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Abstract—Multilevel coding (MLC) is the main contender to any reduction in the achievable rates compared to using non-
the celebrated bit-interleaved coded modulation (BICM) teh- binary codes [2], [3]. The main competing technique to MLC
nique for combining binary error-control codes with multil evel is bit-interleaved coded modulation (BICM) [4]-[8]. BICM

constellations. Although MLC has a more complex encoding- . . . . .
decoding structure, it can achieve a larger rate in a number also combines binary ECC with multilevel constellationst b

of important scenarios such as multiple-input multiple-ouput  IN & simpler layout with just one instead of several coding
(MIMO) and orthogonal modulation transmission. In this paper, layers and decoding stages as in MLC. The disadvantage of

we consider two issues related to the application of MLC. Fist, BICM over MLC is some rate loss. This loss can be small
we examine the use of general decoding metrics in MLC, includ with Gray mappings [9] and thus, BICM has been widely

ing mismatched metrics that arise from approximations to reluce | di ti N thel th . —
detection complexity. We make use of recent advances in the employed in practice. Nevertheless, there are impor xa

analysis of BICM and apply those techniques to individual MLC ~Where Gray mapping does not exist, or loses its relevance
transmission layers. Our contributions include rate analsis and when the Euclidean-distance neighborhood of signal points
metric-mismatch correction to improve throughput performance  js changed by the channel. For these cases, MLC might
of MLC. Second, we consider the combination of MLC with  cqngiderably outperform BICM. Examples of such cases are
binary rateless codes. Such a combination eliminates the aé . . - . . .

to carefully design code rate for each MLC layer. In slow multlple-l_npgt multiple-output (MIMO) signaling forlwntess_
fading environments, rateless coding can also seamlessigapt COMMunications [10], [11] and orthogonal modulation, whic
to the instantaneous channel quality and achieve an incread includes frequency-shift keying (FSK) for low-complexity
average throughput compared to a fixed-rate MLC transmissio.  detector implementation [12] and pulse-position modafati
However, due to the MLC structure, we show that a naive (PPM) for free-space optical (FSO) communications [13].

combination of MLC and rateless coding can cause a significan C idering that Hi | MLC . di
rate loss. Thus, we propose a novel rotation rateless schemiich  ~0ONSICErNgG that conventiona requires as many coding

preserves the rate advantage of MLC over BICM. We provide layers (and thus encoder-decoder pairs) as the number of
relevant examples with MIMO, frequency-shift keying (FSK), and  levels, the concept of reduced-layer MLC (RL-MLC) [14],

pulse-position modulation (PPM) signaling to demonstratethat  [15] has been introduced and demonstrated to provide good
our S.Chem? can achieve throughput gains compared to BICM in 3de-off between achievable rates and the number of fayers
a variety of fransmission scenarios. In particular, conventional MLC and BICM are special cases

Index Terms—Multilevel coding (MLC), reduced-layer MLC,  of RL-MLC where the number of layers equals the number of
bit-interleaved coded modulation (BICM), mismatched decding, |avels and one respectively.

generalized mutual information (GMI), rateless transmisson. . - L
In this paper we make two distinct contributions to the
family of MLC-based transmission scherfe®ur first con-
. INTRODUCTION tribution is a rate analysis and metric-mismatch correctar

MLC using decoding metrics which are different from the

The two primary resources of a communication system &geaximum-likelihood (ML) metric. Such metrics are often dse
channel bandwidth and transmit power [1]. Channel bang practice to reduce detection complexity and/or in theas
width utilization can often be increased with larger multishannel uncertainty. We show that, for any generic decoding
level constellations. Transmit power requirement can b@-mi metric, the maximum achievable rate of MLC equals the sum
mized by powerful error-control coding (ECC). However, noryf the maximum achievable rates of the layers. Furthermore,
binary codes for multilevel constellations are usuallydear hese layer rates can be estimated separately with the pssum
to design and implement, and hence binary codes are Mygfh that estimated data from lower layers is always correct
more popular in coded transmission systems. A pragmafife then view each layer as a BICM scheme and adopt recent
approach to achieve both bandwidth and power efficiency isggvances in the study of BICM with mismatched decoding
combine binary ECC with multilevel constellation signalin metrics [6]-[8], [16] to the MLC case. In particular, we use
Multilevel coding (MLC) offers such a combination withoutihe generalized mutual information (GMI) [17], [18] as an
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indication of the maximum achievable rate, and apply metric  —=| enc, I Un-1
manipulations from [8], [16] to improve the performance of

MLC. : :
Recently, the notion of rateless transmission has gained . 7)1 MAP
much attention in the communications community, e.g.,,[19] .

[20]. In the context of MLC, rateless transmission offers "
at least two attractive features. Firstly, it would elintima T e

the need for carefully tailoring code rate for each layer,

e.g. according to the capacity design rule [3, Sec. IV-A].

Secondly, for transmission over time-varying channetg|eas

(a) Transmitter

codes seamlessly adapt to the instantaneous channelyqualit - dec.; I—’
and attain a larger average throughput compared to channel . :;
adaptation by switching between fixed-rate codes. In ouf . i Us—1

second contribution, we propose a novel rateless MLC scheme »—'_dT b
which is compatible with any decoding metric and requires —
only one binary rateless code. We illustrate that combining o = B
rateless codes with MLC is not as straightforward as it is deco

with BICM; and that a careless combination might lead to

a considerable rate loss compared to fixed-rate MLC. We
distinguish between coding loss due to the imperfectnessgf ;
the code, and structural loss due to the structure of MLC. In
our proposed scheme, the structural loss is non-zero only in

so-called unstable systems. The stable or unstable natureyqd decoding decisions of random variables explained in the
a rateless MLC scheme depends on the relationship betwqe@[bwing_ Let By, ..., B,,_1 be the random variables of the
achievable rates of the layers. We illustrate that strattoss |apeling bits. LetV;, be the multivariate random variable of
can be largely alleviated by controlling the acknowledgimeghe labeling bits at layek. That is, the elements of, are
delay from the receiver, and in practice a simple minimump, : n;, = k}. In V}, and other multivariate random variables
segment-length (MSL) control rule can be effective enough pelow, we assume that the binary random varia§lgs} are
reducing this loss and maintaining the rate advantage of MLgydered by their index. At the receiver, the detection d8;

~ The remainder of this paper is organized as follows. In Segepends on the received symiioland the estimated value of
tion 1l, we briefly describe MLC transmission. Our approachits from lower layers. LeD; denote the multivariate random
to rate analysis and metric-mismatch correction is presentariable of these lower-layer bits, i.e., the elementdpfare

in Section lll. In Section IV, we introduce and analyze thQBj . h;j < h;}. Furthermore, leb;(X) andd;(X) denote the
operation and control in the proposed rateless MLC schemajue of B; and D; corresponding to the transmit symhsl.
Practical applications to MIMO and orthogonal modulatiom conventional MLC [3] where each level is put in a separate
are presented in Section V. Numerical results demonstnate tjayer, we haveh = 0...m—1]andD; = [By...B;—1]. In

our rateless MLC scheme achieves throughput gains compagdM where all levels are grouped into one layer, we have
to BICM in a variety of transmission scenarios. Section Vi = 0,,.,, and D; = 0. Let U, be the multivariate random

(b) Receiver

MLC transmitter and receiver.

completes the paper with concluding remarks. variable of all lower-layer bits common to all levels at laye
k. The elements ot/,, are {B; : h; < k}.
II. MULTILEVEL CODING PRELIMINARIES As an example, consider a system with= 3 levels and

) ) ) ) x = 2 layers such thaB is put in layer 0, and3; and B, are
Consider a discrete-time memoryless channel with transat in layer 1. Thenp = [0 1 1], Vo = [Bo], Vi = [B1 Ba),

mit symbol X' from the discrete constellatio®t’, received 7, — p, = (), andU; = D, = D, = [B]. That is, the

symbolY” from the set), and channel transition probability yetection ofB, depends only orY’, whereas the detection of

py|x (y|z). The probability mass function of the transmit symp, and B, depends of” and By, which is the estimated value
bol is px (z). Let M be the cardinality oft andm =log M of g,.

be the number of labeling bits, i.e., the number of levels
(notation log(-) denotes base-logarithm). An m-level, x-
layer MLC configuration,x < m, is best described by a
vector h = [hg...hm—1] With h; € {0,...,x — 1} and In this section, we first establish that the achievable rate
h;j < h; if j < i [15]. The elementh; = k indicates that of MLC can be expressed in terms of the achievable rates
level i is in layer k. Each layer corresponds to an encodenf the layers (Section IlI-A). We then focus on MLC layers
decoder pair. The MLC transmitter withindependent binary and provide expressions for the layer GMI (Section IlI-B).
encodersnc, ..., enc,_1 IS presented in Figure 1(a). TheBased on these expressions, we propose a metric-mismatch
corresponding MLC receiver with binary decoderslecy, correction technique for MLC (Section IlI-C). The latterdw

..., dec,_1 is presented in Figure 1(b). The variablgs v;, contributions are an extension of results from [6]-[8],][fd¥

and iy, k = 0,...,x — 1, in Figure 1 denote realizationsBICM to MLC.

IIl. MLC wiTH GENERAL DECODING METRICS



A. Achievable Rates binary I-curve is defined as [6], [8], [17], [21]

Given a detection rule, we say rateis achievable ifforany 7 (s)
e > 0 and sufficiently largeV, there exists a codé(N’, R) v s
of length N" > N and rateR > C and a decoding algorithm 2 _¢, . logZpBi (b) [ ¢5,,v,0: (b, Y, Dy) } 3)
D such that the block error probability is less than or equal beB qB,,v,p,(Bi,Y, D;
to ¢, cf. [21, Ch. 5], [22, Ch. 10]. We sa¥ is the maximum Y, (X)) 1°
achievable rate if it is the tightest upper bound on achievab = —Ex y logZpBi (b) [ 95:,Y,D: 0, 2, & } .
rates. be B 4B;,Y,D; (bl(X)v Y, dZ(X))

Theorem 1:Given a detection rule, lef), be an achievable (4)
rate of thek-th layer given decoding decisions from lowe . _ _
layers are correct; — 0. . . ., ki—1. The MLC scheme achievestrhe binary GMI of the level is the peak value of this curve,
rateC = Zz;é C. Furthermore, if eacld), is themaximum . N

s ] . X em Smaxl,, ., (9). (5)

achievable rate of layéet, thenC' is the maximumachievable 9B;,Y,D; s>0 9BiY.D;

rate of the MLC scheme.

A proof of Theorem 1 is presented in the Appendix. WEOr matched metrics, i.e., wheps, v.p, (b, y,d) is propor-
have the following remarks. First, as the theorem makes fignal to the transition probabilityy 5, p, (b, d), the binary
assumption about detection rules being matched to the eharlffUrve peaks at = 1 and the GMI equals the average mutual
transition probabilities, it can be applied to mismatchedagl- InformationI(B;; Y| D;).
ing in the layers. Second, Theorem 1 allows us to considerWith uniforminput, from (1) and (4), the binary I-curve can
each layer separately without concerning about error prdpe expressed in terms of the LLR as
agation when estimating achievable rates and manipulating
mismatched metrics to increase these rates. Ios, v.p, (s) =1-

Exy {1og(1 + exp(— Sgn(bi(X))AqBivvai (Y, di(X))S))} !
(6)
E_S. Per-Layer Transmission and Generalized Mutual Informgyhere the functiorsgn(+) is defined for the labeling bits as
tion (GMI) sgn(0) = 1 andsgn(1) = —1.

Since the maximum achievable rate of a mismatched qe_Correspondlng to the layer metrigy, v,v, (v, y,u), the

coding scheme is not known in general, we follow recert’ " I-curve is defined as
literature on BICM [6], [7] and use the GMI [17], [18] as

A
an approximation to the layer maximum achievable rate. V.Y, Uy, (s) =

The detector calculates bit metrics of the general form v, v, (v, Y, Up) 1°
4p, v.p,(0,y,d) for B; based on the received samples Y~ — Evi,y,u, | log Z v (v) [(Jvk v0, (Ve Y. Up)
and estimated data from lower layetss B!Pil, B £ {0,1}. veBs!Vk| Ko
We assumegy y p (b,y,d) > 0, Vb € B,y € Y, and
d € BIP:l., It is also common for binary decoders to operatgim“a”y to the transition from (3) to (4), we have
on the log-likelihood ratio (LLR) instead of bit metric vals.
The LLR is defined as Iy, v, () = —Exy
4p,v.p,(0,y,d) q,.v.0,(v,Y,up(X)) 1°
A (v, L B 7 1 log v, (V) oot
qBi’y’Di( ) QBi,Y,f)i(lvyad) @) ve;k : 4B;,Y,D; (’Uk(X)vxuk(X))
(8)

For all levels: at layerk, we haveD; = U,. Thus, the bit )
metricqy, . p, (b, y. d) can also be written ag; .5 (b,y, u). From (4), (2), and (8), it can be shown that the layer I-curve

The layer metric is defined as equals the sum of the binary I-curves of the levels,
I (s) = Iy v (). 9)
Ay, v,0, (va Y, u) = H 4B, v,0, (ba Y, u) ) (2 Wi VU B;&C b
B;eVy

The layer GMI is the peak value of this layer I-curve,
with v € BIV+l andu € BIV!. _
From Theorem 1, in the following calculations we assume v, =X gy, (5) (10)
that the estimated data from lower layers is always the same a
transmitted. That is, we usB; instead ofD; andU,, instead By Theorem 1, the MLC scheme achieves a rate equal to the
of Uy.. For thei-th level and bit metriayg, v,p, (b, y,d), the sum of the layer GMIs.



C. Metric-Mismatch Correction for MLC enc._1

The layer GMI (10) is less than or equal to the sum of the
binary GMIs (5) in that layer. Equality is achieved if and wnl
if the binary I-curves ardarmonic that is, when they attain
their peaks at the samecoordinate [8]. Letsy,, ,., be the

enc, s
: MAP f—

ANhn

critical point (the s-coordinate of the peak) ofy,, . . (s). ency
Then, a new metric
(a) Transmitter
Q}BT',,Y,D?: (b7 Y, d) = [qB'L;Y7D'L (ba Y, d)]Ci (11)
! dec,.—
with ¢; = sy, . /s* for any s* > 0 yields a binary I-curve ! E

with the same GMI, but with the new critical poiny, = Bit
s* [8]. We propose applying this metric correction to make th& | Metric
binary I-curves harmonic and thus improve the layer GMI. It | Calculation
has also been demonstrated in [8] that while the choice of
s* does not affect the GMI and the error-rate performance
of word and max-product (a.k.a. min-sum) symbol-by-symbol | ]
(SBS) decoding, the specific valug = 1 is preferable for
sum-product SBS decoding.

Since raising the bit metric to a power corresponds to (b) Receiver
scaling the LLR with the same factor, adoption of the above

metric-mismatch correction for MLC results in the LLR scalFig. 2. Rotation rateless MLC transmitter and receivere&tr redirection
ing occurs at switching to a new interval.

decoded data

Ay

B, YD (ya d) = SqB,.v.p; AqBiwaji (y7 d) : (12)

We would like to stress that the scaling factqy, ., in (12) 0, metric samples become available to the decoder right afte

is obtained without consideration to possible errors ateloweach received symbol, as in rateless BICM. However, at any

layers. layerk > 0, the decoder collects symbol samples and waits for
Finally, we note that the layer GMIs might further be inestimated data from lower layers. Only then, metric samples

creased by post-detection processing of LLRs using theusc#tan be calculated. The estimated data from lower layers does

correction from [16] or vector-correction functions frorg][ hot become available right after each received symbol, rout i

which however come with increased processing complexityl@rge blocks. Thus, by the time this data becomes available,
the segment of metric samples at layemay have already

IV. RATELESSMULTILEVEL CODING accumulated more information than necessary for sucdessfu
e(iiecoding. This means that layéris underutilized and the

We start this section with the description of our nov ; . .
: ) exceeding channel use is wasted. It is only at the lowest
rateless MLC scheme. Then, we provide an operation analysis ; : .
er that we are able to collect just enough information for

and devise a control scheme to reduce the structural ra% . . g A
successful decoding and avoid this underutilization.

loss when necessary. Our scheme is compatible with an he above observation leads us to propose the following

mismatched decoding in the layers. Following Theorem s%heme The transmitter employsbinary rateless encoders
and for generality, we continue to use the notatiaris ' piloys y

k=0,....r—1,andC — 51 ¢ to denote the maximum encg, k = 0,...,s — 1. In the naive combination above,
. = . output from encodeenc; is always mapped to layekt. In
achievable rates of the layers (assuming no error from lower . A
. . ur proposed scheme as illustrated in Figure 2(a), output
layers), and of MLC, respectively. We will resort to the GM ! : . .
L . . rom ency is mapped to different layers at different time
as an approximation to the maximum achievable rates agali

when showing numerical results in Section V. ftervals. More specificallyency, cychcall_y dlre_cts |'_[s output
through layergx — 1), (k — 2),...,0 during x time intervals

t—(k—1),t—(k—2),...,t. Each time interval corresponds

A. Encoding and Decoding to the transmission of a number of symbols. The number

In rateless BICM, the binary encoder takes in a fixedf symbols in each interval might vary from one interval to
length block of message bits and continuously producesctod&other, and is discussed in detail below.
bits, which are mapped to transmit symbols. The receiverThe corresponding receiver is shown in Figure 2(b). Each
can produce metric samples immediately after each receiv@dary decodedecy, k£ = 0,...,x — 1, collects information
symbol. These metric samples are accumulated until thigpm all layers, starting from the highest layer 1 and ending
can provide enough information for successful decoding. At the lowest layef. The decoders attempt to decode only
this point, the receiver acknowledges the transmitter &wed twhen collecting information from layed. Thus, during any
transmitter switches to a new message block, cf. [20]. Wine interval, only the decoder collecting information rfro
now consider a naive combination of rateless coding afayer( attempts to decode.
MLC, in which the encoder-decoder pair at each layer (seeFigure 3(a) shows the information segments at the receiver
Figure 1) is implemented in a rateless-coding fashion. y¢ila overx time intervals. Suppose some decod;, is collecting



layer k=1 [FZZZ27 1 /]

B. Operation Analysis and Control

layer k — [

) 2 | JEREEE ] As shown in Figure 3, le[¢] > 0 be the number of transmit
layer 1| || \ R, Z symbols during time interval While ¢[t] is an integer number,
layer 0] | ‘ ‘ [T 777 for simplicity we let/[t] assume real values in the following

P N 1) o[ _ analysis; the effect of this relaxation becomes negligfble
Ut (k1) At = (5 —2)] time  long codewords. By the end of time intervalone codeword

has been successfully decoded. We distinguish two vagable
@) related to the transmission of this codewat(d] is the nominal
amount of information collected by the receiver, i.e.,

r—1
‘::::::H::::::"”‘:::::::H::::::‘ G[t]:ZOklé[t—k], (13)
(b) k=0

, ] ] ] and v[t] is the minimal amount of information sufficient for
Fig. 3. (a) Information segments at the receiver. Segmeitts thve same . . .
shading belong to the same codeword of a binary encodeddegair. White successful decodlng. Since we assume successful decodlng,
segments are already decoded information. Segments may diffierent we havev[t] < 0[t].
lengths. Among the-a _binary d_ecoders, during any time interval, only the \\fe assume all message blocks input to the binary encoders
one that is collecting |nforr'_nat|on f_rom Iayer_O attempts m:«x&:i_e. (t_)) Each have the same Iength & bits. We call a binary rateless code
binary encoder-decoder pair experiences a time-varyiageél with different
interval maximum achievable rat€%;, i = 0,...,s — 1. ideal if v[t] = K. Practical codes, e.g. Raptor codes [20],

require positive overheads and thus have a positive average
(v[t] — K). We call this value theoding lossas it measures
the required overhead of the code. The difference betwgén
information from layer0 during intervalt. This decoder has and v[t] is due to the MLC structure. We therefore call the
also collected information segments from layets-1),...,1 average of[¢t]—v[t]) thestructural loss The total rate loss of
in the precedingx — 1) intervals. Whendec;, gathers that an MLC scheme, i.e. the gap between the average throughput
it might have accumulated enough information, it makes and C, is the sum of its coding and structural loss.
decoding attempt. If decoding faildec;, continues to collect  If successful decode does not occur at the start of the
information from layer 0, and attempts decoding again. Eveimterval when/[t] = 0, we can collect just enough additional
tually, decoding will be successful, which marks the end @fiformation with ¢[¢] > 0 and terminate decoding such that
this time interval. The receiver then sends an acknowledgm@[t] = v[t]. That is, no structural loss incurs. However, if
to the transmitter. Upon receiving the acknowledgment, t@ccessful decoding is possible @t] = 0, we have likely
transmitter: (i) changes the input of the correspondingdac accumulated more than enough information and wasted chan-
ency to a new message block, and (ii) re-maps the encoded bl resources. Therefore, 4ft] varies around aquilibrium
streams to different layers in the cyclical manner as itated length and ¢[t] > 0, we assume that the transmission has
in Figure 2(a). That is, the stream that was mapped to lay&s structural loss. In the following we will elaborate onsthi
k is now mapped to layetk — 1), for k = 1,...,x — 1, equilibrium length and the conditions under which the syste
and the stream that was mapped to layés now mapped to is stable, that is, wher[t] automatically converges to and
layer x — 1. In the next time intervat + 1, the decoders will remains around the equilibrium length.
collect information from different layers, correspondtoghis 1) Equilibrium Length:In systems with no structural loss,
new streaming. From the viewpoint of a fixed encoder-decodge haved[t] = v[t]. From (13),
pair (encg,decy), the overall channel is segment-wise time

varying. Each segment is associated with a different maximu ¢[¢] = _C“—lg[t —(k=1)]—...— ﬁg[t —1]+ iy[t] )
achievable rate. This is illustrated in Figure 3(b). 0 Co Co
The proposed scheme requires an initialization. This caetn[t] = ([t — (k — 1)] ... ([t — 1]]* be a vector of x—1)

be seen in Figure 3(a), where white segments represanti-negative previous transmission lengths that repteskea
already decoded information. Therefore, at the start of theceiver state at the beginning of intervalFor ¢ > tinitial =
transmission session, the transmitter sends some predathle 0, the state therefore evolves according to the linear time-
that is known to the receiver in the corresponding segmenigvariant state-space equation

This preamble transmission appears only once and thus the

associated rate loss will be negligible for sufficiently don nft +1] = An[t] + bv[t] , (14)
sessions. with
If all binary encoder-decoder pairs use the same rateless Ofno)x1 I s
code, then there is no need to havalifferent decoders as A= { fajj  Ces a N ]
shown in Figure 2(b), but a single binary decoder will be Co Co Co

sufficient. Similarly, all layers can share one binary emrodand
hardware in a time-multiplexing fashion, at the cost of et b { O(k—2)x1 ]
= By ,

encoding speed. o



where I;_» is the identity matrix of sizdx — 2) x (k — 2) f | | "9 000 0 0 ]
and0(,_2)x1 is the all-zero column vector of lengtx — 2). ool 7 |
Let 7 be the mean value of|t]. We call the solution of the
equation o8r o 1
nlt + 1] = An[t] + b , (15) 0.7 . 1
the equilibrium point. This equilibrium point is found as 06 . 1
©
ne =l — A=l (16) & 9 ? o ‘
where/. is the equilibrium length S |
_ _ 0.3 1
174 174
le = =—, 17
TG © e ‘
and I, is the identity matrix of sizéx — 1) x (k —1). We | T 97 ? T ]
observe that: 0 0 50 = & o -
o If v[t] is a constant, i.ev[t] = ©, once at the equilibrium t

point, the system stays there. _
« With ideal codes, i.ev[t] = K, once at the equilibrium Fig- 4. Interval lengti’[1] of an unstable system.
point, the system stays there and suffers zero total loss.

That is, with ideal codes, we can achieve a throughput ) )
equal toC. Similarly, the next codeword is decoded with all samplesnifro

2) Stable SystemsThe system is stable if the eigenvaluelsayer 2. Even though the rateless code is ideal, the system

of the matrixA in (14) lie inside the unit circle in the compIex_?_ﬁri]sleg(jﬁa?/ig??aﬁ:t?ofgoggﬁjotjgf:(’:hvg?]'g;]Iiowne]i"nibrﬁsgvthe
plane. In this case, the statdt| will automatically hover

around the equilibrium point.. Then, the interval lengtH[¢] strzct(u:ral lOT’Sf forUunsta[\)l?IeSsystems:t._h ) del
stays close to/, and is positive, so thaf[t] = v[t] holds ) Control for Unstable SystemsThe receiver can delay

and the transmission has zero structural rate loss. Fotesta?fending the acknowledgment t(,) the transmitter after sgeces
systems, the only loss with respect@ois the coding loss and ul decoding. By cgntrolllng this delayz we can reduce the
our proposed MLC scheme is an optimal way of combinin@trucwral loss. To illustrate the potential of such a calntr
binary rateless codes and multilevel constellations. Wwe consider ahypothetical scenariavhere we can predict

The eigenvalues ofl are the roots; of the polynomial the _va!ues of_u[t] in a near future._ Suppose_ that at the
beginning of time intervalr, the receiver state is[r]|, and

Uz) =1+ ﬁz—l + @Z—Z +..+ %ZV»—I . (18) We predict the values of[¢] over the finite time horizofl” to
Co Co Co bev[r],...,v[r+T —1]. Beyond this horizon, we extrapolate
There are several methods to determine whethgr 1 forall that v[t] equals to the average of the predicted valugs,
roots of (18) [23, Ch. 4.5]. For the special cases:ef 2 and given by
k = 3 layers, we can make the criteria for stability explicit: 1 Tt
e k=2U(2)=1+ %z—l, and the root; = —C4/Cy vlr] = T Z v[t] . (19)
lies inside the unit circle if and only i€y > C;. In other =7
words, a two-layer scheme is stable if the lower layer hage observe from Eqns. (14) to (17) that, i#ft] remains
larger maximum achievable rate than the upper layer. constant ag/|t] = (7] for t > 7+ T, the transmission suffers
e K=3U(z) =1+ &2""+ &2 and the two roots no structural loss if all the segment lengths equét]/C.
T2 = 50 (—C1 + /O —4CyC») lie inside the unit Therefore, we want to settle into the stdfg = v[r]/C for

2CyH
circle if and only if Cy > Cs andCy + Cy > C1). t > 7+T. We end up having an extended control period from

3) Unstable Systemstf the linear system (14) is unsta-7 to 7+ T + x — 2 with the desired ending state
ble, the interval length/[t] would oscillate with increasing ol7]
amplitude. Due to the constraifft] > 0, the length?[¢] will lr+T)=...=lr+T+r—-2]= < (20)
eventually swing between zero and some extreme values. This
behavior is illustrated in Figure 4 for the examplerof= 3, For the period[r,7 + T — 1], we plan the lengthg[r], ...,
Co=1,C1 = 1.7, Cy = 1.3, and thusC = 4 bit per channel ¢[7+T —1] to minimize the structural loss. The initial amount
use (bpcu)y[t] = K for all ¢ (the binary code is ideal), andof information stored at the receiver at the beginning ofetim
the initial staten[0] = (K/C)[1.0 1.2]T. At large values of intervalt = 7 (the initial information inventory) is
t, the system settles into the following pattern: there is one
long interval of lengthk, followed by two intervals of length T _ —= Cutlr — k 1
zero. In the long interval, one codeword is decoded with all beginning = Z Z il =kl (21)
samples from layer 0. In the next interval, one codeword is
decoded with all samples from layer 1 and no more sampléle ending information inventory at the end of time interval
from layer O are needed (hence, the interval length is zere)+ T + x — 2 (or beginning of the time intervadl= 7+ T +

k=1 j=k



0.03

k—1),Is

kr—1r—1 D[T] N
Tend= Z Z CJT . (22) ‘if" 0.02 : : : |
k=1 j=k g
During the control period, the total amount of arriving infc % oo :
mation isC Y7 " ¢[¢], and we spend ! fi o N G e o
successfully decod€ + x — 1 codewords. The structural los % 2 4 & 8 10 12 1 16 18 20
is therefore .
T+T+k—2 TH+T+rKk—2 0.0
ZIstructural loss= C Z Lt]— Z v[t] +Zbeginning—Zend -
=7 t=r 0.03f |
(23)

Since the beginning and ending receiver state are fixed,

- oozl ]
structural loss is minimized i7" " ¢[¢] is minimized.

Planning the segment lengths can then be stated as * ., ‘ ‘ ‘ ‘ ‘ i i i
following linear programming (LP) problem: 096 0% 1 102 104 106 108 11 112 114
K
r+T—1 luin = e
lr]).. 4T+ T — 1]} = argmin Lt
{ [ ] [ * ]} & Z [ ] Fig. 5. Controlling structural loss in an unstable systerthwi’o C1 C2] =
bi i t=r [1.0 1.7 1.3] bpcu. Top: structural loss v& for model predictive control
subject to: (MPC) with perfect prediction. Bottom: structural loss ¥g;, for minimum

Z;é Cillt—k] >v[t], Yte|r,7+T+k—2], segmentlength (MSL) control.
T

T
(e = (v =) . tlr=1]) = nlrl,
Ur+T)=...=Lr+T+r—1] =1[7]/C, loss to just about 2%. With long horizof, it can almost
L] >0. completely alleviate the structural loss. Thus, contngllthe
(24) acknowledgment delay can indeed reduce the structural loss
As the transmission progresses, we apply the model pignfortunately, perfect prediction of[t] over a long horizon
dictive control (MPC) technique, e.g. [24], to adjust to thg rather idealistic. With the simple and practical MSL aoht
increment oft. The MPC technique is summarized as followsiyle, the structural loss versusi, is plotted in the lower
1: At the beginning of the time interval = 7, predict half of Figure 5. The result shows that MLC can reduce the
i), vt + T —1). structural loss to a very small value of less than 2%. Thigeval
is much less than the coding loss. These results suggest that
MSL control is indeed a practical way of stabilizing ratsles
MLC systems, and we apply it in the application examples
below.

2: Plan the segment lengths for the periedr + 7' — 1] by
solving (24).

3: Receive at least[r] symbols in this time interval.

4: Repeat fort « 7 + 1.

An alternative control rule to the MPC technique above is V. APPLICATIONS

to always receive at leaghn symbols in each interval. We In this section, we demonstrate the efficacy of our rateless

call this the minimal segment length (MSL) control rule. ghIMLC scheme in a number of transmission scenarios. The

simple rule comes from observing the behavior of unStab(Ia?(am les include MIMO and orthogonal modulation transmis-
systems without control, as described in Section 1V-B3c8in P 9

the decoders have to wait for their turn, the one that ccilecstlon in stationary or slow fading channels, and using maiche

. . .~ or approximate metrics. Following Section IlI-B, we use the
most of the information from a low-rate layer needs a reédyiv N . .
) GMI as an approximation to the maximum achievable rates of
long interval and forces other decoders to accumulate tgo
. . . . e layers. Furthermore, we refer to the sum of the layer GMIs
much information. By setting a proper minimum value for al ;
. . s the MLC GMI. An off-the-shelf binary rateless Raptor
[t], MSL reduces the long wait by making the total amount 0 . . ’ )
. ) . . code as described in [8, Example 1] witli = 9500 is
information to be distributed more equally over thatervals. . s . .
: . . used in all simulations. We use sum-product SBS decoding
We now illustrate the effectiveness of the control techagju . . : . o
by the belief-propagation algorithm in the log domain with a

via a hypothetical example. Lef{t] be a random process such”_". . . e
thaty[t{p: (1.05 + e[t])l?. Thet[c]omponent[t] ispRaerigh- maximum of 200 iterations to decode the joint factor graph

distributed with mean 0.04. Therefore/K = 1.09 and of the two Raptor component codes [26, Fig. 1b]. When a

thus the coding loss is 9%. This model approximates ﬂggcodmg attempt fails, an additional information amouht o

simulation result of a Raptor code from [25, Fig. 6]. We 01K is collected before the next attempt.

consider the same MLC example in Section IV-B3. That is,

k=23 Cy=1 C = 1.7 andC, = 1.3 bpcu. Without A- MIMO-QAM

control, the transmission suffers a structural loss of 36&6. Consider MIMO transmission withV; transmit andN,
MPC with perfect prediction, the structural loss verduss receive antennas. Each transmit antenna emits symbolsarom
plotted in the upper half of Figure 5. It is interesting toeh®& constituent quadrature amplitude modulation (QAM) corste
that even with shortl’ = 1, MPC reduces the structurallation A of size M 4. Each symbol of the MIMO constellation



X isthus avector = [zg...zy,_ 1|7 of N; elementsy; € A.
The size of the multidimensional transmit constellatiol
M = (M 4)Nt. Assuming a flat fading channel with the ma
of complex gainsH and complex additive white Gauss
noise (AWGN) vectorn with variance Ny per element, tr
received symbol is given by

y=Hz+n. (25)

Rate [bpcu] —
»

The channel transition probability follows as

ly — Hz|? 26 —— 1)
_— . —— GMI, BICM
pY|X(y|x) X exp No ( ) 2p —©6— GMI, 2-layer MLC i
3 —&— Throughput, BICM
. . . e —v—Th hput, 2-I MLC

It was shown in [10, Sec. IV-E] that there exists a signifi 1 S S S N g e L
gap between the BICM GMI and the constellation-constre o 2 4 6 B 10 12 1416 18 20
channel capacity/(X;Y), even when Gray mappings c.. 101ogyq £/No [dB] —

applied for the constituent constellatiofy and hence fort. Fig. 6. GMI and throughput of rateless MLC for 4-QAM MIMO trsmissi
iy s . . . . 1g. ©. an rougnhput of rateless or 4- ISMISSIoN
Thus, itis app_eallng to use MLC with Ml_MO Slgnalmg' ~with 4 transmit and 2 and 4 receive antennas over an i.i.dleRgy fading
Let us consider the case of 4-QAM witN; = 4 transmit channel.
antennas and matched LLR metric

1) Noncoherent Frequency-Shift Keying (FSKSK with
PY\X(?/L’C) L . , .
noncoherent detection is attractive due to its simple detec

Xd 0 ) - . )
q (y,d) = ze , (27) implementation. In the signal space, each transmit synéol ¢
Py Z Py |x (y]z) be represented by a vector= [z ...2—1] of M elements
zexhl where only one element is one and all the others are zero. Let

h be the complex channel gain (assumed to be the same for all
where the notatlon’(d b denotes the set of which have the fequency bands), andbe a lengthA7 complex ANGN noise
labeling bitsd; (x) = d andb (x) = b, b € B. The size of the vector with varianceV, per element. The received signal is a

constellation isM = 256 and the number of labeling bits ISIengthM complex vector

m = 8. We use MLC withx = 2 layers. The first four bits y=hx+n. (28)

are grouped into layer 0, and the other four bits are grouped

into layer 1. We consider an i.i.d. Rayleigh fading channel Noncoherent detection requires only knowledge of the mag-
and two scenarios o, = 2 and N, = 4 receive antennas. Nitude, but not the phase, of the channel gains and received
For both scenarios, the GMI of layer 0 is less than that 88mples. The channel transition probability is given by] [12
layer 1, and therefore the system is unstable. We apply the 2/h]|ye ()|

MSL control with £, = 1.06K/C. The signal-to-noise ratio py|x (ylz) o< Io <T> : (29)
(SNR) is defined a%, /Ny, whereE,. is the average received 0

power at each antenna, cf. [10]. The simulation results aahere Io(-) is the zeroth order modified Bessel function of
plotted in Figure 6. It can be observed that MLC with justhe first kind, andy.(z)| is the magnitude of the element of
two layers can considerably reduce the gap between BICQMat the position of the non-zero element.af We consider
GMI and the average mutual informatidifX; Y). Over the 128-FSK [27] withm = 7 levels, s = 2 layers, and matched
whole SNR range, the simulated throughput is about 92% @gcoding metric (27). The lower four levels are grouped into
the MLC GMI. This ratio is close to the reported value in [25jayer 0 and the upper three levels are combined into layer 1.
for a Raptor code over a binary AWGN channel. Therefor®imilarly to the MIMO example, the SNR is defined as
we conclude that most of the rate loss is the coding loss, akd/No, and for this modulationt, = £{|n|*}. The layer

the structural loss is small. Overall, the results dematestr GMIs are plotted in Figure 7(a) for the case of an AWGN

a significant throughput gain from using our rateless MLchannel and in Figure 7(b) for the case of an i.i.d. Rayleigh
scheme instead of BICM. fading channel. Depending on the SNR, the GMI of layer 0O

can be smaller or larger than that of layer 1. Therefore,
the MLC system can be unstable or stable, respectively. We
recall that when the system is stable, no control is needed
and no structural loss results. For all SNR values, we apply
In orthogonal modulation, the Euclidean distances betweeunr rateless scheme (i) without control and (ii) with MSL
all signal points are identical. Hence, fa > 2, Gray using {min = 1.06K/C. As expected, Figure 7 shows that
mappings do not exist. We consider two prominent exampledien the system is unstable, MSL improves the throughput.
of orthogonal modulation, which are FSK and PPM. Furthermore, when the system is stable, MSL practicallysdoe

B. Orthogonal Modulation
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(a) AWGN channel Fig. 8. Example of 2-layer rateless MLC over slow fading afen The
value R[t] approximates the average throughput during time interval
7
? fading channel, respectively. In slow fading cases, we fyodi
6r ¥ the MSL control to: always receive at least an amount of
information Zin in each segment. Corresponding A% and
5F the magnitude of the instantaneous channel daif, the
instantaneous GMI can be obtained from the GMI plots in
; at Figure 7(a). LetC[t] be the MLC GMI averaged over time
2 | intervalt. We use the valu®[t] = C[t]K/6[t] as an indication
< 3t of the throughput in intervat. We recall thatd[t] (13) is
E the total amount of information associated with the codewor
K o eiem | that has just been decoded in this interval. The réafi®|t]
O GMI, 2-layer MLC is the relative throughput efficiency of the codeword. As an
—%— GMI, layer 0 . . .
4 GMI, layer 1 | interesting example, we consideYlog,,(E,/Ny) = 8 dB and
o T we sortrol a = 0.999 such thatC[t] would change significantly across
o 1 1 1 . L—¥— Throughput, w/ control intervals. We use MSL control witlfi, = 1.06 K. Samples
6 8 10 12 14 16 18 20 of average MLC GMI andR|[t] obtained from a simulation are
101ogyq £r/No [dB] — plotted in Figure 8. For comparison, the BICM GMI of the

same channel realizations, averaged over the same segment
boundaries, is also included. We observe that the throughpu
Fig. 7. GMI and throughput of rateless MLC for 128-FSK. Labeio of our scheme closely follows the associated MLC. C_;Ml'
control” and “w/ control” are for the rotational scheme waitit and with MSL ~ Furthermore,R[t] exceeds the BICM GMI for the majority
control, respectively. (@) AWGN channel. (b) i.i.d. Ragleifading channel. of the intervals. Averaging over the whole 70 sample intlsrva
illustrated in Figure 8, the MLC GMI is 3.03 bpcR]t] is
) o 2.70 bpcu, and the BICM GMI is 2.48 bpcu. That is, our
not incur structural loss, achieving the same throughpit@s gcheme attains a throughput gain in slow fading channels as
case without control. This suggests that we can safely apply.
MSL control to the whole range of SNR values. ~ 2) Pulse-Position Modulation (PPM)PPM is a power-
Rateless transmission is most beneficial in slow-fadingsicient signaling for fiber and free-space optical commani
channel environments. Thus, we now illustrate the perfogg,g. Similarly to FSK, eacti/-ary PPM symbol is a vector
mance of our scheme in a slow fading example. To this engt, 1/ elements: — [z ...2—1] With exactly one element
considgr a channgl which evolves from one symbol to the ngit one (theon slot) and M — 1 elements of zero (theff
according to the first-order autoregressive (AR1) model  gjots). We consider an FSO transmission scenario for whieh t
hi = ahi_y + mwi 7 (30) memorylt_ess photon cqunting channel model is applicabl}a [28
The received sample is a vectore= [y . .. yar—1] with
where w; is an i.i.d. zero mean complex Gaussian process
with variance E,.. The parametef < a < 1 determines
the rate of fading. The extreme values= 1 anda = 0 wheres; andn; are i.i.d. Poisson random variables with mean
turn (30) into an AWGN channel and an i.i.d. Rayleigh\, and \, respectively. Thus)\, is the average power of

(b) i.i.d. Rayleigh fading channel

Yi = XiSi + Ny, (31)
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Figure 9, we see that the max-log metric incurs only a small
reduction in the GMI. The critical point (the-coordinate of

the peak) of the I-curve of layer 0 is 0.55 and that of layer 1
is 0.75. As the critical point of the I-curve is not equal to 1,
the throughput achieved by sum-product SBS decoding can
be considerably lower than the GMI [8]. We illustrate this
phenomenon via a simulation in which the Raptor decoder
is fed with LLR samples from layer O or layer 1 alone. In
the detection at layer 1, we use transmitted data from layer O
instead of the estimated data. The resulting throughpws ar
presented as bold markers in Figure 9. The phenomenon is
especially pronounced at layer 0: while the throughput with
the matched metric is about 93% of the corresponding GMI,

Rate [bpcu] —

—=Oo— Matched
—*%— Max-log

— 5 Scaled max-log this ratio reduces to only 80% for the max-log metric. We now
1 o5 07e P 15 apply LLR scaling according to (12). That is, we multiply
the max-log LLR at layer O with).55 and at layer 1 with
S —

0.75. Again, we note that the scaling factor for layer 1 is
Fig. 9. Layer l-curves of the 128-PPM MLC scheme witp — 0.2 obtained without considering error propagation from la@er
photons/slot and0log;o(As/(MX,)) = —10.5 dB and different metrics. This scaling shifts the critical point of the I-curve to 1 vihe
Each doubled-arrowe_d arc connects the_peak of an |-cunfeamiharker that GMI remains the same. The scaled max—log metric results in
represents the associated throughput with an off-thd-&teghtor code. . . . . .

an improved throughput, as shown in Figure 9. Finally, using
the scaled max-log metric in our rotational rateless scheme

the pulses and\, is the average power of the backgroun&"ith appropriate/min, we obtain a throughput of 3.1 bpcu. In
radiation. The channel transition probability is given by comparison, a S|mu!at|0n of matched BICM with the same
Raptor code results in a throughput of 2.5 bpcu. Thus, scaled

(Aszi + Ap)¥e max-log 2-layer MLC attains a throughput gain of more than
o) = S exp (< + ), (32
P(yilz:) yi! exp (—[As b]) (32) 20% compared to matched BICM.

andp(y|z) = [T, p(yilz;). Taking into account the fact that

all PPM symbols have exactly one element of 1 add- 1 VI. ConcLusIoN

elements of 0, we have In this paper we considered two practical issues of MLC.
Our first contribution is the rate analysis and a simple met-

py|z) o <1+ _s) (33) ric mismatch correction technique for MLC with arbitrary
Ab decoding metrics. To this end, we used the GMI as an

approximation to the maximum achievable rate of the layer,

zero element of:. We consider 128-PPM with backgrounthiCh can be estimated separately and with the assumption
radiation A, = 0.2 photon/slot and MLC withx = 2 layers that there are no errors in the decision at lower layers. Our

where the lower four bits are in layer 0 and the upper three bﬁecond cqntribution is t,h? proposal of a novel rateless MLC
are in layer 1. Simulation results with the matched metrig) (Zschem_e with no or negligible structural rate loss. We predid
demonstrate the same trends as in the case of FSK, &ffnsive numerical examples with MIMO, FSK, and PPM

therefore are not presented here. We now consider the pop§ignaling in stationary or slow-fading scenario, using chad
max-log approximate LLR metric, which is or max-log metric, which demonstrate that our scheme can

attain throughput gains compared to rateless BICM.

wherey.(z) is the element ofy at the position of the non-

AqBi’y’f)i (Uvd)
A APPENDIX
= < max_ye(x) — max ye(a?)> In <1 + )\—S) . (34) PROOF OFTHEOREM 1
mEXdi”i mEXdi”i b

We first show achievability. Lef, andm;, be an achievable
This max-log LLR metric requires less computation than thate and the number of levels (bits) in layer respectively.
matched metric (27). That is, in layerk, conditioned on correct decoding at layers
We consider a mid-range SNR af) log;,(As/(MX,)) = 0tok —1, for anye, > 0 and large enouglV, there exists
—10.5 dB, at which the 2-layer MLC scheme with matche@ codeCy(m;N’, R;) of lengthm; N’ > N and rateR; >
metric attains a GMI of 3.5 bpcu. Figure 9 shows the €% and a decoding algorithr®;, such that the block error
curves (9) of the two layers with matched and max-log metriggrobability P, < e;. MLC with these codes has rai@ >
Due to the equidistant property of the PPM signal point§; = Zz;é Cy. Furthermore, the block error probability of
binary I-curves of all levels within a layer are the same. §huMLC is upper bounded by [29, Inequality 4.1]
the I-curve of layer 0 is equal to four times the binary I-airv o1 o1
of any level in layer 0. Similarly, the I-curve of layer 1 isuex P< Z P, < Z €h=c. (35)
to three times the binary I-curve of any level in that layearR 0 0



Hence, rate” is achievable.

Now let C}, be the maximum achievable rate for each lay

k andC = >FZ) Cy. Transmission with rat& > C by the
MLC scheme requires that at least one layer, 5ayhas to
transmit with rateR;,, > C}.. Hence, there exists an> 0

such that for any code and deCOding algorithm at this |ayer' in Intl. Conf. Universal Personal Commun. (ICURGpI. 2, Oct. 1993,
the block error probability is?%. > ¢. Since

P>P, Vk, (36)

C'is the maximum achievable rate for MLC.
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