MSDD and its variants presented in Chapters 2 and 3 to MIMO-OFDM. In
addition, we propose a new signal-allocation scheme for MIMO-OFDM based on cyclic DSTM
constellations, that leads to improved power e [ciehcies of the noncoherent detectors compared
to existing schemes. A detailed outline of this chapter is given in the next section following the
discussion of related literature.

183
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6.1 Related Literature and Chapter Outline

Di[erkntial encoding in frequency direction and CDD, which relies on negligible variations of
the channel frequency response at adjacent subchannels, is considered in e.g. [ER93]. However,
as for the frequency—nonselective channel CDD su [erk from a high error floor already in mod-
erately frequency-selective channels. Luise et al. [LRV98] devised an improved detector, which
overcomes the error—floor problem by exploiting the subchannel frequency correlation and using
the Viterbi algorithm with predictor-based branch metrics. Subsequently, we refer to detec-
tion algorithms that exploit correlation only in time or frequency direction as “1-dimensional”
(1D) detection schemes. Since, in general, OFDM subchannels are correlated in both time
and frequency direction, a number of 2—-dimensional (2D) detection schemes exploiting time
and frequency correlation have also been proposed in the literature. In [FS99], the authors
present a coherent detection scheme for di [erential encoding in time using a decision-aided 2D
channel estimation algorithm, i.e. no pilots are needed. Haas et al. [HKO03] proposed to take
“detours” in the 2D neighborhood (in time and frequency) of an actual di[erential encoding
step such that phase errors along individual steps are minimized. This approach was shown
to yield moderate gains over CDD for dilerkntial encoding in time direction. Chang and Su
[CS04] proposed a 2D regression model for the channel and applied a branch-and-bound tech-
nique to perform 1D data detection without CSI in time direction for a subset of subchannels
and a subsequent decision-aided channel estimation with 2D interpolation. Cui et al. [CT04b]
investigated both decision—feedback and branch-and-bound data detection methods exploiting
subchannel correlations in frequency direction only.

All the mentioned work considered transmission with only a single transmit antenna. For
MIMO-OFDM, which employs antenna arrays at the transmitter, the concept of space-frequency
or space-time—frequency coding has attracted considerable attention in the literature, cf. e.g.
[LXGO02, BBP03, SSLO5]. Space—frequency codes for noncoherent detection have been de-
signed and analyzed by Borgmann et al. [BB05]. While utilizing full space and frequency
(multipath) diversity of the frequency-selective MIMO channel, detection complexity is ex-
ponential in the number of OFDM subchannels for fixed rate. Another approach pursued in
e.g. [LSO01, DADSCO02, WY02, LHCO04, SL05, CLLO05, HSLO05c] is to employ dilerkntial mod-
ulation with matrix constellations developed for dilerential space-time modulation (DSTM)
and single-carrier MIMO transmission (e.g. [TJ00, Hug00a, HS00]). In [LS01, WY02, LHCO04,
SL05, HSLO5c¢], diagonal constellations ([Hug00a, HS00]) are considered and, similar to space—
frequency codes for coherent detection with CSlI, signal components of the DSTM code matrices
are allocated to dilerknt transmit antennas and OFDM subchannels to accomplish diversity
gains. This is referred to as dilerential modulation diversity (DMD) in [LS01], which also
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introduced DFDD into OFDM to avoid the error floor of CDD.! Signal allocation can be fur-
ther optimized for the case of known channel power—delay profile (PDP) at the transmitter as
discussed in [LHCO04, SL05, HSLO05c] (see also [SSLO5]). Whereas diversity and optimal coding
advantage are considered in [LHCO04, HSLO5c], performance improvement of CDD is achieved
in [SLO5] by creating a smooth logical channel for diLerential encoding in frequency direction.
A comparison of optimal and (pseudo-)random signal allocation can be found in [HSLO5c].
Extending the work in [DADSCO02], Chiang et al. [CLLO5] studied orthogonal constellations
([TJ00]) in conjunction with CDD, DFDD, and prediction-based Viterbi decoding for MIMO-
OFDM. New matrix constellations tailored for di [Lerkntial MIMO-OFDM under the assumption
of time—invariant channels were designed by Ma et al. [MTLO05] and by Li [Li03].

In this chapter, we study MIMO-OFDM transmission with di [erential encoding and we con-
sider the general case in which di[erential encoding can be performed in time or in frequency
direction. To exploit frequency diversity while minimizing transmission delay and detrimen-
tal eledts of temporal channel variations on performance, all components of a matrix signal
are allocated within one OFDM symbol, which is similar to [LS01, LHCO04, SL05, HSL05c] and
unlike the allocation in [WY02, MTLO5]. We refer to the resulting scheme as di [erential space-
frequency modulation (DSFM), a term coined by Su and Liu [SL05] in analogy to DSTM. As
[LSO1, WYO02, LHCO04, SL05, HSLO5c], we consider diagonal constellations. Cyclic (diagonal)
constellations are particularly suited for DSFM, since (i) no minimal channel coherence band-
width is required, which would be the case for non-diagonal constellation (cf. e.g. [CLLO05]),
and (ii) spatial and spectral channels can be traded freely and thus, di [erent numbers of trans-
mit antennas can be accommodated with the same constellation, without changing bandwidth
e [ciehcy.

In section 6.4, we devise a novel signal-allocation scheme for DSFM, which unifies DMD of
[LSO1] and ideas from BDSTM proposed for frequency—flat MIMO fading channels in [LWZD04]
(cf. also Appendix 5.C) and which is applicable for di[erkntial encoding in either time or fre-
quency. Under the reasonable assumption that the PDP is not known at the transmitter, it
optimally combines the goals of (i) minimally correlated subchannels used for di [Lerknt compo-
nents of one space—frequency matrix signal, (if) maximally correlated subchannels experienced
by matrix signals successive in dilerkntial encoding, and (iii) maximal correlation between
subchannels comprised by the 2D observation window (see below) for detection without CSI.
Thereby, full space—frequency diversity and optimal coding gain are not our primary concern, as
(1) this usually requires some knowledge of the PDP at the transmitter, (ii) signal constellations
may become extremely large, which increases detection complexity, and (iii) asymptotic perfor-
mance gains through increasing diversity beyond a certain point are not visible for practically

1The assignment of signal components to subcarriers is also ofterferred to as subcarrier grouping [LXGO01].
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relevant error rates.

Di [erent from the aforementioned literature, we consider ML MSDD for DSFM. Inspired by
2D channel estimation schemes in e.g. [HKR97, LCS98, CS02, SBM* 04], we propose ML MSDD
with a 2D “observation window”, which, di [erent from previous work for noncoherent MIMO-
OFDM, is capable of exploiting channel correlation in both time and frequency direction. We
develop a representation of the detection problem that is amenable to the tree-search methods
developed in Chapter 3. This is done in Section 6.5.

Performance and complexity of the proposed transmission scheme are analyzed by means
of analytical methods and numerical examples in Sections 6.6 and 6.7, respectively.

6.2 Time{ and Frequency{Selective Channel Model

In the case of a time and frequency-selective channel, the continuous—time input delay-spread
function describing the spatial subchannel between transmit antenna i and receive antenna j
is given by
F1’i;j )= hij () ( )) (6.1)
1=1
where the L, propagation paths are assumed to be iid and specified by their complex amplitudes
hi(;}) (t)anddelays |,1 | Ly, cf. Chapter 4. Asshown in Chapter 4 the discrete—time received
signal at antenna j and discrete time kT reads

0)
rilkl= xik]  hiy (kT + Dhe(k” KT+ 1 )+n[kT (6.2)
i=1 k=0 =1
where hg(t) combines the eledts of transmit pulse shaping and receiver matched filtering
[cf. (4.15)] and n; [k'] represents AWGN.

6.3 OFDM Transmission

For a brief recapitulation of MIMO-OFDM we consider Fig. 6.1, which illustrates the MIMO-
OFDM transmission system with Nt transmit and Ng receive antennas in the ECB domain. Ina
way that is to be specified in Section 6.4 information is mapped to symbols x{[m; k], 1 i Nr,
1 m D, k2 N. Following an inverse discrete Fourier transform (IDFT) of blocks of D
symbols x{[m;k], 1~ m D, resulting in blocks of D symbols x’[m;k], 1 m D, the Dy
symbols x[m;k], D Dg+1 m D, are added as so—called “cyclic prefix” prior to parallel-
to—serial (P/S) conversion to symbols x;[k']. After pulse shaping with hy(t) these symbols are
transmitted successively at rate 1=T over the frequency-selective subchannel ﬁi;j (t; ) to be re-
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Figure 6.1: MIMO-OFDM transmission system.
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ceived by the j th receive antenna. Following matched filtering with hg(t) [cf. (4.2)] and sampling
at rate 1=T the resulting discrete time signal r; [k'] is serial-to—parallel (S/P) converted and the
received symbols corresponding to the cyclic prefix are discarded leaving blocks of D received
symbols rjp[m; k], 1 m D. These are fed into a discrete Fourier transform (DFT) yielding
symbols rf/[m;k], 1 m D.

In order to clearly show the inner workings of OFDM, we progress through Fig. 6.1 from
the center to its edges building upon (6.2). Based on the cyclic prefix insertion and the P/S
conversion at the transmitter such that x;[(k 1)(D + Dg) + m] = x[m; k] the received signal
ri [k reads

NP T N I - qul

rk] = xP[mod(M; D) ;k]  hi (KT + 1) (6.3)
i=1 g=p m=—Dg+1 I1=1
hekT+ . | ((k 1O+ Dg) +M+Dy  1)T)+n;kT:

With the S/P conversion and the cyclic prefix removal at the receiver and Ty = (D + Dy)T we
obtain

rjp[m; k] = rj[(k 1)(D+Dg)+m+Dy 1] (6.4)
NP 1T T 1 - w—h
= x{[mod(M;D);k]  hi/((k DTi+(M+Dy 1T+ 4)
i=1 g=p m=—Dg+1 =1
ho((k K)Tr+(m MT+ 1 ) +n[mik]; (6.5)

where n;[m; k] é:n',- [(k 1)(D +Dg)+m+Dgy 1]. If the cyclic prefix is chosen properly
such that t,, + |, 1 < D 4T, where t,, denotes the period of time, where hg(t) deviates
noticeably form zero, blocks [xP[1;K];::: ;xP[D;k]] and [xP[1;k + 1];::: ;xP[D; k + 1]] can be
avoided e [edtively. Consequently, we can discard the sum over k from (6.5) fixing k = k which
yields

N1
rPlm;k] = xP[mod(M; D) ; k] (6.6)

i=1 m=—Dg+1

qﬁk DT +(M+Dg DT+ dhe((m T+ 1 ) +n[mik];
=1
i.e. blocks of D received symbols rjp[m; k], 1 m D, can be processed independently at the
receiver.
For OFDM to function optimally it is required that the channel does not change significantly
during the transmission of an OFDM frame, i.e. ﬁi;j t ) ﬁi;j t+At ), 0 At T,
Ts % + Dg)T. In this case we can apply the simplification

h(k DT +Mm+Dg 1T+ 1) =h{ (KT + 1) (6.7)
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in (6.6) and see that the influence of the dispersive channel on the transmit signal becomes
that of a cyclic convolution, i.e. we can Write2

1 1
rP[L; K] p[ K] [1 K]

H. H"wH @E E 69
rP[D;K] = xP[D; k] n; [D; k]

with the circulant matrices
]
He® = hI(kT+ Dhe(mod(m mM;D)T+ 1 ) : (6.9)

= ol D

1] (NN
As the DFT matrix D = D12 exquﬁmn m=1, o IS the modal matrix of any circulant

n=1,...,D

matrix, cf. e. g [Gra71], we obtain

1 1
E[1 K] N—] Ex{[l;k] @ E [1 K] E
DH{ D" : D (6.10)
rf[D; k] =t x/[D; k] S [D,||<]:I - -
circ. 1 0 Xf[l, k] nE[l, k]
H - BHEHY H
= - : : (6.11)
i=1 0 HeirD x{[D; K] nD; k]

where the njE[m; k] have the same distribution as the n; [m; k] as D is unitary, and the eigenvalues
Heem, 1 m D, are equal to the DFT of the sequence

hii.ji(ka+ Dhe(MT + 1 ) =hy KTy + ;t+ 4) hea)ﬁ 0 m D I
B t=m
1=1

(6.12)

Since the frequency response % I%I t) I%I)ij ha(t) is i i
G G practically flat in the frequency range
of interest, we can neglect it and obtain the eigenvalues HEire:m 1 m D, as spectrum of
the input delay—spread function h;; (t; ) [cf. (4.7)] and write
f . — '\I":| f . AP
rim;kl = gy [m;KIx{[m; k] + nfim; K]; (6.13)

i=1

2|f the coe cients h(')(t) change too rapidly, the modeling as cyclic convolution inairs a mismatch, which can
be included in the equivalent channel model as an additionaRWGN term, cf. [RS95]. However, forB, T  0:01
the variance of this additional noise term is su ciently low to be negligible in transmission scenarios of interest
and we shall restrict our attention to this case.
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where

g [MKI=c F By KT+ st ) (OO = GhfKkT+ pe?n 10w

(6.14)

Af éjl':(DT) and the I(%rl]stant C, contains all influence of hg(t) compensating for channel
attenuation such that E jg; [m; k]j> = 1. In consequence, the overall discrete—time channel
model is again non-amplifying and the average power of the Ith normalized channel coe [cieht

h(')(t) is given by
E Iﬁ')(t)%

2 L1

(6.15)

Etﬁ(t)

=1

Apparently, the symbols x{[m;k], 1 m D, are transmitted over D parallel discrete—
time frequency{nonselectiveNt Nr MIMO channels as illustrated in Fig. 6.2. As the channel
coe Lcieht of the mth eledtive (narrowband) frequency—nonselective channel is given by the
spectrum of the (wideband) frequency—selective channel at frequency f = mAf, OFDM is
often referred to as “discrete multitone” (DMT) or “multicarrier system” and the D parallel
subchannels as “subcarriers” spaced at frequency increments —or “intercarrier spacing”— Af .

For our considerations in this chapter, (6.13) shall serve as channel model. Again, the
correlation of the channels is of interest for what follows. It is shown in Appendix 6.A.1
that the autocorrelation of g;; [m; k] is separable into a spectral, a temporal, and two spatial
correlation functions

1 1]
gl 51 niniziad = E gy.dm+ ;k + 1o [mik] (6.16)
= 11701 ™hisiad ®huial (6.17)

where the spectral correlation is determined by the PDP of the frequency—selective channel as

f[ ] 2 fC1—1) : (618)

=1

and the temporal correlation is given by

1= (T (6.19)

with (t) as defined in (4.14). The spatial correlation coe [ciehts ™ [i;j]and R*[i;j ] are the
elements in the ith row and jth column of ™ and R* [cf. (4.9) and (4.10)], respectively.

3The Fourier transform is formed with respect to the second argunent of f; (t; ).
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Figure 6.2: Discrete-time model of MIMO-OFDM transmission system.

6.4 Dierential Space{Frequency Modulation (DSFM)

In this section, we describe DSFM to achieve spatial and spectral diversity and facilitate non-
coherent detection (discussed in Section 6.5) based on cyclic DSTM constellations (cf. Sec-
tion 2.1.1.1). To this end, we briefly present the two fundamental options for dilerential
encoding in time and frequency direction in Section 6.4.1. The proposed signal-allocation (SA)
scheme, i.e. the allocation of elements of the diagonal signal matrix to OFDM subchannels and
transmit antennas, is developed in Section 6.4.2.

Here, we consider the general case, where cyclic DSTM codes of (Ns Ns)-dimensional
matrices with

Ns =N:tNg:; Ng2 N (620)

are used for transmission from the Nt transmit antennas and allocate the individual components
of each matrix symbol to dilerknt antennas and subcarriers such that we do not only exploit
spatial diversity but also spectral diversity.
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6.4.1 Dierential Encoding

We denote diagonal data matrices chosen from V [cf. (2.2)] by V [m; k], where m and k are
discrete—frequency and —time indices as described in detail in Section 6.4.2. In DSFM, diagonal
transmit matrices S[m; k] can be obtained either by di Lerential encoding in time direction, i.e.
time—di Lerential SFM (T-DSFM), via

S[m;k +1] =V [m;Kk]S[m; k]; S[m; 1] = I\, : (6.21)

or by dilerkntial encoding in frequency direction, i.e. frequency-diLerential SFM (F-DSFM),
via

S[m+ 1;k] =V [m; K[S[m; K],  S[1;K] = Ing: (6.22)

F-DSFM is preferable for burst transmission or if detection delay is to be minimized. T-—
DSFM is advantageous for continuous transmission since (i) the share of reference symbols
S[m; 1] tends to zero with increasing transmission time and (ii) OFDM is usually employed for
channels that exhibit significant frequency but moderate time selectivity.

6.4.2 Signal Allocation (SA) Scheme

There are several possibilities to use the three dimensions space, frequency, and time to trans-
mit the two—dimensional matrices S[m; k]. In general, frequency and time are interchangeable,
but to minimize the transmission delay, space—frequency modulation, i.e. DSFM, is consid-
ered in this paper, and all elements of S[m; k] are allocated to subcarriers of the kth OFDM
frame. Hence, assuming D active subcarriers and D=Ng being integer, the D=Ng symbols
[S[1;K]; S[2;K]; ::: ; S[D=Nsg; K]] are transmitted during the kth OFDM frame using Nt trans-
mit antennas. In order to exploit full spatial diversity, the elements of each S[m; k] are trans-
mitted from all Nt antennas over Ng = Ns=Nr subcarriers per antenna. To maximize spectral
diversity under the constraint that the PDP is not known at the transmitter, these Ng subcar-
riers should be spread uniformly over the used frequency band, i.e. spaced by D=Ng subcarri-
ers. This is similar to the subchannel grouping proposed for space-time—frequency coding in
[LXGO02] also adopted in [LS01, LHCO04, MTLO05, Li03].

Finally, dilerential encoding needs to be taken into account. In the case of T-DSFM (see
(6.21)), the proposed scheme ensures that the time between receiving two consecutive transmit
symbols S[m; k] and S[m; k + 1] is the minimum of one OFDM frame. As long as s;; [m; K]
is assigned to the same OFDM subcarrier and antenna as s;; [m; k + 1], the “e [edtive” fading
bandwidth attains its minimum of B, T;. In the case of F-DSFM |[cf. (6.22)], the spectral
correlation between the subcarriers allocated to s;; [m; k] and s;; [m +1; k] should be maximized
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forall1 i Ns. As, dilerknt from [SLO5], the channel PDP is assumed to be unknown at
the transmitter, the most reasonable choice is to transmit [s;; [1;K]; : :: ; S [D=Nsg; K]] over a set
of D=Ng contiguous subcarriers. This can be regarded as an application of the idea underlying
BDSTM (cf. Appendix 5.C) to DSFM.

In summary, according to the proposed SA scheme the diagonal elements s;; [m; k], 1 i
Ns, of S[m;k], 1 m D=Ns, k 2 N, are transmitted from antenna [mod(i  1; Nt) + 1] over
subcarrier [(i  1)D=Ns+m] of the kth OFDM frame, while all other antennas do not transmit
over this subcarrier. In the notation of Section 6.3 we consequently have

Xinodi—1nyra [(i 1)D=Ns +m; K] = s;; [m; K]: (6.23)

Fig. 6.3 illustrates the SA scheme for the example of Nt =2 and Ng =2, Ns = NtNg =4,
and Ng = 1.

Compared to related SA schemes based on diagonal-matrix signals this scheme is advanta-
geous in that neither the e [edtive fading bandwidth (DMD of [LS01]) nor the spectral spacing
between subcarriers allocated to s;;[m; k] and s;; [m + 1;k] ((WYO02, HSLO5b, MTLOS5]) are
increased beyond their respective minima B, T; and 1.

We note that this SA scheme is used both for T- and F-DSFM and that DR and (D 1)R
bits per OFDM frame can be transmitted regardless of the parameter Ng with T-DSFM and
F-DSFM, respectively.

6.5 MSDD with 2{Dimensional Observation Window

In MSDD, N received symbols are jointly processed. Usually, the observation window extends
in the direction of dilerential encoding, i.e. time for single-carrier transmission as considered
in Chapter 5. A straightforward adaption of MSDD to OFDM-based transmission is to apply
a 1D observation window which extends either in time or in frequency direction depending on
the direction of di [erential encoding. Such an approach has been chosen for DFDD and Viterbi
detection in [LS01, CLLO5].

Inspired by 2D channel estimation schemes for OFDM and MIMO-OFDM, cf. e.g. [HKR97,
LCS98, CS02, SBM™ 04], in this section we present MSDD with a 2D observation window. We
first derive the ML metric for 2D MSDD in Section 6.5.1 and then transform it into a form
amenable to the tree-search decoding methods of Chapter 3 in Section 6.5.2. Implementation
details and variants of 2D MSDD are then discussed in Section 6.5.3.
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6.5.1 Maximum{Likelihood Metric for 2D MSDD

From the channel model (6.14) and according to the SA scheme devised in Section 6.4.2, we

define the (Ns Ng)-dimensional MIMO-OFDM channel matrix
] ]
GIM;Kl = Gmodi—tnpa [ 1)D=Ns +m;K] . 1 m D=Ng k2 N: (6.24)

i=1,...,Ng
ji=1,....NR

The (Ns Ngr)—-dimensional receive matrix R[m; k] corresponding to transmission of a space-
frequency symbol S[m; k] is given by

R[m; k] = S[m; k]G[m; k] + N [m; K[; (6.25)

where NI[m; k] isan Ns Ngr AWGN matrix. For illustration see Fig. 6.3. We note that (6.25)
applies to both F-DSFM and T-DSFM.
The 2D MSDD observation window extends over

N = N¢ N; (6.26)
received matrices R[m;; k;], 1 i N¢, 1 | N¢, i.e. Ny and N; are the dimensions
of the window in frequency and time, respectively. For T-DSFM we need kj.1 = kj + 1,
1 N: 1, and for F-DSFM we have mj;; = m; +1, 1 [ N¢ 1, to allow for

detection of the data symbols V [m; k] according to (6.21) and (6.22), respectively. There are

no restrictions on the indices m; for T-DSFM and k; for F-DSFM and appropriate choices

will be discussed in Section 6.5.3.2. The corresponding received symbols can be collected in an
(NtNs  N{Ng)-dimensional matrix*

L] L]

R’ = Rimi;k]

i=l,...,Nf
J=1,...,N¢

; (6.27)

where “-”” emphasizes the rectangular extension of the 2D observation window in time and
frequency. In order to formulate the ML-MSDD decision rule it is convenient to block—vectorize
the received matrix R~ and therewith the transmission model. To this end, we define the
(NtN¢{Ns Ng)-dimensional matrices

X8 m, k] XPmaikal ;o 5 X [mgked i X 2 RIGING (6.28)

the (NfN¢{Ns Ng)-dimensional matrix
S B my ko] SMImikal s Sy ki (6.29)
“For the sake of readability, we omit the dependence of 2D MSDD lock matrices of index setf my;::: ;my, g

and fkq;::: Kk, O
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and its (N+N{Ns N¢N;Ns)-dimensional block-diagonal version
SE%ang[ml;kl];S[mz;kl];III ; S[Mngs knelg (6.30)

where “™ indicates that matrices X[m;; k;] are stacked first according to the frequency index
m; and then according to the time index k; (another possibility is discussed below). We can
then rewrite (6.25) to match the 2D-MSDD observation window as

R-Es[GH N (6.31)

Since given S5'R5s zero-mean complex Gaussian distributed with autocorrelation matrix
L1 L1 om0

the 2D ML-MSDD decision rule reads
~ L Th 1] —J 111
Stk argrknin tr RY ERlS RY (6.33)
S
It should be clear from the above that this decision rule applies to both T-DSFM and F-
DSFM. From S the N¢(Ny 1)and (N; 1)N; data—matrix estimates Y, [m; K] are determined

using (6.21) and (6.22), respectively.

6.5.2 Tree{Search Algorithms for 2D MSDD

For a representation of (6.33) amenable to the application of tree-search algorithms as devel-
oped in Section 3.1, we make the assumption that the channel coe Lciehts collected in G[m; k]
defined in (6.24) are mutually uncorrelated. We note that this is a fairly mild assumption,
since it only requires that (i) Ng subchannels spaced by (D=Ng)Af are uncorrelated, i.e. the
channel coherence bandwidth is significantly less than (D=Ng)Af, and (ii) the minimal dis-
tance between dilerknt elements of the transmit or receive antenna array is greater than half
of the wavelength [SFGKO00]. The e[edt of subcarrier and spatial correlation on performance
and detection complexity will be discussed in Section 6.7. Applying these assumptions, it is
shown in Appendix 6.A.2 that the autocorrelation matrix of G~tan be written as

ArcTi1
EGYGY =N~ " =Nk S8 I (6.34)

~

with time and frequency correlation matrices “and ' as defined in (6.73) and (6.74), re-

spectively. Taking further into account that the noise autocorrelation matrix is given by

I ] Y o -
ENNE = 2INglyns (6.35)
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one can see that the detection problem is of the same form as the one considered in Section 3,
and we can solve it by means of tree-search decoding based on

I g 1
R (IS giai g 1 L1
St arg_:]srknin —H RS (6.36)
=1 =i

where in analogy to the generic model used in Chapter 3 szi;j = c,';j:\?j and R; and S; denote the
jth (Ns Ng)-dimensional and (Ns Ns)-dimensional submatrices of R“and S respectively.
The coe Lciehts c,';j:' are the elements of the upper triangular matrix C “tefined as Cholesky
factor of oo + Zly

6.5.3 Implementation Aspects

Based on (6.36) all tree—search methods devised in Section 3.1 including Fano-type metric can
be readily applied here. Apart from this, some further “fine—tuning” due to the 2D structure of
the observation window of MSDD for MIMO-OFDM s possible and discussed in the following.

6.5.3.1 Sorting

In Section 6.5.1 we transformed the 2D into an equivalent 1D MSDD problem by stacking
the block—-columns of R", i.e. sorting received matrices R[m;: ki] first according to frequency
index m; and then according to time index k;. We could have also sorted the other way, i.e.
concatenating the block-rows of R, yielding

R~ é%H[ml; Ki; R [my; kol o0 s R myy,; th]m: (6.37)

With the corresponding definitions of S™, G™, and N7, this again leads to (6.36), but with
R; and S; denoting the jth (Ns Ng)-dimensional and (Ns Ng)-dimensional submatrices
of R™ and S7, respectively, and correlation matrix

= LC1p ~t

GG (6.38)

instead of (?G. More generally, any block-vectorization of the matrices in R" is possible, and
the respective 2D ML-MSDD minimization problems will yield the same solution.
Computational complexity of the tree-search algorithms applied to perform 2D MSDD,
on the other hand, may well depend on the sorting order. A tree-search algorithm is most
conveniently imagined as climbing up branches of the code tree as long as they appear promising,
thereby searching for the best branch of full length. Assume that at some point the decoder
makes a false tentative decision and from there on travels along an erroneous branch. It
will likely realize this mistake when it reaches a symbol that was transmitted over a channel
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strongly correlated with that where the error took place. Hence, in order to minimize the time
spent traversing erroneous paths and therewith complexity, sorting should be done such that
symbols transmitted over strongly correlated channels are arranged close to each other. We
note that this guideline for sorting is similar to the “sparsity index” criterion introduced in
[MGDCO6, Section I11-B]. It also suggests that detection based on R“br R~ is preferable over
arbitrarily stacked matrices, since spectral (RY'and temporal (R™) channel correlations are
best exploited (see also discussion below regarding observation window construction). We found
that for relevant channel and detection parameters (see Section 6.7), diLerkences in complexity
when using R=and R~ are negligible, and we therefore solely consider 2D MSDD based on R™
in the following.

6.5.3.2 Observation Window Construction (OWC)

Let us introduce the variables p, 1 p D=(NsN¢), and g2 N to identify the position of the
N; N rectangular observation window in the frequency—time plane. The corresponding sets of
frequency and time indices ar(le:dlenoted asM® ="mPP;m{P; 0 ;ml T 1,200 ;D=Nsg
and K@ ="k;] ). kg”; i ;kl(\lqt) N. As stated in Section 6.5.1, the index sets in the direction
of di [erkntial encoding, i.e. M (P for F-DSFM and K (@ for T-DSFM, must be sets of consecutive
integers. Furthermore, adjacent observation windows need to overlap by one index, i.e. m(1p+1) =
m{ for F-DSFM and k{*" =k’ for T-DSFM.

What is not immediately clear is how the index sets perpendicular to the direction of
di Lerkntial encoding, i.e. M (® for T-DSFM and K (@ for F-DSFM, should be chosen. We note
that for T-DSFM the sets M ® are disjoint and that the union [ o"*"?M ® is the set of
integers from 1 to D=Ns. Similarly, K(@ are disjoint and [ qmxK(® = N in case of F-DSFM.
While an optimization with respect to error rate appears to be intractable, it is clear due to the
relation between MSDD and linear MMSE interpolation (cf. Section 2.4.2.1) that the channel
matrices G m{”; k{® “captured in the observation window should be correlated to the largest
possible degree.

In the case of F-DSFM, minimizing detection delay would suggest to chose K(@ as sets
of consecutive integers as well. In practically relevant scenarios, this also coincides with the
choice for maximal correlation. Fig. 6.4 shows the temporal correlation ~‘[ ] (see Eq. (6.19))
for Clarke’s fading model with normalized fading bandwidths up to BTy = 0:01. It can be
seen that for reasonable values of N, contiguous sequences of indices k'?, i.e. k% =k{? +1,
1 j N; 1, maximize correlation and are thus optimal.

The same is true considering M P for T-DSFM and certain commonly used channel models
such as the typical urban (TU) model [Eur01] and the model with exponential PDP with decay
parameterd=1( , =IT, 2/ e 12 N). This can be seen from Fig. 6.5, where the spectral
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Figure 6.4: Magnitude of temporal correlation function for Clarke’s fading model with various
values of B, Ts.
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correlation [ ][cf. (6.18)] is plotted assuming D = 192 subcarriers and a subcarrier frequency
spacing of Af = 8kHz as used for digital audio broadcasting (DAB) systems [Eur95]. Fig. 6.5
also shows [ ] for the hilly terrain (HT) channel model [Eur01] and the two-ray (2-Ray)
channel with , 1 =20 s. For these channels we observe a “strongly non—concave” behavior
of the spectral correlation function, which suggests that partitioning the D=Ns frequency indices
into disjoint sets M (P of non—consecutive integers is likely to improve the performance of T—
DSFM with 2D MSDD. A meaningful figure of merit for a set M ) is the sum of spectral
correlations within the observation window,

) [ e i
e LT mf‘”ﬂ (6.39)

i=2 |1=1
which should be maximized for each p. We therefore propose the following greedy-type algo-
rithm to construct the sets M (P,

Initialize | @ =f1;:::;D=Nsg
for p=1;:::;D=(NsNy)

FI)%I( m(lp) 21 (-1

(p) m() m() (p)
P)..... P _ P..... (P
mz=s .o N¢ 1 ar@ax 1 1 1 57 N¢
m®Pm® e v\ mP
— m() m()
P).... p
M(p) 1, ] Nf

| ® = (=DM P
end

Remark: While the problem at hand is a kind of *“traveling—salesman problem” [LLKS85]
whose criterion of optimality over all sets M (P is di [cult to grasp, this greedy algorithm
succeeds nicely in achieving near optimal average SER performance. The reason is that due
to the strong temporal correlation in the channel only very high spectral correlation helps to
improve the reliability of the decisions in the observation window. Hence, the greedy approach
of finding as many sets M (P as possible with maximum and more or less “patching together
the leftovers” in a small number of sets is a very good solution with respect to average SER.

6.6 Performance Analysis

In this section, we derive expressions to analyze the SER performance of DSFM with 2D
ML-MSDD as presented above, and we illustrate their usefulness to guide the design of the
appropriate transmission parameters.
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The course of action in deriving the SER approximations is the same as the one used for
the analysis in the case of DSTM transmission over the frequency—nonselective channel, cf.
Section 5.4. l.e. first the pairwise error probability PEP S™ S™that SHis detected while
SHwas transmitted is considered. In the second step, we identify the dominant error events
and sum the corresponding PEPs to tightly approximate the average SER.

6.6.1 Pairwise Error Probabilities for Spatially Correlated Chan nel
6.6.1.1 (DF{)MSDD

Let us write the matrix channel mode&?.sl) in a vector format as
[ 1 L 101

r'=vec R™= 1y, S5 vec G™+vec N : (6.40)

With the help of Appendix 6.A.2 it is easy to see that the (NrRNfN{Ns NgrN;N¢Ng)-dimensional
autocorrelation matrix oqg¢ 0f F-conditioned on SHs given by

|;|_ @ 1
rorosk  — E r?r%” = (6.41)
1 EIEI:”‘ID C 1T 1 .
= ks Sp et aINgNNs Ine Sp (6.42)

with ~ g from (6.77).
Introducing further the (N N)-dimensional inverse correlation matrix of the channel-
plus—noise process as assumed by the reclc%/ler

-

MOE Dl 2 (6.43)

GG
with ('BI'G according to (6.34) and the (NfN¢Ng NthNS)—dimerg?n%di [erknce matrix
FEEdo M 1y) S, SLtMP 1) sL'T (6.44)

we can express the di [erence A between the 2D ML-MSDD metrics [see (6.33)] for Stnd s™
as

A= @Yy, FHTE: (6.45)

Apparently, the metric di[erence A”is —as in Section 5.4.1— a Hermitian quadratic form in

zero—mean complex Gaussian random variables. Hence its characteristic function ® o(v) reads
NN Il

(0] O(V) = 1 jV FWQSK(INR Elﬂ);i ; (646)

i=1
and the PEP can be computed using the methods discussed in Section 5.4.1.
It is important to note that while the correlation matrix e assuming uncorrelated ele-
ments in G[m; k] is used in the decision rule (6.33), the true channel correlation matrix ~(|3:'G
is applied in (6.46). Thus, the e [edt of metric mismatch due to the decoder’s assumption of no

correlation is captured by the PEP analysis.
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6.6.1.2 CDD and DFDD

Due to the close relation between CDD, DFDD and MSDD, the expressions derived above for
the PEPs of MSDD extend to CDD (N = 2) and DFDD as well.

6.6.1.3 (Di erentially) Coherent Detection

In analogy to our considerations on the PEPs of coherent detection for the flat—fading channel
in Section 5.4.1.3 we can compute the PEPs of coherent detection based on the evaluation of
the characteristic function

L] : [
® goh(V) = det INSNR Jv ZOZolsF(I:joh (647)
NyvR T ]
- I | ; (6.48)
j=1
of the Hermitian quadratic form
Deon = @V (Ing I:cDoh) z, (6.49)
with
1 1
_ f G[m; k
Zo L1 veetGlmiklg (6.50)
vecf R[m; K]g
1 a1
Fg, L0 Ovsns Simikl - Simikl (6.51)
S[m; k]  S[m; K] ONgiNsg
and
1
= z(zH" j S[m; k 6.52
wors £ EZE) ] MK o 652)
_ GG GG wal S"[m; K]

(Ine  SIMKD) ee (e SIMKD ce Ine S"IMK] + Zlusne

Using the results of Appendix 6.A.2.1 it is straightforward to show that

1 1
ce = E vecfG[m;k]gvecfG[m;Kk]g" (6.53)
= ]
= & I:IT[O] Ingng (6.54)

(A B: Hadamard (elementwise) product of matrices A and B) with ™, R and ~f[m] as
defined in (4.9), (4.10) and (6.71), respectively
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6.6.2 Pairwise Error Probabilities for Spatially Uncorrelated Ch an-
nel

From Eg. (6.25) one can see that the Ns Ng equivalent MIMO channel over which matrix
symbols S[m; k] are transmitted is accurately described by a QSFC-type channel model, which
is due to the fact that the S[m; k] are diagonal matrices.

Absence of “spatial correlation” in the Ns Ngr equivalent MIMO channel is obtained, if

RX = Ing (6.55)
and either
Ns=Nrand ™ =1y, or
subcarriers allocated to the dilerent elements s;;[m;k], 1 i  Nsg, of an S[m; k] are
su Lciehtly decorrelated [cf. (6.77)].
In this scenario, we have
BPSAEN NI~ A IV (6.56)

and we can make immediate use of the results obtained in Section 5.4.2 for the spatially uncor-
related quasi-static flat-fading channel by replacing H as used in Section 5.4.2 with G~ More
specifically, all results for the PEPs of the various detection schemes found there in dependence
of the fading correlation matrix including the e [edtive SNR are directly applicable.

6.6.2.1 MSDD, DFDD, CDD

In the case of noncoherent detection the results of Section 5.4.2 can be transfered to this
transmission scenario by replacing ' as used in Section 5.4.2 with EG.

One interesting result that is inherent to OFDM-based transmission is the following. Recall
that we showed in Section 5.4.2.2 that for transmission over flat—fading channels the noncoherent
detectors all encounter an error floor at high SNR, whose level is directly proportional to
(Bp.e T)NTNR(N=D " cf, (5.92) with (5.93). This clearly carries over to noncoherent detection
with 1D observation window for T-DSFM. For the interesting special case of an 1D observation
window for F-DSFM, i.e. in frequency direction, a similar and intuitively reasonable result can
be obtained in dependence of the normalized delay spread of the channel, i.e. the quantity
(. 1)=(DT). As shown in Appendix 6.A.3, the PEP error floor in position n of the

observation window of the noncoherent detectors is in this case given by

% |:1||:| L——N'IFNR I%TNR_]-D
1
GG

: NTpR :
lim PEP, 1 s (6.57)
n n;n iz )i K1)
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C]
where the diagonal elements ( (';:'G)‘1 of the Ly inverse of the fading correlation matrix

nn

oo are asymptotically given by

I%l |:1||:| I:I IQN —1)
= S S S R B (6.58)
GG . DT ’ DT ’

nn

with some constant c”that depends on the shape of the power delay profile, i.e. the relative
position (| 1)=( ., 1) and average power ? of the individual channel tabs.

Recall (cf. Appendix 5.A.4) thaltjthe accuracy of the PEP approximation (6.57) improves
rapidly as the diagonal elements of g'G grow beyond one, i.e. if the delay spread ( ., 1)
becomes small compared to DT .

6.6.2.2 (Di erentially) Coherent Detection

Obtaining expressions for the exact PEPs of coherent detection for DSFM from those for the
flat—fading channel is equally simple. All that needs to be done is to replace H in (5.78) and
(5.79) with G[m; K] [cf. (6.24)].

6.6.3 Approximation of Symbol{Error Rate

Having determined an expression for the PEP between any pair of transmit sequences we use
a truncated union bound over the dominant error events to approximate the average SER.
As argued in Section 5.4 for the frequency—nons%tlective channel, the dominant error events of
MSDD are single transmit-symbol error events S[m;; k;]! S[m;;k;] for which

Ns i 1 %

) _SH[mi;kj]S[mi;kjL (659)
. - . . . ~ [1 . oy i I I:lT pag
is minimized. Accordingly, we define sets S;; of all matrices S™= S'[my;ki]; :::;S [mijki];

.20 :ST[my,;ky,]  that dilefifrom S5only in S[m;;ki] & S[m;;k ] and that minimize (6.59).
Taking into account that a data—symbol error occurs whenever the preceding or succeeding
transmit symbol is erroneously detected, the SER for the data-symbol V [m;; k;] in the ith row
and j th column of the observation window can be approximated by

——a>t1 1 r—a 01 [
SERiT;jD = PEP S™ S+ PEP S™ SM: 1 i N (6.60)
S § sLes); ., 1 j N g
for T-DSFM and by
| I S [ N Y [ S R N
SERP = PEP S™ SY+ PEP S™ S™: 1 i N 1; (6.61)
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for F-DSFM. Finally, the average SER over all symbols comprised in the 2D observation window
is obtained from

T-DSFM: SER™® = 1 WSEQITD ; (6.62)
' Ne(Ne Do, 0 |
F-DSFM: SERTFP = éNSFD : (6.63)
' (Ne DNe 0 |
Note that averaging with respect to S™s not required as the matrix signal constellation un-
derlying our DSFM scheme are cyclic DSTM codes, cf. Section 5.4.4.1.1.
The SERs for DFDD, CDD and (di Lerentially) coherent detection follow in complete analogy

to Sections 5.4.4.2, 5.4.4.3 and 5.4.4.4, respectively.

6.7 Results and Discussion

In this section, we present results obtained from our analysis and simulation results to illus-
trate the performance of MIMO-OFDM with the proposed DSFM SA scheme and fast 2D
MSDD. We exemplarily consider the digital-audio—broadcasting (DAB) system OFDM param-
eters D = 192 and Af = 8kHz [Eur95]. As test channels, we consider channels with HT and
TU PDPs taken from [Eur01] and the exponential PDP with decay parameterd=1 (|, =T,

2/ e, 1 2 N). The coe Lciehts [c;;::: ;cy.] for the diagonal constellations [cf. (2.2)] are
again taken from [HS00, Table I]. To limit the number of parameters, we fix the data rate
to R = 1 bit per OFDM subchannel use and assume a single receive antenna, i.e. Ng = 1.
For implementation of fast 2D MSDD we consider MSDSD-FS, which achieves ML-MSDD
performance, and DF-MSDSD-LD-FM, which typically achieves comparable performance at a
significantly lower complexity especially in low—SNR regimes. As benchmark detectors we again
consider conventional dilerkntial detection (CDD) (N = 2) and decision—feedback di [erkntial
detection (DFDD) with 1D observation window of length N, their respective lattice—-decoder
(LD) based counterparts CDD-LD and DFDD-LD, and coherent detection with perfect CSI
at the receiver. In the case of F-DSFM, DFDD was implemented making use of N 1 pilot
symbols S[m;k]; 1 m N 1; k 2 N; at the beginning of each OFDM frame in order to
avoid a high error floor due to (i) a growing observation window at the start of DFDD and
(i) subsequent excessive error propagation. The corresponding rate—loss is accounted for in
E,=Ny. Unless specified otherwise, we assume a spatially uncorrelated channel, i.e. T

X = INT-
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Figure 6.6: Required 10log,,(Ep=No) to achieve SER = 10> for individual positions of 2D
observation window of MSDD. Parameters: F-DSFM, Nt = 3; Ng = 1, HT PDP, BTy =
0:01; Ny = 10 and N = [1; 2; 4].

6.7.1 SER Performance

Required SNR for SER = 107° vs. Position [i;j]: For illustration purposes, we evalu-
ate SERiF;jD from (6.61) for F-DSFM with the following system parameters: DSFM with Nt = 3,
Ng =1, Ng =1and R =1, and a time- and frequency-selective channel with HT PDP [Eur01]
and By T; = 0:01. The 2D-MSDD observation window extends over N = 10 subcarriers and
di Lerent numbers N; of OFDM frames. Fig. 6.6 shows the SNR in terms of 101log;o(Ep=No)
required to achieve individual error rates of SERiF;jD = 10~° as function of the position [i;j ],
1 i Ny 1,1 N¢, for Ny = [1; 2; 4]. Simulation results for N; = 1 and Ny = 2 are
included, as well. MSDD is implemented using MSDSD with FS inner decoding (MSDSD-FS).

First, we note that simulation results closely match the results obtained from (6.61), which
nicely confirms the accuracy of the proposed SER approximation. We further observe a kind
of “hammock behavior” with larger values for the required SNR towards the edges of the 2D
observation window. This was to be expected given the relation between MSDD and linear
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SA | [N;;N¢J | Nt =2 | Nt =3 | Nr =4 | N =6
= | [10;1] 30:7 26:0 23:4 20:7
E [5; 2] £35:0 (29:2 — —
[20; 1] 29:3 24:0 20:8 18:1
[10; 2] 28:8 23:3 20:1 17:2
g [10; 1] 29:8 24:0 20:4 17:4
S [5; 2] 29:2 23:4 19:9 17:1
= [20; 1] 28:7 23:1 19:7 16:8
[10; 2] 28:6 22:9 19:5 16:7
» | [10;1] 29:8 24:0 20:4 17:4
%- [5;2] 28:9 23:1 19:7 16:8
; [20; 1] 28:7 23:1 19:7 16:8
ﬁ [10; 2] 28:4 22:8 19:4 16:5
coherent: 274 21:9 18:5 15:8

Table 6.1: Required 10log;,(Ep=Ng) to achieve SER = 10> using MSDD and various SA
schemes. Parameters: F-DSFM, Ns = N1, Ng = 1, HT PDP, ByT; = 0:003. For compari-
son: coherent detection with perfect CSI. Numerical results from (6.63), figures with “"” are
simulation results and “— indicates an error floor above SER = 107°.

MMSE interpolation (cf. Section 2.4.2.1). However, as N, increases this el[edt diminishes,
which means that the application of the 2D window is highly beneficial for achieving uniform
individual error rates. It can also be seen that increasing N; leads to significant improvements
in power e [ciehcy, i.e. lowers the required SNR, of the detector even in this relatively fast
fading scenario. Quite remarkably, for N; = 4 the gap to coherent detection with perfect CSI
(not shown in the figure) is only approximately 0:6 dB on average and 0:4dB in the center
positions of the observation window.

F{DSFM and ML MSDD: To illustrate the benefits of the SA scheme presented in
Section 6.4.2 and the application of a 2D observation window we consider the example of F-
DSFM with di Lerknt values of Ns = N+, i.e. Ng = 1, a channel with HT PDP and B, Ty = 0:003,
and MSDD with di [erknt observation window parameters [N¢; N¢]. MSDD is implemented using
MSDSD-FS. Table 6.1 compares the SNR required to achieve SER = 107° for (i) the proposed
SA scheme, (ii) a scheme, where s;; [m; k] and s;; [m + 1;Kk] are separated by Nt subcarriers
while the eledtive fading bandwidth is not increased, e.g. [LSO1], and (iii) a scheme, where
Sii [m; k] and s [m + 1;k] are allocated to neighboring subcarriers but the eledtive fading
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bandwidth is increased by a factor N+, e.g. [WY02, MTLO5]. SA schemes such as [HSLO5b]-
[SLO5] that exploit knowledge of the PDP at the transmitter are not included in the comparison.
The SA variant proposed in [HSLO5c, Section V] is not considered either, as the pseudo-
random subcarrier assignment seriously complicates MSDD (and DFDD) due to the fact that
" changes as the observation window slides across the received data. The respective SNR
values for coherent detection with perfect CSI are also included for comparison. The results are
obtained from the SER approximation (6.63), except for the values for SA according to [LSO01]
and [N¢; N¢] = [5; 2], which are simulation results (“—” indicates the occurrence of an error
floor above SER = 107°). Here, N; = 5 is not su Lcieht for tracking the channel variations in
frequency direction and performance is significantly degraded by multiple-symbol errors due
to fading. These are not accounted for in (6.63), which therefore is too optimistic in this case.
The new SA method consistently achieves the best power e [ciehcy. The gains over the
scheme of [LSO1] are more pronounced than those when comparing with [WY02, MTLO5], since
the correlations of the channel gains captured within the observation window are lowest for the
scheme of [LS01] (see also Figs. 6.4 and 6.5). In particular, in the case of 1D MSDD the SA
schemes of [WY02, MTLO5] achieve the same power e [ciehcy as our SA scheme, as the increase
of the e [edtive fading bandwidth has no e[edt here. With larger total window size N = N¢N;
the gains are smaller as the performance approaches that of coherent detection. Similarly,
comparing 2D MSDD and 1D MSDD, the largest gains are achieved for relatively small N.
For example, for the new SA scheme 2D MSDD with [N¢; N¢] = [5; 2] improves performance by
0:6 0:9dB over 1D MSDD with Ny = N = 10. 2D MSDD with [N¢; N¢] = [5; 2] even achieves
practically the same power e [ciehcy as 1D MSDD with Ny = N = 20, i.e. double the window
size, which corresponds to significant savings in decoder complexity especially in low SNR (see
Section 6.7.2). We finally observe that the new SA scheme combined with 2D MSDD with
[N¢; N¢] = [10; 2] reduces the performance gap to coherent detection to no more than 1dB.

T{DSFM and ML MSDD: Next, we consider T-DSFM and (i) compare 1D and 2D
ML-MSDD, (ii) illustrate the performance improvements due to the observation window con-
struction (OWC) proposed in Section 6.5.3.2, and (iii) further demonstrate the benefits of the
new SA scheme. Fig. 6.7 shows the SNR required to achieve SER = 107° as a function of the
normalized fading bandwidth By T¢ for various channel PDPs. Nt = 3 transmit antennas and
Ng = 1 are assumed. 1D MSDD with N; = N =5 and N; = N = 10 and 2D MSDD with
[N¢; N{] = [2;5] are compared. Note that for the considered case of Ng = 1 the results for
N; = N are independent of the PDP. The curves for the SA schemes of [WY02, MTLO05] and
N; = 1 are also included, as well as the curve for coherent detection with perfect CSI. Again,
the results are obtained from (6.62).

From the results for the 2-Ray channel we observe that extending the observation win-
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Figure 6.7: Required 10log;o(E,=N,) to achieve SER = 10° vs. By, T; for various PDPs and
observation windows of MSDD. Parameters: T-DSFM, Nt = 3; Ng = 1. For comparison:
results for SA scheme of [WY02, MTLO05] and coherent detection with perfect CSI.

dow over N = 2 neighboring subcarriers is only beneficial for relatively fast fading with
BhTy  0:002. In contrast to this, application of the proposed OWC scheme leads to con-
sistent improvements when applying [N¢; N¢] = [2; 5] compared to [N¢; N¢] = [1; 5] for all fading
bandwidths. Extension of the observation window in frequency direction is also beneficial for
the TU and exponential PDP. For the case of the HT PDP, where the maximal channel fre-
quency correlation is smaller than for 2-Ray, TU, and exponential PDP (see Fig. 6.5), 2D
MSDD with [N¢; N¢] = [2; 5] noticeably outperforms 1D MSDD with [N¢; N{] = [1; 5] only for
BnT:  0:002.

Comparing the respective curves for 2D MSDD and [N; N¢] = [2; 5] with that for 1D MSDD
and N = N; = 10, we conclude that it is not per seclear that 2D MSDD is advantageous over
1D MSDD for identical total window size N = N¢N; (see also Table 6.1 for DMD [LSO01]). In
particular, N and N; are not simply interchangeable for fixed N and the same channel corre-
lation, but the direction of di[erential encoding needs to be taken into account too. Whereas
increasing the observation window in direction of di[erential encoding lowers the error of pre-
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Figure 6.8: SER at 10log;,(Ep,=No) = 15dB vs. antenna spacing for a linear equispaced
transmit-antenna array. SA scheme acc. to Section 6.4.2 for [Nt;Ng] = [1;3] and [Nt;Ng] =
[3;1] and 2D MSDD with [N¢; N¢] = [5;2]. Also shown: SA acc. to [LSO01] for [Nt;Ng] = [3; 1]
and 1D MSDD with [N¢; N{] = [10;1]. Parameters: F-DSFM, 2-Ray ( , 1 =20 s)and HT
PDP, B, T = 0:001.

dicting the channel variation, increasing the other window dimension improves the suppression
of estimation noise prior to prediction. This also emphasizes the usefulness of the SER approx-
imations developed in Section 6.6 to guide the choice of the parameters [Ns; N¢] for di [erent
channel scenarios and DSFM parameters.

A comparison of the respective results for the di Lerent SA schemes demonstrates the superior
performance of the propose SA method. Finally, we note that both 1D and 2D MSDD with
N = 10 achieve a performance within 0:4 1:0dB of that for detection with perfect CSI even
for relatively fast fading channels.

Spatial vs. Spectral Diversity: Fig. 6.8 presents analytical (lines) and simulation (mark-
ers) results for the SER of F-DSFM with ML—MSDlﬁt 10 Iog10 =N,) = 15dB as a function
of the normalized inter—transmit-antenna spacing X.Ti‘l , I Nt 1, when as-
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suming a linear equispaced transmit antenna array. 2-Ray ( , 1 =20 s) and HT PDPs are
considered. We compare SA according to Section 6.4.2 with Ng = Ng = 3 (dashed lines) and
Nt = Ngs = 3 (solid lines) (ignore the dash—dotted line for the moment), employing 2D MSDD
with [N¢; N¢] = [5; 2] in both cases.

As can be seen, the performance for Nt = Ng converges to that for Nt = 1 as the antenna
spacing tends to zero. This is because for the new SA scheme the assignment of elements
Sii [m; k] to subcarriers does not depend on Ng. Hence, increasing N+ while keeping N fixed can
only improve performance by reducing subchannel correlation, i.e. correlation among elements
within G[m; K] (see Fig. 6.3). Since for the 2-Ray channel Ns = 3 > L, = 2, diversity order,
which is minf NsNgr; Nt NrLg (cf. e.g. [HSLO5c]), can be increased from two for Ng = Ng = 3
to three for Nt = Ng = 3, and relatively large performance gains are observed with increasing
antenna spacing. For the HT PDP, on the other hand, the same diversity order of three
is accomplished in both cases and thus, performance is largely independent of the antenna
spacing.

To further illustrate the advantage of the proposed SA scheme, Fig. 6.8 also includes the
SER curve for DMD [LS01] with Nt = Ng = 3 and the HT channel (dash—dotted line). We
note that for Ng = Ns DMD and the new SA scheme are identical. Here it is advantageous to
set [N¢; N¢] = [10; 1] due to the increased spectral spacing of symbols s;; [m; k] and s;; [m + 1; K].
Di[erknt from the proposed SA scheme, the performance with DMD significantly deteriorates
for larger spatial correlation, as s;;[m; k], 1 [ N1, are transmitted over neighboring
subcarriers. Due to the increased spectral spacing of symbols captured in the observation
window, the SER for Nt > 1 is higher than that for Nt = 1 even if there is no spatial
correlation.

F{DSFM and Di erent Detection Algorithms: We now compare MSDSD-FS, which
accomplishes ML-MSDD, and DF-MSDSD-LD-FM for 2D MSDD with observation window
[N¢; N¢] = [5; 2]. For DF-MSDSD-LD-FM we insert previous decisions on the symbols V [m;; k4],
1 i Ngi, in the first column of the observation window and optimize the metric only over
the symbols V [m;j; ko], 1 i N¢, in the second column of the observation window. This
way, the depth of the search tree is cut in half, which leads to significant savings in compu-
tational complexity in low—-SNR regimes (see below). CDD, DFDD(-LD) with 1D windows of
size Ny = N =2 and Ny = N = 10, respectively, and coherent detection with perfect CSI are
considered as benchmark detectors. The SER is shown as function of the SNR for F-DSFM
with Nt = 3 and Ng = 1 and TU, exponential (d = 1), and HT PDP in Figs. 6.9 a)-c),
respectively. Lines and markers represent analytical and simulation results, respectively.

We observe that MSDSD-FS outperforms DFDD by about 1  4dB and approaches the
performance of coherent detection with perfect CSI within about 1dB for all channel scenar-
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Figure 6.9: SER vs. 1010g,,(E,=Ny) for TU, exponential (d = 1), and HT PDPs. F-DSFM and
MSDSD and DF-MSDSD-LD-FM with [N¢; N{] = [5;2], CDD and DLD, DFDD and DFDD-
LD with N = 10 and coherent detection with perfect CSI. Parameters: Nt = 3; Ng = 1, and
B, T; = 0:001.

ios and in the SER-range of interest. One can also see that DF-MSDSD-LD-FM achieves
practically the samer performance as the far more complex MSDSD-FS and provides consis-
tent improvements over DFDD and CDD. This is especially true in highly dispersive channels,
cf. Fig. 6.9 c¢), where CDD and computationally e [cieht DFDD-LD even encounter relatively
high error floors. It should be noted that these gains are due to both the application of MSDD
instead of DFDD and the use of a 2D as opposed to an 1D observation window.

6.7.2 Complexity

The computational complexity of MSDD, i.e. the number of candidates that need to be exam-
ined by MSDSD or its variants essentially hinges on the SNR and on the depth of the search
tree. This means, that the gains of 2D MSDD over 1D MSDD with equal window size N as
observed especially for F-DSFM come at practically no computational cost. It also means,
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Figure 6.10: Average computational complexity vs. 10log,o(Ep=Ny) for various detection algo-
rithms and PDPs. Parameters: F-DSFM, Nt = 3; Ng = 1, B, T; = 0:001. MSDSD-FS and
DF-MSDSD-LD-FM with [N¢; N¢] = [5;2], DFDD and DFDD-LD with Ny = N = 10, CDD
and DLD with N =N = 2.

that we can desist from presenting numerous numerical examples illustrating the complexity
of tree—search—-based MSDD algorithms when applied to MIMO-OFDM. We therefore restrict
ourselves to exemplarily presenting complexity results corresponding to the performance com-
parison shown in Fig. 6.9.

F{DSFM and Di erent Detection Algorithms: In Fig. 6.10 computational complex-
ities of MSDSD-FS, DF-MSDSD-LD-FM, DFDD, DFDD-LD, CDD, and CDD-LD in terms
of average number C*Y™ of examined candidates per decoded symbol are compared for the same
system and channel parameters as in Fig. 6.9. While the computational complexity of MSDSD-
FS is quite high at low SNR, DF-MSDSD-LD-FM, which achieves practically the same power
e [ciehcy as MSDSD-FS, succeeds in keeping average complexity practically constant over the
entire range of relevant SNR. In particular, the complexity of DF-MSDSD-LD-FM is very
well comparable to that of DFDD-LD and CDD-LD, which is quite remarkable considering
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the performance advantages of DF-MSDSD-LD-FM over DFDD-LD and the small gap in
performance compared to coherent detection with perfect CSI (see Fig. 6.9). Furthermore, it
can be seen from a comparison of subplots a)-c) that the PDP hardly influences the decoder
complexity.

6.A Derivations and Proofs

6.A.1 Derivation of Eq. (6.16)

Starting from (6.14) and introducing for notational simplicity A élO'T and B éiglwmwe
arrive at the product form for gg[; ;i 1;j1;i2;]2] in (6.19) as follows.
. . - . I:I I:I I:I
ool 5 31 iz jol = E gy, [m+ ik + ]gg,[mik] = —
p h 1 | L1 | =)y
=E G ((k+ YT+ 1) 6h{(2 (kT+ 1) e2 Tm* )Cu=0)=mC= 1) (6.64)
11=1 l,=1
& N - 0 |:(|') LH
= EGh)),((k+ )T+ 1) h) KT+ 1) e? © (7 (6.65)
=1
- o
= E (ﬁAil;:W(l)((k-F )Ti+ 1)(Bj1;:)HBj2;: W(l)(ka"' 1) (Aiz;:)H e TG
=1
(6.66)
P NN T 1 ] |
= Ay BxbyE GWEO(Kk+ )T+ 1) WHKT+ 1) (A) e T L)
I=1 x=1 y=1
(6.67)
NE— 1 § I
:Ail;:(Aiz;:)H h?xhz;x “(Te ) |Ze_12 A (6.68)
x=1 =1
f
=ALAL'BLIBL)" (Tr) e 10T (6.69)
=1
= ™ixsio] ®fusial 1] (6.70)

where we used the absence of correlation between channel tabs hi(;}l)(t) and hi(;'f)(t), l, & I,
in (6.65), the spatial correlation model (4.8) in (6.66), the fact that the elements of W () (t)
are iid, the temporal correlation model (4.14) and the definition of ? (6.15) in (6.68), and

™ =AA" and ® = (BB")" and the definitions (4.9) and (4.10) in (6.70).
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6.A.2 Derivation of Eq. (6.34) and Eqg. (6.41)

~

6.A.2.1 Expression for GDG

It is useful to introduce the following definitions.

~f L] _ 1
m] = m+(G  j)D=Ng] 1. s (6.71)
~f |:||:~|f L1 et
= [mi  m;] N (6.72)
] I:Ij=1,...,Nf
~t ~
- ki k] . (6.73)
Jj=1,....N¢
]
1
C= Tm my] [ (6.74)
N

Recall from S%tion 6.5.1 thatEtlhe channel matrix G[m; K] introduced in (6.24) contains
Omodi—1N7)+1 (i 1)N% +mk; 1 m D=Ng, k2 N, inrow i, 1 i Ns, and col-
umnij,1 j Ng. With (6.70) it is then straightforward to verify that the cross correlation
between any pair of vectors G.;[my; k«] and G.;[my; k] reads

L] Hl:l Rxr:. : 1% ~f L] T L]
E G;i[mg k(G [my;ky])” = 51 [k« k] [my my]l  Inging X (6.75)

(A B: Hadamard (elementwise) product of matrices A and B). Extending dimensions we
can further write for the correlation between a pair of columns of G™

L v B - 5
EG Gy = Pijl™ =t ooy, (6.76)

Finally, for the vectorized channel model as used in (6.40) we obtain

L1 Dlﬁ' I = Ry ]

T =F vec G-lvec G T aN (6.77)

6.A.2.2 Expression for GDG

If there is no “transmit correlation”, i.e. if there is no correlation between the elements of
G[m; k], as it was assumed in the derivation of tree-search algorithms for 2D MSDD in Sec-

tion 6.5.2, (6.76) reduces to
I .
E G, Gy = Miij] I (6.78)

With this one immediately finds that

- e Mﬁ' - e

EGDGD TG =Ng oy =Nr S I (6.79)

i=1

which is the expression for the correlation matrix S used in Section 6.5.2.
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6.A.3 Derivation of Eq. (6.58)

In order to prove (6.58) we first note that in the case of an 1D observation window in frequency
direction

= (6.80)

holds. Second, we once more make use of the relationship between MSDD and linear MMSE
interpalation (cf. Section 2.4.2.1) and compute the nth diagonal element of (N N )-dimensional
[ _
Gs | using
Oy ]
o = 1
GG =7 (6.81)

nn n

where ,Zn denotes the error variance of a linear filter interpolating the nth out of N samples
of a random process, whose correlation function based on (6.80) is given by f[k] [cf. (6.18)],
from the remaining N 1 samples.

We proceed as in the flat-fading case (cf. Appendix 5.A.4), i.e. we consider a suboptimal
interpolation filter with coe [ciehts p,, = [p1;::: ;Pr—1; Pn+1; 15 ;pn]" and prove that it satisfies
(6.58). As in Appendix 5.A.4, we can then argue that an optimal filter can not lead to a better
result than (6.58).

As pointed out in Appendix 5.A.4 2. can be computed through integration of the PSD of

i:n
the interpolation error, i.e.

Ij11:(2T)
ﬁn =T Wi P (F) df; (6.82)
—1=(2T)
where
1
P(f)= pe?f () (6.83)
=1; En

denotes the power transfer function of the interpolation filter with coe [ciehts p and the PSD
Wi(f) of the fading process to be interpolated is given by

]
vy £ F0 T (6.84)
1 ]
— ZF e 2k (1= D=(0T) Tt (6.85)
1=1 L1
g 5 P4 I!:I 1 . | 1
= | = f T k ST (6.86)

1=1 k= —oo
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(Fchix[klg(f) = k;;: _oo X[klexp( j2 fTk ): discrete—time Fourier transform). Plugging (6.86)

into (6.82) we obtain for the interpolation error variance

e w5 1 [T
2 = 3 f = k P (f)df (6.87)
' ~152T) 121 ke —eo T DT
Tl - . :||:|] 1 111
= f —mod 1 P(f)df (6.88)
emy iy | T DT
1 [T
— 2 — | 1. .
= ‘P mod OT 1 (6.89)

=1

If the filter coe [ciehts are chosen according to (5.253) P (f ) satisfies (cf. Appendix 5.A.4)
P(f) ¢ (fT)XN"D: fT 1 0; (6.90)

with some constant co. In consequence, we obtain for the asymptotic behavior of 2,

1 LTy

2 - 2 mod"™ f;l ; % 0 (6.91)
andsince (,, 1)=(DT)! Oimplies , 1 TD=2
2 Lﬂl 1 @_1) . Ln 1
iin Co . C DT . —pr ' 0 (6.92)
B ) Lol 1) 'ZLL ) '%'—1).
= G | " ; DT : (6.93)

Note that

| Gy

2
|

Co (6.94)

=1

is invariant to scaling of the delay spread if the shape of the PDP, i.e. the relative position
(1 1)=(., 1) and average power { of the individual channel tabs, remains unaltered.

As these results apply to a suboptimal filter, whose coe Lciehts p, are chosen according to

(5.253), it is clear —by definition— that linear MMSE interpolation can not lead to higher

Lnh 1

interpolation—error variances. At the same time, as the number of degrees of freedom in the
design of the filter is limited by the number N 1 of coe [ciehts p , there can not be a filter
that achieves 2, c” ((, 1)=OT)* (., 0)=DT)! O0withx>2(N 1).

i;n
Due to the relationship between MSDD and linear MMSE interpolation (cf. Section 2.4.2.1)

we therefore obtain in the limitof ( ,, 1)=(DT)! 0
L |:1|D 1 Y N
- (PR N L R S (6.95)
GG DT ’ DT ’

n;n

with some constant ¢ which concludes our proof of (6.58).



Chapter 7
Conclusions

In this thesis, noncoherent receivers for transmission over multiple-input multiple—output
(MIMO) fading channels have been studied. In particular, we considered transmission over
highly time— and / or frequency-selective channels, where coherent schemes become bandwidth
ine [cieht due to an increasing overhead in pilot symbols.

In principle multiple-symbol di[erential detection (MSDD), where N received symbols are
processed simultaneously to estimate (at most) N 1 dilerkntially encoded data symbols, is the
method of choice to achieve high power e [ciehcy in adverse fading scenarios without the need
for transmission of pilot symbols. While the performance of MSDD improves with increasing
block length N, it very quickly becomes computationally intractable, as it involves finding the
best out of LN, where L is the size of the signal constellation.

Because existing practicable noncoherent detection schemes such as conventional di Lerential
detection (CDD, N = 2) or decision—feedback di [erential detection (DFDD) fail to accomplish
satisfactory performance in challenging fading scenarios, the objective of this work has been to
devise new noncoherent detection schemes, that provide highly reliable output at manageable
receiver complexity.

To this end, we have considered two dilerent approaches to e [ciehtly solve the multi-
dimensional search problem involved in MSDD, namely

tree-search (TS) decoding, whose roots lie in lattice theory and sequential decoding of
convolutional codes, and

methods from combinatorial geometry, that have been deployed previously in convex
quadratic maximization.

An in-depth analysis of the new schemes with respect to complexity and achievable power
e [ciehcy has been carried out.
The main results of our investigations can be summarized as follows:

218
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The first part of this work was concerned with the development of practicablenoncoherent
detection schemes that achieve high power e [ciehcies even in adverse fading channel
environments.

At this, our primary focus was on methods from TS decoding. Generalizing upon our
earlier work on single-input single—output (SISO) systems a representation of the MSDD
metric for a generic dilerential space-time modulation (DSTM) based MIMO trans-
mission system has been developed, that is amenable to TS decoding in an (N  1)-
dimensional tree. In TS decoding, the (N  1)-dimensional optimization problem is
solved by means of a search in a tree of depth N 1, whose LN~ leaves correspond
to the possible solutions. Here, nodes in the tree are associated with metrics and the
e Lciehcy of these algorithms originates from the fact, that —given these metrics— the
algorithm can discard entire subtrees, i.e. large numbers of candidates, simultaneously
based on the examination of metrics of intermediate nodes.

Based on a detailed comparison and classification of the numerous algorithms, that
have been presented both in the lattice-decoding and the sequential-decoding literature,
two promising algorithms —one from the lattice-decoding and one from the sequential-
decoding literature— have been selected and applied to MSDD. The resulting implemen-
tations were referred to as multiple-symbol di[erkntial sphere detection (MSDSD) and
Fano-MSDD. While this direct application has led to tremendous savings in terms of
computational complexity compared to brute—force MSDD, which examines all LN~ rel-
evant candidate sequences, in high signal-to—noise ratio (SNR) regimes, the complexity
still grew rapidly towards lower SNR. The reason for this e [edt lies in the fact, that the
metric of nodes is a monotonously increasing function of the search depth, which forces
the decoder to examine a great number of branches near the root of the tree. In order to
overcome this, we have introduced a Fano-type path-length bias into the MSDD metric,
which allows for fair comparisons between paths of diLerent lengths in the tree and has
lead to further substantial complexity savings especially in low—-SNR regimes.

An issue of great importance in TS decoding is the candidate enumeration, i.e. the order
in which branches emanating from a particular node are examined. Exploiting a con-
nection between candidate enumeration in TS-based MSDD and conventional di Lerential
detection (CDD, N = 2), we have devised particularly e [cieht nested decoder structures
for MSDD consisting of one outer TS decoder and (N 1) inner TS decoders for candidate
enumeration.

Such receivers allowed for noncoherent detection with power e [ciehcies close to that of
idealized coherent detection with perfect channel state information (CSI) at an average
complexity very well comparable to that of existing, far less power—e [cieht noncoherent
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detectors such as CDD and decision—feedback di [erkntial detection (DFDD).

A drawback of these decoders is that their instantaneous complexity is a random variable.
Therefore, despite their low average complexity, a much larger maximal complexity must
be allowed to achieve the desired high reliability also in adverse fading scenarios. Inspired
by DFDD and a newly found connection between MSDD and linear minimum-mean
squared error (MMSE) interpolation a new hybrid noncoherent detection scheme has
been devised. While using a large observation window the dimension of the search space
is reduced significantly based on the introduction of a number of feedback symbols into
the MSDD metric. This scheme, which we refer to as decision—feedback MSDD (DF-
MSDD), achieves at times even better performance than conventional MSDD, but at a
complexity that is (i) practically independent of channel conditions, (ii) comparable to
that of regular TS-based MSDD in high SNR, and most importantly from a practical
point of view (iii) where the maximal required complexity and average complexity are
practically identical.

As an alternative to the above TS-based approaches, we considered MSDD based on com-
binatorial geometry (CG), socalled CG-MSDD, where the detection problem is cast into
a parameter space whose dimension is usually much smaller than the observation window
length N. While algorithms exist, that solve the detection problem in time polynomial
in N if the dimension of the parameter space is fixed, we were able to show that the
dimension of the parameter space is proportional to the bandwidth of the fading process
and must asymptotically grow linearly in N to guarantee close-to—optimal performance.
Thus, the complexity of CG-MSDD is e [edtively exponential in N . Still, this detector is
an interesting alternative to the above TS-based algorithms, as its complexity is (i) quite
low in slow fading scenarios compared to MSDSD and (ii) practically independent of both
the SNR and the instantaneous channel state.

Furthermore, analytical investigations regarding both the complexity of the novel detec-
tion schemes and the achievable performance, have been in the focus of our work.

First, we have derived closed—form expressions for the exact computational complexity of
MSDD when implemented using either (i) the Fincke—Pohst refinement of MSDSD (FP-
MSDSD) or (ii) CG-MSDD. Evaluation of these expressions facilitates the comparison
of the di[erent approaches and reasonable choices for the observation window length N
without resorting to simulations. In addition, expressions for the respective asymptotic
complexities have revealed that the complexities of both approaches are in principle ex-
ponential in N. Interestingly, a comparison of the respective expressions has shown
that CG-MSDD is computationally highly e [cieht in slow-fading scenarios, whereas
(FP-)MSDSD is to be preferred in rapid—fading scenarios.
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Second, we have developed a detailed analytical performance study for both correlated and
uncorrelated flat—fading MIMO channels. While we have resorted to standard methods
from the analysis of Hermitian quadratic forms in the case of spatially correlated MIMO
channels, we devised an entirely new performance analysis for the interesting special case
of uncorrelated MIMO channels, that —contrary to existing literature— requires neither
numerical integration nor eigenvalue decomposition of channel dependent matrices. It
furthermore, allows for a number of interesting new insights into the interconnections
between the performance of the dilerent coherent and noncoherent detection schemes.
These include (i) the definition of an e[edtive SNR, which allows a unified and elegant
treatment of coherent detection, CDD, DFDD, and MSDD, and (ii) insightful closed—form
expression for the asymptotic performance in the limits of infinite observation window
lengths and 7 or infinite SNR.

Finally, we considered transmission based on orthogonal frequency division multiplex
(OFDM) over frequency-selective MIMO channels. Inspired by previous work presented
in the literature, we have devised a novel di [erkntial space—frequency modulation (DSFM)
scheme, which makes use of spatial and / or spectral (multipath) diversity and is partic-
ularly suited for MIMO-OFDM and power—e [cieht, low-delay MSDD.

We have further proposed the application of MSDD with a two—dimensional observation
window, which exploits channel correlations in both time and frequency direction for
detection. Based on a transformation of the 2D-MSDD problem into the form of 1D
MSDD, the same e [cieht TS algorithms as considered for single—carrier MIMO systems
were directly applicable. We have presented an analytical approximation of the SER that
allows us to quickly and accurately assess the performance of DSFM with 2D MSDD.
Numerical and simulation results confirmed considerable performance improvements due
to (i) the new SA scheme, (ii) the use of MSDD as compared to DFDD or CDD and
(iii) the application of 2D MSDD as compared to 1D MSDD. Employing TS algorithms
such as MSDSD, Fano-MSDD or DF-MSDSD to implement 2D MSDD, these gains entail
only moderate increases in computational complexity.

In our opinion there are a number of further interesting research topics for continuing work
on low-complexity power—e Lcieht noncoherent detection for rapid fading MIMO channels. Es-
pecially, detection in the presence of non—-Gaussian interference and iterative receiver structures
for coded transmission should be promising research topics.
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List of Important Symbols and

Mnemonics

In this appendix, we list important functions and symbols and frequently used mnemonics along

with the page where they are introduced.

Functions and Operators

Symbol:

f(x) g(x);x! X

xT, XT
xH, xH
x5 H
angle(x)
argmax, xff (x)g
argmin, xff (x)g
detf Xg

x vy
e*, exp(x)
Eff (x)g
r(x)

(Arx)

Meaning:

asymptotic equality

transpose of vector x, matrix X

Hermitian transpose of vector x, matrix X
Elementwise complex conjugate of vector X, matrix X
argument of a complex number x

returns x 2 X that maximizes f (x)

returns x 2 X that minimizes f (x)

determinant of a matrix X

(NK  NL) block-diagonal matrix with (K L) X,
on main block—diagonal

Dirac- function

exponential function

expectation of f (x) with respect to random variable x
complete Gamma function

(lower) incomplete Gamma function

Hadamard product

Kronecker product

222

Page:
94
13
11

53
12
14
13

74

10
88
136
202
11
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mod(x; L)
mod(x; L)

p(x)

p(Xjy)

Pr(x)

Pr(xjy)

Dy (V)

Ref Xg, ImfXg
Resy=«f f (X)g
sgn(x)
toeplitzfxq;::: ;XN Q

trf Xg
vecf Xg
X
dxe

bxe

-

Auxiliary Signs

Symbol:

~

~

Constants

Symbol:
J

€n

Im

modulo function

modified modulo function

probability density function

conditional probability density function
probability

conditional probability

characteristic function of x

real and imaginary part

residue of f (x) corresponding to pole at x = X
sign function

(N N) Hermitian symmetric Toeplitz matrix with
[X1;::: ;%N ]T in the first column

trace of a matrix

vector operator

Frobenius norm of a matrix (or vector)
smallest integer larger than x 2 R

round function (integer closest to x 2 R)
assignment

definition

Meaning:
decoder output symbol / sequence
candidate symbol / sequence

Meaning:

imaginary unit: j = 1

the number pi: = 3:14159265358979: ::
Euler number: e = 2:71828182845905: : :
nth unit vector

M M identity matrix

M N all-ones matrix
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55
11
11
43
43
87
12
87
65
13

11
75
20
31
54
14
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14
14

Page:

167

12
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0M;N

Symbols

Scalars

Symbol:
BnT
Bhe T
Cas

Cblo
Cplo
csym

G

A

Eb

Es
DF
L

DF
U

M N all-zeros matrix

Meaning:

single-sided normalized fading bandwidth
single-sided e [edtive normalized fading bandwidth
asymptotic complexity of FP-MSDSD

measure of decoder complexity per decoder run
measure of decoder complexity per decoder run
measure of decoder complexity per decoded symbol
coe Lcienhts of (di-)cyclic DSTM constellations
Stepsize of the Fano algorithm

average received energy per bit

average received energy per symbol

parameter of DF-MSDD

parameter of DF-MSDD

Cardinality of signal constellation

Metric of parent of current path

Metric of current path

Metric of child of the current path

ML MSDD branch metric

ML MSDD path metric

Fano-type MSDD branch metric

Fano-type MSDD path metric

ith eigenvalue of X

length of observation window

number of decision per block returned by S-MSDD
double-sided PSD of ECB noise process

parameter in DSFM

number of non-zero eigenvalues of fading correlation matrix
number of dominant eigenvalues of fading correlation matrix
number of receive antennas

dimension of unitary data and transmit symbols
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84
141
128
129
128

31
80
80
20
19

31
31
31
41
41
44
44
87
12
17
73
191
22
99
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Nt

~

n
IOdes

we(f)
Wi(f)

init

SN @

Matrices

Symbol:

C

H, =H[k N +n]
H K]

G, =GJk N +n]
G[K]

X

M

N,=N[k N +n]
N [K]

XX

XX|Y
t

R, =R[k N +n]
RIK]

I\éi;i

S, =S[k N +n]
S[k]
S, = ' SH '
Solk]

Ux

SH. .t

number of transmit antennas

number of DSTM Symbollili%lén

desired probability of d; S of FP-MSDSD
PSD of e[edtive continuous—time fading process
PSD of e[edtive discrete-time fading process
rate in bit per channel use

threshold of (outer MSDD) tree-search decoder
initial threshold

e [edtive SNR

variance of AWGN

ith singular value of X

modulation interval (1/sampling rate)

Meaning:

Cholesky factor of M

(Ns Ng) channel matrix

(NNt Ng) channel matrix

(Ns Ng) generic channel matrix

(NNs Ng) generic channel matrix

contains eigenvalues of X on main diagonal

(N N) inverse fading—plus-noise acm

(Ns Ngr) AWGN matrix

(NNs Ngr) AWGN matrix

autocorrelation matrix of a matrix X

autocorrelation matrix of a matrix X conditioned on Y
(N N)-dimensional temporal ACM of fading process
(Ns
(NNs

Ngr) received matrix
Ngr) received matrix

(Ns Ns) transmit matrix
(NNs Nsg) transmit matrix
(N n+1)Ns
(NNs NNg) block-diagonal transmit matrix

(N rankf X g)-dimensional unitary matrix whose columns

NRr) transmit matrix
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40
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are given by the eigenvectors of (N N )-dimensional X

Vo=V[k N+1+n] (Ns Ng)data matrix 10
\Z[k] - (N 1)Ns Ng) data matrix 12
Vo= VEooovE, T (N n)Ns  Ng) data matrix 39
\YAY Ith element of the signal constellation 7
Xn reference symbol in MSDSD 40
Sets

Symbol: Meaning: Page:
\Y/ (DSTM) signal constellation 7
C complex numbers 53
R real numbers 25
Z integer numbers 25

Distributions

Symbol: Meaning: Page:
Nc.(m; 2) circ. symm. complex Gaussian with mean m and variance 2 10
2( %K) central 2 distribution with variance 2 and K degrees of 42

freedom
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Abbreviations

Mnemonic:
AWGN
A-SpD
BDSTM
BID

BFS

CDD

CFC
CG-MSDD
Csli

DFDD
DFE
DF-MSDD
DFS

DMD
DPSK
DSFM
DSTM
ECB
F-DSFM
Fano-MSDD
FP-SpD
FS

HT

iid

LD

MFS
MIMO

ML

MMSE
MSDD
S-MSDD
MSDSD
MSDSD-FM
OFDM

Meaning:

additive white Gaussian noise

Agrell sphere decoder

block-DSTM

bound intersect detect

best first search

conventional diLerential detection
continuous fading channel
combinatorial-geometry MSDD
(instantaneous) channel state information
decision—feedback di [erential detection
decision—feedback equalization
decision-feedback MSDD

depth first search

di Lerential modulation diversity

di Lerkntial phase-shift keying

di Lerential space—frequency modulation
di [erential space-time modulation
equivalent complex baseband
frequency-DSFM

MSDD based on Fano algorithm with Fano-type metric

Fincke—Pohst sphere decoder

full search

hilly terrain (PDP)

independent identically distributed

lattice decoder

metric first search

multiple-input multiple—output

maximum likelihood

minimum mean-squared error
multiple-symbol di [erkntial detection
subset multiple-symbol di [Cerkntial detection
MSDD based on A-SpD with ML metric
MSDD based on A-SpD with Fano-type metric
orthogonal frequency division multiplexing
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12
26
19
26
184

185

192
47
26
51
200
10
55
27

11
15
12
17
46
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owcC
PDF
PDP
PEP
PSD
QSFC
SA
SpD
SISO
SE
SER
SNR
T-DSFM
TU

observation window construction
probability density function
power—delay profile

pairwise error probability

power spectral density
quasi-static fading channel
signal allocation

sphere decoder

single—input single—output
Schnorr-Euchner (candidate enumeration strategy)
symbol-error rate
signal-to—noise—power ratio
time-DSFM

typical urban (PDP)
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