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Abstract—Multilevel coding (MLC) is the main contender to
the celebrated bit-interleaved coded modulation (BICM) tech-
nique for combining binary error-control codes with multil evel
constellations. Although MLC has a more complex encoding-
decoding structure, it can achieve a larger rate in a number
of important scenarios such as multiple-input multiple-output
(MIMO) and orthogonal modulation transmission. In this paper,
we consider two issues related to the application of MLC. First,
we examine the use of general decoding metrics in MLC, includ-
ing mismatched metrics that arise from approximations to reduce
detection complexity. We make use of recent advances in the
analysis of BICM and apply those techniques to individual MLC
transmission layers. Our contributions include rate analysis and
metric-mismatch correction to improve throughput perform ance
of MLC. Second, we consider the combination of MLC with
binary rateless codes. Such a combination eliminates the need
to carefully design code rate for each MLC layer. In slow
fading environments, rateless coding can also seamlessly adapt
to the instantaneous channel quality and achieve an increased
average throughput compared to a fixed-rate MLC transmission.
However, due to the MLC structure, we show that a naive
combination of MLC and rateless coding can cause a significant
rate loss. Thus, we propose a novel rotation rateless schemewhich
preserves the rate advantage of MLC over BICM. We provide
relevant examples with MIMO, frequency-shift keying (FSK), and
pulse-position modulation (PPM) signaling to demonstratethat
our scheme can achieve throughput gains compared to BICM in
a variety of transmission scenarios.

Index Terms—Multilevel coding (MLC), reduced-layer MLC,
bit-interleaved coded modulation (BICM), mismatched decoding,
generalized mutual information (GMI), rateless transmission.

I. I NTRODUCTION

The two primary resources of a communication system are
channel bandwidth and transmit power [1]. Channel band-
width utilization can often be increased with larger multi-
level constellations. Transmit power requirement can be mini-
mized by powerful error-control coding (ECC). However, non-
binary codes for multilevel constellations are usually harder
to design and implement, and hence binary codes are much
more popular in coded transmission systems. A pragmatic
approach to achieve both bandwidth and power efficiency is to
combine binary ECC with multilevel constellation signaling.
Multilevel coding (MLC) offers such a combination without
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any reduction in the achievable rates compared to using non-
binary codes [2], [3]. The main competing technique to MLC
is bit-interleaved coded modulation (BICM) [4]–[8]. BICM
also combines binary ECC with multilevel constellations, but
in a simpler layout with just one instead of several coding
layers and decoding stages as in MLC. The disadvantage of
BICM over MLC is some rate loss. This loss can be small
with Gray mappings [9] and thus, BICM has been widely
employed in practice. Nevertheless, there are important cases
where Gray mapping does not exist, or loses its relevance
when the Euclidean-distance neighborhood of signal points
is changed by the channel. For these cases, MLC might
considerably outperform BICM. Examples of such cases are
multiple-input multiple-output (MIMO) signaling for wireless
communications [10], [11] and orthogonal modulation, which
includes frequency-shift keying (FSK) for low-complexity
detector implementation [12] and pulse-position modulation
(PPM) for free-space optical (FSO) communications [13].
Considering that conventional MLC requires as many coding
layers (and thus encoder-decoder pairs) as the number of
levels, the concept of reduced-layer MLC (RL-MLC) [14],
[15] has been introduced and demonstrated to provide good
trade-off between achievable rates and the number of layers1.
In particular, conventional MLC and BICM are special cases
of RL-MLC where the number of layers equals the number of
levels and one, respectively.

In this paper we make two distinct contributions to the
family of MLC-based transmission schemes2. Our first con-
tribution is a rate analysis and metric-mismatch correction for
MLC using decoding metrics which are different from the
maximum-likelihood (ML) metric. Such metrics are often used
in practice to reduce detection complexity and/or in the case of
channel uncertainty. We show that, for any generic decoding
metric, the maximum achievable rate of MLC equals the sum
of the maximum achievable rates of the layers. Furthermore,
these layer rates can be estimated separately with the assump-
tion that estimated data from lower layers is always correct.
We then view each layer as a BICM scheme and adopt recent
advances in the study of BICM with mismatched decoding
metrics [6]–[8], [16] to the MLC case. In particular, we use
the generalized mutual information (GMI) [17], [18] as an

1We would like to stress the difference between the terms “level” and
“layer.” Each level corresponds to a bit position in the labels of the signal
points. Each layer corresponds to an encoder-decoder pair,and may be
comprised of one or multiple levels.

2Without further clarification, by “MLC” we to refer to the general RL-
MLC scheme. When the reduced-layer nature is material in a discussion, we
will make it explicit.
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indication of the maximum achievable rate, and apply metric
manipulations from [8], [16] to improve the performance of
MLC.

Recently, the notion of rateless transmission has gained
much attention in the communications community, e.g., [19],
[20]. In the context of MLC, rateless transmission offers
at least two attractive features. Firstly, it would eliminate
the need for carefully tailoring code rate for each layer,
e.g. according to the capacity design rule [3, Sec. IV-A].
Secondly, for transmission over time-varying channels, rateless
codes seamlessly adapt to the instantaneous channel quality
and attain a larger average throughput compared to channel
adaptation by switching between fixed-rate codes. In our
second contribution, we propose a novel rateless MLC scheme,
which is compatible with any decoding metric and requires
only one binary rateless code. We illustrate that combining
rateless codes with MLC is not as straightforward as it is
with BICM; and that a careless combination might lead to
a considerable rate loss compared to fixed-rate MLC. We
distinguish between coding loss due to the imperfectness of
the code, and structural loss due to the structure of MLC. In
our proposed scheme, the structural loss is non-zero only in
so-called unstable systems. The stable or unstable nature of
a rateless MLC scheme depends on the relationship between
achievable rates of the layers. We illustrate that structural loss
can be largely alleviated by controlling the acknowledgment
delay from the receiver, and in practice a simple minimum
segment-length (MSL) control rule can be effective enough in
reducing this loss and maintaining the rate advantage of MLC.

The remainder of this paper is organized as follows. In Sec-
tion II, we briefly describe MLC transmission. Our approach
to rate analysis and metric-mismatch correction is presented
in Section III. In Section IV, we introduce and analyze the
operation and control in the proposed rateless MLC scheme.
Practical applications to MIMO and orthogonal modulation
are presented in Section V. Numerical results demonstrate that
our rateless MLC scheme achieves throughput gains compared
to BICM in a variety of transmission scenarios. Section VI
completes the paper with concluding remarks.

II. M ULTILEVEL CODING PRELIMINARIES

Consider a discrete-time memoryless channel with trans-
mit symbol X from the discrete constellationX , received
symbolY from the setY, and channel transition probability
pY |X(y|x). The probability mass function of the transmit sym-
bol is pX(x). Let M be the cardinality ofX andm = log M
be the number of labeling bits, i.e., the number of levels
(notation log(·) denotes base-2 logarithm). An m-level, κ-
layer MLC configuration,κ ≤ m, is best described by a
vector h = [h0 . . . hm−1] with hi ∈ {0, . . . , κ − 1} and
hj ≤ hi if j < i [15]. The elementhi = k indicates that
level i is in layer k. Each layer corresponds to an encoder-
decoder pair. The MLC transmitter withκ independent binary
encodersenc0, . . . , encκ−1 is presented in Figure 1(a). The
corresponding MLC receiver withκ binary decodersdec0,
. . . , decκ−1 is presented in Figure 1(b). The variablesvk, v̂k,
and ûk, k = 0, . . . , κ − 1, in Figure 1 denote realizations
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Fig. 1. MLC transmitter and receiver.

and decoding decisions of random variables explained in the
following. Let B0, . . . , Bm−1 be the random variables of the
labeling bits. LetVk be the multivariate random variable of
the labeling bits at layerk. That is, the elements ofVk are
{Bi : hi = k}. In Vk and other multivariate random variables
below, we assume that the binary random variables{Bi} are
ordered by their indexi. At the receiver, the detection ofBi

depends on the received symbolY and the estimated value of
bits from lower layers. LetDi denote the multivariate random
variable of these lower-layer bits, i.e., the elements ofDi are
{Bj : hj < hi}. Furthermore, letbi(X) anddi(X) denote the
value ofBi andDi corresponding to the transmit symbolX .
In conventional MLC [3] where each level is put in a separate
layer, we haveh = [0 . . .m − 1] andDi = [B0 . . . Bi−1]. In
BICM where all levels are grouped into one layer, we have
h = 01×m and Di = ∅. Let Uk be the multivariate random
variable of all lower-layer bits common to all levels at layer
k. The elements ofUk are{Bj : hj < k}.

As an example, consider a system withm = 3 levels and
κ = 2 layers such thatB0 is put in layer 0, andB1 andB2 are
put in layer 1. Then,h = [0 1 1], V0 = [B0], V1 = [B1 B2],
U0 = D0 = ∅, and U1 = D1 = D2 = [B0]. That is, the
detection ofB0 depends only onY , whereas the detection of
B1 andB2 depends onY andB̂0, which is the estimated value
of B0.

III. MLC WITH GENERAL DECODING METRICS

In this section, we first establish that the achievable rate
of MLC can be expressed in terms of the achievable rates
of the layers (Section III-A). We then focus on MLC layers
and provide expressions for the layer GMI (Section III-B).
Based on these expressions, we propose a metric-mismatch
correction technique for MLC (Section III-C). The latter two
contributions are an extension of results from [6]–[8], [16] for
BICM to MLC.
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A. Achievable Rates

Given a detection rule, we say rateC is achievable if for any
ǫ > 0 and sufficiently largeN , there exists a codeC(N ′, R)
of lengthN ′ ≥ N and rateR ≥ C and a decoding algorithm
D such that the block error probability is less than or equal
to ǫ, cf. [21, Ch. 5], [22, Ch. 10]. We sayC is the maximum
achievable rate if it is the tightest upper bound on achievable
rates.

Theorem 1:Given a detection rule, letCk be an achievable
rate of thek-th layer given decoding decisions from lower
layers are correct,k = 0, . . . , κ−1. The MLC scheme achieves
rateC =

∑κ−1
k=0 Ck. Furthermore, if eachCk is themaximum

achievable rate of layerk, thenC is themaximumachievable
rate of the MLC scheme.

A proof of Theorem 1 is presented in the Appendix. We
have the following remarks. First, as the theorem makes no
assumption about detection rules being matched to the channel
transition probabilities, it can be applied to mismatched decod-
ing in the layers. Second, Theorem 1 allows us to consider
each layer separately without concerning about error prop-
agation when estimating achievable rates and manipulating
mismatched metrics to increase these rates.

B. Per-Layer Transmission and Generalized Mutual Informa-
tion (GMI)

Since the maximum achievable rate of a mismatched de-
coding scheme is not known in general, we follow recent
literature on BICM [6], [7] and use the GMI [17], [18] as
an approximation to the layer maximum achievable rate.

The detector calculates bit metrics of the general form
q
Bi,Y,D̂i

(b, y, d) for Bi based on the received sampley ∈ Y

and estimated data from lower layersd ∈ B|Di|, B , {0, 1}.
We assumeqBi,Y,D̂i

(b, y, d) > 0, ∀ b ∈ B, y ∈ Y, and
d ∈ B|Di|. It is also common for binary decoders to operate
on the log-likelihood ratio (LLR) instead of bit metric values.
The LLR is defined as

Λq
Bi,Y,D̂i

(y, d) , ln
q
Bi,Y,D̂i

(0, y, d)

qBi,Y,D̂i
(1, y, d)

. (1)

For all levelsi at layerk, we haveD̂i = Ûk. Thus, the bit
metricq

Bi,Y,D̂i
(b, y, d) can also be written asq

Bi,Y,Ûk
(b, y, u).

The layer metric is defined as

q
Vk,Y,Ûk

(v, y, u) =
∏

Bi∈Vk

q
Bi,Y,Ûk

(b, y, u) , (2)

with v ∈ B|Vk| andu ∈ B|Uk|.

From Theorem 1, in the following calculations we assume
that the estimated data from lower layers is always the same as
transmitted. That is, we useDi instead ofD̂i andUk instead
of Ûk. For thei-th level and bit metricqBi,Y,Di

(b, y, d), the

binary I-curve is defined as [6], [8], [17], [21]

IqBi,Y,Di
(s)

, −EBi,Y,Di

{

log
∑

b∈B

pBi
(b)

[

qBi,Y,Di
(b, Y, Di)

qBi,Y,Di
(Bi, Y, Di)

]s
}

(3)

= −EX,Y

{

log
∑

b∈B

pBi
(b)

[

qBi,Y,Di
(b, Y, di(X))

qBi,Y,Di
(bi(X), Y, di(X))

]s
}

.

(4)

The binary GMI of the level is the peak value of this curve,

Igmi
qBi,Y,Di

, max
s>0

IqBi,Y,Di
(s) . (5)

For matched metrics, i.e., whenqBi,Y,Di
(b, y, d) is propor-

tional to the transition probabilitypY |Bi,Di
(y|b, d), the binary

I-curve peaks ats = 1 and the GMI equals the average mutual
informationI(Bi; Y |Di).

With uniform input, from (1) and (4), the binary I-curve can
be expressed in terms of the LLR as

IqBi,Y,Di
(s) = 1−

EX,Y

{

log(1 + exp(− sgn(bi(X))ΛqBi,Y,Di
(Y, di(X))s))

}

,

(6)

where the functionsgn(·) is defined for the labeling bits as
sgn(0) = 1 andsgn(1) = −1.

Corresponding to the layer metricqVk,Y,Uk
(v, y, u), the

layer I-curve is defined as

IqVk,Y,Uk
(s) ,

− EVk,Y,Uk







log
∑

v∈B|Vk|

pVk
(v)

[

qVk,Y,Uk
(v, Y, Uk)

qVk,Y,Uk
(Vk, Y, Uk)

]s







.

(7)

Similarly to the transition from (3) to (4), we have

IqVk,Y,Uk
(s) = −EX,Y







log
∑

v∈B|Vk|

pVk
(v)

[

qBi,Y,Di
(v, Y, uk(X))

qBi,Y,Di
(vk(X), Y, uk(X))

]s







.

(8)

From (4), (2), and (8), it can be shown that the layer I-curve
equals the sum of the binary I-curves of the levels,

IqVk,Y,Uk
(s) =

∑

Bi∈Vk

IqBi,Y,Di
(s) . (9)

The layer GMI is the peak value of this layer I-curve,

Igmi
qVk,Y,Uk

, max
s>0

IqVk,Y,Uk
(s) . (10)

By Theorem 1, the MLC scheme achieves a rate equal to the
sum of the layer GMIs.
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C. Metric-Mismatch Correction for MLC

The layer GMI (10) is less than or equal to the sum of the
binary GMIs (5) in that layer. Equality is achieved if and only
if the binary I-curves areharmonic, that is, when they attain
their peaks at the sames-coordinate [8]. LetsqBi,Y,Di

be the
critical point (the s-coordinate of the peak) ofIqBi,Y,Di

(s).
Then, a new metric

q′Bi,Y,Di
(b, y, d) = [qBi,Y,Di

(b, y, d)]ci (11)

with ci = sqBi,Y,Di
/s∗ for any s∗ > 0 yields a binary I-curve

with the same GMI, but with the new critical pointsq′
Bi,Y,Di

=

s∗ [8]. We propose applying this metric correction to make the
binary I-curves harmonic and thus improve the layer GMI. It
has also been demonstrated in [8] that while the choice of
s∗ does not affect the GMI and the error-rate performance
of word and max-product (a.k.a. min-sum) symbol-by-symbol
(SBS) decoding, the specific values∗ = 1 is preferable for
sum-product SBS decoding.

Since raising the bit metric to a power corresponds to
scaling the LLR with the same factor, adoption of the above
metric-mismatch correction for MLC results in the LLR scal-
ing

Λq′
Bi,Y,D̂i

(y, d) = sqBi,Y,Di
Λq

Bi,Y,D̂i
(y, d) . (12)

We would like to stress that the scaling factorsqBi,Y,Di
in (12)

is obtained without consideration to possible errors at lower
layers.

Finally, we note that the layer GMIs might further be in-
creased by post-detection processing of LLRs using the scalar
correction from [16] or vector-correction functions from [8],
which however come with increased processing complexity.

IV. RATELESSMULTILEVEL CODING

We start this section with the description of our novel
rateless MLC scheme. Then, we provide an operation analysis
and devise a control scheme to reduce the structural rate
loss when necessary. Our scheme is compatible with any
mismatched decoding in the layers. Following Theorem 1
and for generality, we continue to use the notationsCk,
k = 0, . . . , κ− 1, andC =

∑κ−1
k=0 Ck to denote the maximum

achievable rates of the layers (assuming no error from lower
layers), and of MLC, respectively. We will resort to the GMI
as an approximation to the maximum achievable rates again
when showing numerical results in Section V.

A. Encoding and Decoding

In rateless BICM, the binary encoder takes in a fixed-
length block of message bits and continuously produces coded
bits, which are mapped to transmit symbols. The receiver
can produce metric samples immediately after each received
symbol. These metric samples are accumulated until they
can provide enough information for successful decoding. At
this point, the receiver acknowledges the transmitter and the
transmitter switches to a new message block, cf. [20]. We
now consider a naive combination of rateless coding and
MLC, in which the encoder-decoder pair at each layer (see
Figure 1) is implemented in a rateless-coding fashion. At layer

...

(b) Receiver

...

(a) Transmitter

......

encκ−1

encκ−2

enc0

decκ−2

x

decoded dataBit

Calculation

y
Metric

MAP

dec0

decκ−1

Fig. 2. Rotation rateless MLC transmitter and receiver. Stream redirection
occurs at switching to a new interval.

0, metric samples become available to the decoder right after
each received symbol, as in rateless BICM. However, at any
layerk > 0, the decoder collects symbol samples and waits for
estimated data from lower layers. Only then, metric samples
can be calculated. The estimated data from lower layers does
not become available right after each received symbol, but in
large blocks. Thus, by the time this data becomes available,
the segment of metric samples at layerk may have already
accumulated more information than necessary for successful
decoding. This means that layerk is underutilized and the
exceeding channel use is wasted. It is only at the lowest
layer that we are able to collect just enough information for
successful decoding and avoid this underutilization.

The above observation leads us to propose the following
scheme. The transmitter employsκ binary rateless encoders
enck, k = 0, . . . , κ − 1. In the naive combination above,
output from encoderenck is always mapped to layerk. In
our proposed scheme as illustrated in Figure 2(a), output
from enck is mapped to different layers at different time
intervals. More specifically,enck cyclically directs its output
through layers(κ− 1), (κ− 2), . . . , 0 duringκ time intervals
t− (κ− 1), t− (κ− 2), . . . , t. Each time interval corresponds
to the transmission of a number of symbols. The number
of symbols in each interval might vary from one interval to
another, and is discussed in detail below.

The corresponding receiver is shown in Figure 2(b). Each
binary decoderdeck, k = 0, . . . , κ − 1, collects information
from all layers, starting from the highest layerκ−1 and ending
at the lowest layer0. The decoders attempt to decode only
when collecting information from layer0. Thus, during any
time interval, only the decoder collecting information from
layer 0 attempts to decode.

Figure 3(a) shows the information segments at the receiver
overκ time intervals. Suppose some decoderdeck is collecting
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time

(b)

(a)

layer 0

...

ℓ[t − 1] ℓ[t]

ℓ[t − (κ − 2)]

... ...

...

C1 C0Cκ−2

ℓ[t − (κ − 1)]

Cκ−1

layer κ − 2

layer κ − 1

layer 1

Fig. 3. (a) Information segments at the receiver. Segments with the same
shading belong to the same codeword of a binary encoder-decoder pair. White
segments are already decoded information. Segments may have different
lengths. Among theκ binary decoders, during any time interval, only the
one that is collecting information from layer 0 attempts to decode. (b) Each
binary encoder-decoder pair experiences a time-varying channel with different
interval maximum achievable ratesCi, i = 0, . . . , κ − 1.

information from layer0 during intervalt. This decoder has
also collected information segments from layers(κ−1), . . . , 1
in the preceding(κ − 1) intervals. Whendeck gathers that
it might have accumulated enough information, it makes a
decoding attempt. If decoding fails,deck continues to collect
information from layer 0, and attempts decoding again. Even-
tually, decoding will be successful, which marks the end of
this time interval. The receiver then sends an acknowledgment
to the transmitter. Upon receiving the acknowledgment, the
transmitter: (i) changes the input of the corresponding encoder
enck to a new message block, and (ii) re-maps the encoded bit
streams to different layers in the cyclical manner as illustrated
in Figure 2(a). That is, the stream that was mapped to layer
k is now mapped to layer(k − 1), for k = 1, . . . , κ − 1,
and the stream that was mapped to layer0 is now mapped to
layer κ− 1. In the next time intervalt + 1, the decoders will
collect information from different layers, correspondingto this
new streaming. From the viewpoint of a fixed encoder-decoder
pair (enck, deck), the overall channel is segment-wise time
varying. Each segment is associated with a different maximum
achievable rate. This is illustrated in Figure 3(b).

The proposed scheme requires an initialization. This can
be seen in Figure 3(a), where white segments represent
already decoded information. Therefore, at the start of the
transmission session, the transmitter sends some preambledata
that is known to the receiver in the corresponding segments.
This preamble transmission appears only once and thus the
associated rate loss will be negligible for sufficiently long
sessions.

If all binary encoder-decoder pairs use the same rateless
code, then there is no need to haveκ different decoders as
shown in Figure 2(b), but a single binary decoder will be
sufficient. Similarly, all layers can share one binary encoder
hardware in a time-multiplexing fashion, at the cost of reduced
encoding speed.

B. Operation Analysis and Control

As shown in Figure 3, letℓ[t] ≥ 0 be the number of transmit
symbols during time intervalt. While ℓ[t] is an integer number,
for simplicity we let ℓ[t] assume real values in the following
analysis; the effect of this relaxation becomes negligiblefor
long codewords. By the end of time intervalt, one codeword
has been successfully decoded. We distinguish two variables
related to the transmission of this codeword:θ[t] is the nominal
amount of information collected by the receiver, i.e.,

θ[t] =

κ−1
∑

k=0

Ckℓ[t− k] , (13)

and ν[t] is the minimal amount of information sufficient for
successful decoding. Since we assume successful decoding,
we haveν[t] ≤ θ[t].

We assume all message blocks input to the binary encoders
have the same length ofK bits. We call a binary rateless code
ideal if ν[t] = K. Practical codes, e.g. Raptor codes [20],
require positive overheads and thus have a positive average
(ν[t]−K). We call this value thecoding lossas it measures
the required overhead of the code. The difference betweenθ[t]
and ν[t] is due to the MLC structure. We therefore call the
average of(θ[t]−ν[t]) thestructural loss. The total rate loss of
an MLC scheme, i.e. the gap between the average throughput
andC, is the sum of its coding and structural loss.

If successful decode does not occur at the start of the
interval whenℓ[t] = 0, we can collect just enough additional
information with ℓ[t] > 0 and terminate decoding such that
θ[t] = ν[t]. That is, no structural loss incurs. However, if
successful decoding is possible atℓ[t] = 0, we have likely
accumulated more than enough information and wasted chan-
nel resources. Therefore, ifℓ[t] varies around anequilibrium
length and ℓ[t] > 0, we assume that the transmission has
no structural loss. In the following we will elaborate on this
equilibrium length and the conditions under which the system
is stable, that is, whenℓ[t] automatically converges to and
remains around the equilibrium length.

1) Equilibrium Length: In systems with no structural loss,
we haveθ[t] = ν[t]. From (13),

ℓ[t] = −
Cκ−1

C0
ℓ[t− (κ− 1)]− . . .−

C1

C0
ℓ[t− 1] +

1

C0
ν[t] .

Let n[t] = [ℓ[t− (κ− 1)] . . . ℓ[t− 1]]
T be a vector of(κ−1)

non-negative previous transmission lengths that represents the
receiver state at the beginning of intervalt. For t ≥ tinitial =
0, the state therefore evolves according to the linear time-
invariant state-space equation

n[t + 1] = An[t] + bν[t] , (14)

with

A =

[

0(κ−2)×1 Iκ−2

−Cκ−1

C0

−Cκ−2

C0

. . . −C1

C0

]

and

b =

[

0(κ−2)×1
1

C0

]

,
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whereIκ−2 is the identity matrix of size(κ − 2) × (κ − 2)
and0(κ−2)×1 is the all-zero column vector of length(κ− 2).

Let ν̄ be the mean value ofν[t]. We call the solution of the
equation

n[t + 1] = An[t] + bν̄ , (15)

the equilibrium point. This equilibrium point is found as

ne = ν̄(Iκ−1 −A)−1b = ℓe1(κ−1)×1 , (16)

whereℓe is the equilibrium length

ℓe =
ν̄

∑κ−1
i=0 Ci

=
ν̄

C
, (17)

andIκ−1 is the identity matrix of size(κ− 1)× (κ− 1). We
observe that:

• If ν[t] is a constant, i.e.ν[t] = ν̄, once at the equilibrium
point, the system stays there.

• With ideal codes, i.e.ν[t] = K, once at the equilibrium
point, the system stays there and suffers zero total loss.
That is, with ideal codes, we can achieve a throughput
equal toC.

2) Stable Systems:The system is stable if the eigenvalues
of the matrixA in (14) lie inside the unit circle in the complex
plane. In this case, the staten[t] will automatically hover
around the equilibrium pointne. Then, the interval lengthℓ[t]
stays close toℓe and is positive, so thatθ[t] = ν[t] holds
and the transmission has zero structural rate loss. For stable
systems, the only loss with respect toC is the coding loss and
our proposed MLC scheme is an optimal way of combining
binary rateless codes and multilevel constellations.

The eigenvalues ofA are the rootsri of the polynomial

U(z) = 1 +
C1

C0
z−1 +

C2

C0
z−2 + . . . +

Cκ−1

C0
zκ−1 . (18)

There are several methods to determine whether|ri| < 1 for all
roots of (18) [23, Ch. 4.5]. For the special cases ofκ = 2 and
κ = 3 layers, we can make the criteria for stability explicit:

• κ = 2: U(z) = 1 + C1

C0

z−1, and the rootr1 = −C1/C0

lies inside the unit circle if and only ifC0 > C1. In other
words, a two-layer scheme is stable if the lower layer has
larger maximum achievable rate than the upper layer.

• κ = 3: U(z) = 1 + C1

C0

z−1 + C2

C0

z−2, and the two roots

r1,2 = 1
2C0

(−C1 ±
√

C2
1 − 4C0C2) lie inside the unit

circle if and only if (C0 > C2 andC0 + C2 > C1).
3) Unstable Systems:If the linear system (14) is unsta-

ble, the interval lengthℓ[t] would oscillate with increasing
amplitude. Due to the constraintℓ[t] > 0, the lengthℓ[t] will
eventually swing between zero and some extreme values. This
behavior is illustrated in Figure 4 for the example ofκ = 3,
C0 = 1, C1 = 1.7, C2 = 1.3, and thusC = 4 bit per channel
use (bpcu),ν[t] = K for all t (the binary code is ideal), and
the initial staten[0] = (K/C)[1.0 1.2]T . At large values of
t, the system settles into the following pattern: there is one
long interval of lengthK, followed by two intervals of length
zero. In the long interval, one codeword is decoded with all
samples from layer 0. In the next interval, one codeword is
decoded with all samples from layer 1 and no more samples
from layer 0 are needed (hence, the interval length is zero).
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t]
/K

→

Fig. 4. Interval lengthℓ[t] of an unstable system.

Similarly, the next codeword is decoded with all samples from
layer 2. Even though the rateless code is ideal, the system
achieves a data rate of only 3 bpcu, which is well belowC.
This behavior calls for a control mechanism to minimize the
structural loss for unstable systems.

4) Control for Unstable Systems:The receiver can delay
sending the acknowledgment to the transmitter after success-
ful decoding. By controlling this delay, we can reduce the
structural loss. To illustrate the potential of such a control,
we consider ahypothetical scenariowhere we can predict
the values ofν[t] in a near future. Suppose that at the
beginning of time intervalτ , the receiver state isn[τ ], and
we predict the values ofν[t] over the finite time horizonT to
beν[τ ], . . . , ν[τ +T −1]. Beyond this horizon, we extrapolate
that ν[t] equals to the average of the predicted valuesν̄[τ ],
given by

ν̄[τ ] =
1

T

τ+T−1
∑

t=τ

ν[t] . (19)

We observe from Eqns. (14) to (17) that, ifν[t] remains
constant asν[t] = ν̄[τ ] for t ≥ τ +T , the transmission suffers
no structural loss if all the segment lengths equalν̄[τ ]/C.
Therefore, we want to settle into the stateℓ[t] = ν̄[τ ]/C for
t ≥ τ +T . We end up having an extended control period from
τ to τ + T + κ− 2 with the desired ending state

ℓ[τ + T ] = . . . = ℓ[τ + T + κ− 2] =
ν̄[τ ]

C
. (20)

For the period[τ, τ + T − 1], we plan the lengthsℓ[τ ], . . . ,
ℓ[τ +T −1] to minimize the structural loss. The initial amount
of information stored at the receiver at the beginning of time
interval t = τ (the initial information inventory) is

Ibeginning=

κ−1
∑

k=1

κ−1
∑

j=k

Cjℓ[τ − k] . (21)

The ending information inventory at the end of time interval
τ + T + κ− 2 (or beginning of the time intervalt = τ + T +
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κ− 1), is

Iend =

κ−1
∑

k=1

κ−1
∑

j=k

Cj

ν̄[τ ]

C
. (22)

During the control period, the total amount of arriving infor-
mation isC

∑τ+T+κ−2
t=τ ℓ[t], and we spend

∑τ+T+κ−2
t=τ ν[t] to

successfully decodeT + κ− 1 codewords. The structural loss
is therefore

Istructural loss= C

τ+T+κ−2
∑

t=τ

ℓ[t]−
τ+T+κ−2
∑

t=τ

ν[t]+Ibeginning−Iend .

(23)
Since the beginning and ending receiver state are fixed, the
structural loss is minimized if

∑τ+T−1
t=τ ℓ[t] is minimized.

Planning the segment lengths can then be stated as the
following linear programming (LP) problem:

{ℓ̂[τ ] . . . ℓ̂[τ + T − 1]} = argmin
τ+T−1
∑

t=τ

ℓ[t]

subject to:
∑κ−1

k=0 Ckℓ[t− k] ≥ ν[t], ∀ t ∈ [τ, τ + T + κ− 2],
(

ℓ[τ − (κ− 1)] . . . ℓ[τ − 1]
)T

= n[τ ],

ℓ[τ + T ] = . . . = ℓ[τ + T + κ− 1] = ν̄[τ ]/C,
ℓ[t] ≥ 0 .

(24)
As the transmission progresses, we apply the model pre-

dictive control (MPC) technique, e.g. [24], to adjust to the
increment oft. The MPC technique is summarized as follows:

1: At the beginning of the time intervalt = τ , predict
ν[τ ], . . . , ν[τ + T − 1].

2: Plan the segment lengths for the period[τ, τ + T − 1] by
solving (24).

3: Receive at least̂ℓ[τ ] symbols in this time interval.
4: Repeat fort← τ + 1.
An alternative control rule to the MPC technique above is

to always receive at leastℓmin symbols in each interval. We
call this the minimal segment length (MSL) control rule. This
simple rule comes from observing the behavior of unstable
systems without control, as described in Section IV-B3. Since
the decoders have to wait for their turn, the one that collects
most of the information from a low-rate layer needs a relatively
long interval and forces other decoders to accumulate too
much information. By setting a proper minimum value for all
ℓ[t], MSL reduces the long wait by making the total amount of
information to be distributed more equally over theκ intervals.

We now illustrate the effectiveness of the control techniques
via a hypothetical example. Letν[t] be a random process such
that ν[t] = (1.05 + ǫ[t])K. The componentǫ[t] is Rayleigh-
distributed with mean 0.04. Therefore,̄ν/K = 1.09 and
thus the coding loss is 9%. This model approximates the
simulation result of a Raptor code from [25, Fig. 6]. We
consider the same MLC example in Section IV-B3. That is,
κ = 3, C0 = 1, C1 = 1.7, and C2 = 1.3 bpcu. Without
control, the transmission suffers a structural loss of 36%.For
MPC with perfect prediction, the structural loss versusT is
plotted in the upper half of Figure 5. It is interesting to observe
that even with shortT = 1, MPC reduces the structural
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Fig. 5. Controlling structural loss in an unstable system with [C0 C1 C2] =
[1.0 1.7 1.3] bpcu. Top: structural loss vs.T for model predictive control
(MPC) with perfect prediction. Bottom: structural loss vs.ℓmin for minimum
segment length (MSL) control.

loss to just about 2%. With long horizonT , it can almost
completely alleviate the structural loss. Thus, controlling the
acknowledgment delay can indeed reduce the structural loss.
Unfortunately, perfect prediction ofν[t] over a long horizon
is rather idealistic. With the simple and practical MSL control
rule, the structural loss versusℓmin is plotted in the lower
half of Figure 5. The result shows that MLC can reduce the
structural loss to a very small value of less than 2%. This value
is much less than the coding loss. These results suggest that
MSL control is indeed a practical way of stabilizing rateless
MLC systems, and we apply it in the application examples
below.

V. A PPLICATIONS

In this section, we demonstrate the efficacy of our rateless
MLC scheme in a number of transmission scenarios. The
examples include MIMO and orthogonal modulation transmis-
sion in stationary or slow fading channels, and using matched
or approximate metrics. Following Section III-B, we use the
GMI as an approximation to the maximum achievable rates of
the layers. Furthermore, we refer to the sum of the layer GMIs
as the MLC GMI. An off-the-shelf binary rateless Raptor
code as described in [8, Example 1] withK = 9500 is
used in all simulations. We use sum-product SBS decoding
by the belief-propagation algorithm in the log domain with a
maximum of 200 iterations to decode the joint factor graph
of the two Raptor component codes [26, Fig. 1b]. When a
decoding attempt fails, an additional information amount of
0.01K is collected before the next attempt.

A. MIMO-QAM

Consider MIMO transmission withNt transmit andNr

receive antennas. Each transmit antenna emits symbols froma
constituent quadrature amplitude modulation (QAM) constel-
lationA of sizeMA. Each symbol of the MIMO constellation



8

X is thus a vectorx = [x0 . . . xNt−1]
T of Nt elementsxi ∈ A.

The size of the multidimensional transmit constellation is
M = (MA)Nt . Assuming a flat fading channel with the matrix
of complex gainsH and complex additive white Gaussian
noise (AWGN) vectorn with varianceN0 per element, the
received symbol is given by

y = Hx + n . (25)

The channel transition probability follows as

pY |X(y|x) ∝ exp

(

−
|y −Hx|2

N0

)

. (26)

It was shown in [10, Sec. IV-E] that there exists a significant
gap between the BICM GMI and the constellation-constrained
channel capacityI(X ; Y ), even when Gray mappings are
applied for the constituent constellationA, and hence forX .
Thus, it is appealing to use MLC with MIMO signaling.

Let us consider the case of 4-QAM withNt = 4 transmit
antennas and matched LLR metric

Λq
Bi,Y,D̂i

(y, d) = ln

∑

x∈X d,0

di,i

pY |X(y|x)

∑

x∈X d,1

di,i

pY |X(y|x)
, (27)

where the notationX d,b
di,i

denotes the set ofx which have the
labeling bitsdi(x) = d andbi(x) = b, b ∈ B. The size of the
constellation isM = 256 and the number of labeling bits is
m = 8. We use MLC withκ = 2 layers. The first four bits
are grouped into layer 0, and the other four bits are grouped
into layer 1. We consider an i.i.d. Rayleigh fading channel
and two scenarios ofNr = 2 and Nr = 4 receive antennas.
For both scenarios, the GMI of layer 0 is less than that of
layer 1, and therefore the system is unstable. We apply the
MSL control with ℓmin = 1.06K/C. The signal-to-noise ratio
(SNR) is defined asEr/N0, whereEr is the average received
power at each antenna, cf. [10]. The simulation results are
plotted in Figure 6. It can be observed that MLC with just
two layers can considerably reduce the gap between BICM
GMI and the average mutual informationI(X ; Y ). Over the
whole SNR range, the simulated throughput is about 92% of
the MLC GMI. This ratio is close to the reported value in [25]
for a Raptor code over a binary AWGN channel. Therefore,
we conclude that most of the rate loss is the coding loss, and
the structural loss is small. Overall, the results demonstrate
a significant throughput gain from using our rateless MLC
scheme instead of BICM.

B. Orthogonal Modulation

In orthogonal modulation, the Euclidean distances between
all signal points are identical. Hence, forM > 2, Gray
mappings do not exist. We consider two prominent examples
of orthogonal modulation, which are FSK and PPM.
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Fig. 6. GMI and throughput of rateless MLC for 4-QAM MIMO transmission
with 4 transmit and 2 and 4 receive antennas over an i.i.d. Rayleigh fading
channel.

1) Noncoherent Frequency-Shift Keying (FSK):FSK with
noncoherent detection is attractive due to its simple detector
implementation. In the signal space, each transmit symbol can
be represented by a vectorx = [x0 . . . xM−1] of M elements
where only one element is one and all the others are zero. Let
h be the complex channel gain (assumed to be the same for all
frequency bands), andn be a length-M complex AWGN noise
vector with varianceN0 per element. The received signal is a
length-M complex vector

y = hx + n . (28)

Noncoherent detection requires only knowledge of the mag-
nitude, but not the phase, of the channel gains and received
samples. The channel transition probability is given by [12]

pY |X(y|x) ∝ I0

(

2|h||ye(x)|

N0

)

, (29)

where I0(·) is the zeroth order modified Bessel function of
the first kind, and|ye(x)| is the magnitude of the element of
y at the position of the non-zero element ofx. We consider
128-FSK [27] withm = 7 levels,κ = 2 layers, and matched
decoding metric (27). The lower four levels are grouped into
layer 0 and the upper three levels are combined into layer 1.
Similarly to the MIMO example, the SNR is defined as
Er/N0, and for this modulationEr = E{|h|2}. The layer
GMIs are plotted in Figure 7(a) for the case of an AWGN
channel and in Figure 7(b) for the case of an i.i.d. Rayleigh
fading channel. Depending on the SNR, the GMI of layer 0
can be smaller or larger than that of layer 1. Therefore,
the MLC system can be unstable or stable, respectively. We
recall that when the system is stable, no control is needed
and no structural loss results. For all SNR values, we apply
our rateless scheme (i) without control and (ii) with MSL
using ℓmin = 1.06K/C. As expected, Figure 7 shows that
when the system is unstable, MSL improves the throughput.
Furthermore, when the system is stable, MSL practically does
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Fig. 7. GMI and throughput of rateless MLC for 128-FSK. Label“w/o
control” and “w/ control” are for the rotational scheme without and with MSL
control, respectively. (a) AWGN channel. (b) i.i.d. Rayleigh fading channel.

not incur structural loss, achieving the same throughput asthe
case without control. This suggests that we can safely apply
MSL control to the whole range of SNR values.

Rateless transmission is most beneficial in slow-fading
channel environments. Thus, we now illustrate the perfor-
mance of our scheme in a slow fading example. To this end,
consider a channel which evolves from one symbol to the next
according to the first-order autoregressive (AR1) model

hi = ahi−1 +
√

1− a2wi , (30)

where wi is an i.i.d. zero mean complex Gaussian process
with varianceEr . The parameter0 ≤ a ≤ 1 determines
the rate of fading. The extreme valuesa = 1 and a = 0
turn (30) into an AWGN channel and an i.i.d. Rayleigh
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Fig. 8. Example of 2-layer rateless MLC over slow fading channel. The
valueR[t] approximates the average throughput during time intervalt.

fading channel, respectively. In slow fading cases, we modify
the MSL control to: always receive at least an amount of
informationImin in each segment. Corresponding toN0 and
the magnitude of the instantaneous channel gain|hi|, the
instantaneous GMI can be obtained from the GMI plots in
Figure 7(a). LetC[t] be the MLC GMI averaged over time
intervalt. We use the valueR[t] = C[t]K/θ[t] as an indication
of the throughput in intervalt. We recall thatθ[t] (13) is
the total amount of information associated with the codeword
that has just been decoded in this interval. The ratioK/θ[t]
is the relative throughput efficiency of the codeword. As an
interesting example, we consider10 log10(Er/N0) = 8 dB and
a = 0.999 such thatC[t] would change significantly across
intervals. We use MSL control withImin = 1.06K. Samples
of average MLC GMI andR[t] obtained from a simulation are
plotted in Figure 8. For comparison, the BICM GMI of the
same channel realizations, averaged over the same segment
boundaries, is also included. We observe that the throughput
of our scheme closely follows the associated MLC GMI.
Furthermore,R[t] exceeds the BICM GMI for the majority
of the intervals. Averaging over the whole 70 sample intervals
illustrated in Figure 8, the MLC GMI is 3.03 bpcu,R[t] is
2.70 bpcu, and the BICM GMI is 2.48 bpcu. That is, our
scheme attains a throughput gain in slow fading channels as
well.

2) Pulse-Position Modulation (PPM):PPM is a power-
efficient signaling for fiber and free-space optical communica-
tions. Similarly to FSK, eachM -ary PPM symbol is a vector
of M elementsx = [x0 . . . xM−1] with exactly one element
of one (theon slot) andM − 1 elements of zero (theoff
slots). We consider an FSO transmission scenario for which the
memoryless photon counting channel model is applicable [28].
The received sample is a vectory = [y0 . . . yM−1] with

yi = xisi + ni , (31)

wheresi andni are i.i.d. Poisson random variables with mean
λs and λb respectively. Thus,λs is the average power of
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Each doubled-arrowed arc connects the peak of an I-curve with a marker that
represents the associated throughput with an off-the-shelf Raptor code.

the pulses andλb is the average power of the background
radiation. The channel transition probability is given by

p(yi|xi) =
(λsxi + λb)

yi

yi!
exp (−[λsxi + λb]) , (32)

andp(y|x) =
∏M

i=0 p(yi|xi). Taking into account the fact that
all PPM symbols have exactly one element of 1 andM − 1
elements of 0, we have

p(y|x) ∝

(

1 +
λs

λb

)ye(x)

(33)

whereye(x) is the element ofy at the position of the non-
zero element ofx. We consider 128-PPM with background
radiationλb = 0.2 photon/slot and MLC withκ = 2 layers
where the lower four bits are in layer 0 and the upper three bits
are in layer 1. Simulation results with the matched metric (27)
demonstrate the same trends as in the case of FSK, and
therefore are not presented here. We now consider the popular
max-log approximate LLR metric, which is

Λq
Bi,Y,D̂i

(y, d)

=

(

max
x∈X d,0

di,i

ye(x)− max
x∈X d,1

di,i

ye(x)

)

ln

(

1 +
λs

λb

)

. (34)

This max-log LLR metric requires less computation than the
matched metric (27).

We consider a mid-range SNR of10 log10(λs/(Mλb)) =
−10.5 dB, at which the 2-layer MLC scheme with matched
metric attains a GMI of 3.5 bpcu. Figure 9 shows the I-
curves (9) of the two layers with matched and max-log metrics.
Due to the equidistant property of the PPM signal points,
binary I-curves of all levels within a layer are the same. Thus,
the I-curve of layer 0 is equal to four times the binary I-curve
of any level in layer 0. Similarly, the I-curve of layer 1 is equal
to three times the binary I-curve of any level in that layer. From

Figure 9, we see that the max-log metric incurs only a small
reduction in the GMI. The critical point (thes-coordinate of
the peak) of the I-curve of layer 0 is 0.55 and that of layer 1
is 0.75. As the critical point of the I-curve is not equal to 1,
the throughput achieved by sum-product SBS decoding can
be considerably lower than the GMI [8]. We illustrate this
phenomenon via a simulation in which the Raptor decoder
is fed with LLR samples from layer 0 or layer 1 alone. In
the detection at layer 1, we use transmitted data from layer 0
instead of the estimated data. The resulting throughputs are
presented as bold markers in Figure 9. The phenomenon is
especially pronounced at layer 0: while the throughput with
the matched metric is about 93% of the corresponding GMI,
this ratio reduces to only 80% for the max-log metric. We now
apply LLR scaling according to (12). That is, we multiply
the max-log LLR at layer 0 with0.55 and at layer 1 with
0.75. Again, we note that the scaling factor for layer 1 is
obtained without considering error propagation from layer0.
This scaling shifts the critical point of the I-curve to 1 with the
GMI remains the same. The scaled max-log metric results in
an improved throughput, as shown in Figure 9. Finally, using
the scaled max-log metric in our rotational rateless scheme
with appropriateℓmin, we obtain a throughput of 3.1 bpcu. In
comparison, a simulation of matched BICM with the same
Raptor code results in a throughput of 2.5 bpcu. Thus, scaled
max-log 2-layer MLC attains a throughput gain of more than
20% compared to matched BICM.

VI. CONCLUSION

In this paper we considered two practical issues of MLC.
Our first contribution is the rate analysis and a simple met-
ric mismatch correction technique for MLC with arbitrary
decoding metrics. To this end, we used the GMI as an
approximation to the maximum achievable rate of the layer,
which can be estimated separately and with the assumption
that there are no errors in the decision at lower layers. Our
second contribution is the proposal of a novel rateless MLC
scheme with no or negligible structural rate loss. We provided
extensive numerical examples with MIMO, FSK, and PPM
signaling in stationary or slow-fading scenario, using matched
or max-log metric, which demonstrate that our scheme can
attain throughput gains compared to rateless BICM.

APPENDIX

PROOF OFTHEOREM 1

We first show achievability. LetCk andmk be an achievable
rate and the number of levels (bits) in layerk, respectively.
That is, in layerk, conditioned on correct decoding at layers
0 to k − 1, for any ǫk > 0 and large enoughN , there exists
a codeCk(mkN ′, Rk) of length mkN ′ > N and rateRk ≥
Ck and a decoding algorithmDk such that the block error
probability Pk ≤ ǫk. MLC with these codes has rateR ≥
C =

∑κ−1
k=0 Ck. Furthermore, the block error probability of

MLC is upper bounded by [29, Inequality 4.1]

P ≤
κ−1
∑

k=0

Pk ≤
κ−1
∑

k=0

ǫk = ǫ . (35)
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Hence, rateC is achievable.
Now let Ck be the maximum achievable rate for each layer

k andC =
∑κ−1

k=0 Ck. Transmission with rateR > C by the
MLC scheme requires that at least one layer, sayk′, has to
transmit with rateRk′ > Ck′ . Hence, there exists anǫ > 0
such that for any code and decoding algorithm at this layer,
the block error probability isPk′ > ǫ. Since

P ≥ Pk ∀k , (36)

C is the maximum achievable rate for MLC.
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