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Abstract—Bit-interleaved coded modulation (BICM) is often
the method of choice for multilevel transmission over fading
channels. If relatively simple forward error-correction (FEC)
codes such as convolutional codes are employed, iterative decod-
ing between demapper and FEC decoder can provide significant
performance improvements over non-iterative decoding. Tokeep
the complexity of iterative decoding low, the use of hard-decision
feedback from FEC decoder to demapper is appealing. However,
the price to be paid is a performance degradation due to feedback
errors. In this letter, two new demapper designs are developed
which are able to strongly mitigate the effect of erroneous
feedback. The key ideas are (a) the use of an estimate of the
average error rate for the hard-decision feedback and (b) the
interpretation of feedback errors as additive impulsive noise.
Simulation results show that the proposed designs achieve error
rates close to those for iterative decoding with soft feedback, while
they maintain the complexity advantage of using hard-decision
feedback.

Index Terms—Bit-interleaved coded modulation, iterative de-
coding, hard-decision feedback.

I. I NTRODUCTION

Bit-interleaved coded modulation (BICM) [1], [2] has be-
come a popular coded modulation scheme for transmission
over fading channels. BICM connects a binary forward er-
ror correction (FEC) encoder to a multilevel modulator and
approaches the associated constellation-constrained capacity
limit if a capacity-approaching binary code and Gray labeling
are used [2]. The BICM structure can also be looked at as
a concatenated coding system, with the FEC encoder and the
multilevel modulator as outer and inner encoder, respectively.
The inner encoder is made “stronger”, if non-Gray labeling is
applied, cf. e.g. [3]–[5]. Interestingly, this BICM with non-
Gray labeling can achieve excellent error-rate performance
with relatively simple outer binary codes, such as for example
convolutional codes.

BICM considered as concatenated code is commonly de-
coded in an iterative fashion, in which the demapper and a
soft-input soft-output (SISO) channel decoder for the outer
FEC code exchange extrinsic information. We will refer to
this structure as BICM with soft-feedback iterative decoding
(BICM-SID). An alternative decoder proposed in [6] uses a
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soft-input hard-output (SIHO) outer decoder, like the Viterbi
decoder for convolutional codes. This BICM with hard-
decision feedback iterative decoding (BICM-HID) has two
complexity advantages over BICM-SID. First, the outer SIHO
decoder is less complex than its SISO counterpart, and second,
the demapper using hard-decision feedback needs to consider
only two instead of all constellation points for each labeling
bit [3]. On the downside, BICM-HID is considerably outper-
formed by BICM-SID due to the effect of erroneous feedback.

In this letter, we propose two novel demapper designs for
BICM-HID which mitigate the effect of feedback errors and
thus improve the overall error-rate performance of BICM-HID.
We focus on convolutionally coded transmission, for which
SIHO FEC decoding, i.e., Viterbi decoding is commonly
applied. The first key idea is that the demapper makes use of
the error rate of the hard-decision feedback after iteration i,
which we denote byPi. As we will show, this essentially pro-
vides the demapper with reliability information and penalizes
unreliable feedback. The corresponding demapper is similar to
that proposed in [7]. However, different from the scheme in
[7], which relies on a SISO outer decoder, our approach retains
the outer Viterbi decoder and makes use of a recent analytical
result [8] for the error rate performance of coded BICM to
estimatePi. Furthermore, parameter tuning as in [7, Eq.(10)]
is unnecessary. The second key idea is the interpretation ofthe
effect of feedback errors as additive impulsive noise, and its
statistical approximation through a two-term Gaussian mixture
probability density function (PDF). This leads us to the second
proposed demapper, whose complexity is practically the same
as that of the demapper used in conventional BICM-HID.
We provide simulative evidence that BICM-HID with the
proposed designs effectively bridges the error-rate gap between
conventional BICM-HID and BICM-SID.

The remainder of this letter is organized as follows. In
Section II, BICM with iterative decoding and demappers for
conventional BICM-HID and BICM-SID are briefly reviewed.
In Section III, we derive the two new demapper designs.
Numerical results are presented in Section IV. In Section V,
concluding remarks are offered.

II. PRELIMINARIES

We consider a convolutionally coded BICM system, whose
block diagram is shown in Figure 1. The bit-interleaved
output of the FEC encoder is input to a subsequent mapper
µ : {0, 1}

r
→ X assigningr coded bits[c1, . . . , cr] to a

signal pointx ∈ X . The signalx is transmitted over a flat
fading additive white Gaussian noise (AWGN) channel, and
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Fig. 1. Block diagram of BICM transmission over a fading channel and
iterative decoding.π andπ−1 denote interleaving and deinterleaving, respec-
tively. r coded binary symbols[c1, . . . , cr] are mapped to one transmitted
symbolx. The feedback from the FEC decoder (FEC DEC) to the demapper
is shown the form of decoded code symbols[ĉ1, . . . , cr ], i.e., hard-decision
feedback.

assuming a coherent receiver with perfect compensation of
the channel phase, the corresponding received sampley ∈ C

can be written as
y = h x + z , (1)

where h ∈ R+ denotes the channel gain andz ∈ C is
the AWGN sample. Without loss of generality, we assume
E{|x|2} = 1, E{h2} = γ, andE{|z|2} = 1, and thusγ is the
average signal-to-noise ratio (SNR).

The receiver applies a concatenated demapper-decoder
structure (see Figure 1), where the demapper generatesr bit-
wise decoding metrics

λj = log





∑

a∈Xj,1

exp
(

f(a, j) − |y − h a|2
)





− log





∑

a∈Xj,0

exp
(

f(a, j) − |y − h a|2
)



 ,

(2)

1 ≤ j ≤ r, for each transmitted symbolx. In the above
expression,Xj,b denotes the set of symbols in the constellation
with the jth binary label fixed tob, andf(a, j) represents a-
priori information or abias provided by the FEC decoder. Of
course,f(a, j) = 0 for the first iteration, in which no feedback
from the decoder is available.

In the case of a BICM-SID with soft feedbackPr(cj = b),
1 ≤ j ≤ r, we can write the bias-term as

f(a, j) =

r
∑

ℓ=1
ℓ 6=j

log (Pr(cℓ = bℓ)) , (3)

where [b1, . . . , br] = µ−1(a). For BICM-HID with hard-
decision feedback̂cj ∈ {0, 1}, 1 ≤ j ≤ r, we have

f(a, j) =

{

0, if bℓ = ĉℓ, ∀ℓ ∈ {1, . . . , r}, ℓ 6= j,
−∞, otherwise

.

(4)
We observe that BICM-HID has two complexity advantages

over BICM-SID. First, a SIHO decoder, typically the Viterbi
decoder, can be used instead of a more complex SISO decoder.
Second, the summation in (2) and thus the2r-times evaluation
of the Euclidean distance can be omitted and the computation
of the bias termf(a, j) is greatly simplified.

III. N EW BICM-HID SCHEME

We now present two new demapper designs for BICM-
HID. The additional information that is used by the proposed

demappers is an estimate of the average bit-error rate (BER)
for the coded bitscj after the ith iteration, Pi. The first
proposed demapper has the same computational complexity as
the demapper proposed in [7], but does not require outer SISO
decoding and parameter tuning. The second demapper design
enjoys a very similar complexity advantage over BICM-SID as
the conventional BICM-HID, but achieves a greatly improved
error-rate performance.

For the moment, let us assume thatPi is known perfectly
at the demapper.

A. Demapper Design I

Having available only the hard decision̂cj and knowledge
of Pi, the probabilityPr(cj = bj) is given byP dj

i (1−Pi)
1−dj ,

where dj = dH(ĉj , bj) and dH(·, ·) returns the Hamming
distance between its arguments. Hence, the biasf(a, j) from
(3) is replaced by

f(a, j) =
r

∑

ℓ=1
ℓ 6=j

log
(

P dℓ

i (1 − Pi)
1−dℓ

)

=

r
∑

ℓ=1
ℓ 6=j

[

dℓ log

(

Pi

1 − Pi

)

+ log(1 − Pi)

]

= βi







r
∑

ℓ=1
ℓ 6=j

dℓ






− αi

= βidH

(

ĉj,b, µ
−1(a)

)

− αi ,

(5)

where we defined

αi
∆
= −(r − 1) log(1 − Pi) (6)

βi
∆
= log

(

Pi

1 − Pi

)

, (7)

ĉj,b
∆
= [ĉ1, . . . , ĉj−1, b, ĉj+1, . . . , ĉr] . (8)

Substituting the bias from (5) in the metric (2) leads to

λj = log





∑

a∈Xj,1

exp
(

βidH

(

ĉj,1, µ
−1(a)

)

−|y−h a|2
)





− log





∑

a∈Xj,0

exp
(

βidH

(

ĉj,0, µ
−1(a)

)

−|y−h a|2
)



 ,

(9)
which is our first new demapper design and referred to as
“design I”. Note that the constant termαi cancels out in (9).

In passing, we remark that an efficient implementation of
the log-sum of exponentials or the max-log approximation [9]
can equally be applied to (2) and (9), if the exp-operation is
to be avoided.

B. Demapper Design II

To derive the second demapper design (“design II”), we
first provide an interpretation of feedback errorsĉj 6= cj as
impulsive noise.
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1) Gaussian Mixture Noise Interpretation:The new metric
(9) allows the interpretation of BICM-HID as transmission
over a channel affected by additive Gaussian mixture noise
[10]. More specifically, the bit-wise metric (9) is also obtained
when considering transmission ofµ(ĉj,b), b ∈ {0, 1}, over a
channel with the effective noise

ze
ν = z + zf

ν , (10)

where zf
ν is due to the hard-decision feedback and thus

depends on bit positionj, feedbackĉj,b, and fading gainh,

which are collected in the parameter vectorν
∆
= [j, ĉj,b, h].

The feedback noise has a probability mass functionpzf
ν
(m)

with mass

p(a, ĉj,b)
∆
= P

dH(ĉj,b,µ−1(a))
i (1 − Pi)

[r−1−dH(ĉj,b,µ−1(a))]

(11)
at locationm = h(µ(ĉj,b) − a), a ∈ Xj,b. Hence, the PDF of
ze

ν is the Gaussian mixture density

pze
ν
(m) =

1

π

∑

a∈Xj,b

p(a, ĉj,b) exp
(

− |m−[h(µ(ĉj,b)−a)]|
2
)

.

(12)
2) Simplified Demapper:For the second, simplified demap-

per, we propose the approximation of (12) by a single two-term
Gaussian mixture function for allj, ĉj,b, andh. That is, we
apply the two-term PDF

p̃ze(m) =
(1 − Pi)

r−1

π
exp

(

−|m|2
)

+
1 − (1 − Pi)

r−1

πσ2
exp

(

−
|m|2

σ2

)

,

(13)

where the first term indicates the noise when there is no error
in the feedback from the FEC decoder, an event which occurs
with probability (1 − Pi)

r−1, and the second term represents
the equivalent noise in the presence of feedback errors, which
occur with probability1−(1−Pi)

r−1. We obtain the variance
σ2 for the second term in (13) by making sure that the average
variance according to the exact PDF in (12) is maintained.
Hence, we have (ph(η) denotes the PDF of the channel gain
h)

(1 − Pi)
r−1 + (1 − (1 − Pi)

r−1)σ2

=
1

2rr

∑

j∈{1,...r}

b∈{0,1}

ĉj,b∈{0,1}(r−1)

∞
∫

0

ph(η)

∫

m∈C

|m|2

×
1

π

∑

a∈Xj,b

p(a, ĉj,b) exp
(

−|m−[η(µ(ĉj,b)− a)]|2
)

dmdη

= 1 +
1

2rr

∑

j∈{1,...r}
b∈{0,1}

ĉj,b∈{0,1}(r−1)



γ
∑

a∈Xj,b

p(a, ĉj,b)|µ(ĉj,b) − a|2



 ,

(14)
from which we obtainσ2.

Using the noise PDF given in (13), defining

δi
∆
= log

(

σ2

1 − (1 − Pi)r−1

)

, (15)

and applying the max-log approximation [9], we can re-write
the bit-metric (2) as

λj = −min

{

αi + |y − hµ(ĉj,1)|
2, δi +

|y − hµ(ĉj,1)|
2

σ2

}

+ min

{

αi + |y − hµ(ĉj,0)|
2, δi +

|y − hµ(ĉj,0)|
2

σ2

}

.

(16)

C. Comments on Complexity

As mentioned in Section I, BICM-HID has two distinct
complexity advantages over BICM-SID. The proposed demap-
pers work with a SIHO decoder and thus both make use of
the first complexity advantage of SIHO versus SISO decoding,
which amounts to a gain by about a factor of three [11, Ap-
pendix F2] . Demapper II also realizes the second complexity
advantage in that symbol metrics for only two signal points,
instead of all signal points in the case of BICM-SID, need to be
computed per bit metric. Thus, different from BICM-SID, the
complexity of Demapper II is independent of the constellation
size. While the corresponding gain factor is implementation
dependent, we note that (16) requires only two additional
comparisons relative to conventional BICM-HID using (4),
and thus further complexity savings are difficult to obtain.We
note thatσ2 in (14) only depends on the signal constellation
X , the SNRγ, and the BERPi, and thus it is computed once
per iteration and the additional number of computations per
bit are negligible.

D. Low-Complexity Estimation ofPi

We now consider the estimation ofPi, which is required
for the new demapper designs (9) and (16). It should be noted
that the overall error-rate performance is relatively robust with
respect to the estimation accuracy, and thus we are content
with a simple method that provides a coarse estimate forPi.

For the error rateP1 after the first iteration, we consider
the dominant error events of the Viterbi decoder and thus use
the estimate

P̃1 =
1

nc

wdfree
PEP(dfree) , (17)

where PEP(dfree) is the pairwise error probability between
two codewords with Hamming distancedfree, dfree denotes the
free distance of the convolutional code of rateRc = kc/nc,
andwdfree

is the total weight ofoutputbits in error events with
Hamming weightdfree. Using the saddlepoint approximation
[12, Eq.(12)], closed-form expressions for this PEP using
elementary functions have been provided in [8] for the rich
class of Nakagami-m fading channels and arbitrary parameter
m ≥ 1/2, and thus (17) can be easily evaluated. Next, for the
BER Pn after the final iterationi = n, we use the perfect-
feedback lower bound from [3] together with the saddlepoint
approximation, which again results in a closed-form PEP
expression and thus estimatẽPn. Finally, we estimate the BER
for iteration i using the interpolation

log(P̃i) =
n − i

n − 1
log(P̃1) +

i − 1

n − 1
log(P̃n) . (18)
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Fig. 2. Two-term PDF approximation from (13) and empirical PDF from
simulations during the(i + 1)st iteration,i = 1, ..,4, at SNRγb = 10 dB.
The PDF approximation is shown for the cases of knownPi and using the
estimateP̃i from (18). A total ofn = 5 iterations is assumed.

We remark that (18) is a pragmatic choice that has been proven
adequate in numerical experiments (see also the results in
the next section). The value ofn should be chosen such that
BICM-SID converges to the perfect-feedback lower bound.

IV. SIMULATION RESULTS

In this section, we present selected simulation results to
illustrate the performance of BICM-HID with the proposed
demappers. We use the example of 16-ary quadrature ampli-
tude modulation (QAM) BICM with modified set-partitioning
labeling over a Rayleigh fading channel, cf. [3], and employ
the maximum-free distance 4-state rate-1/2 convolutionalcode
(very similar results have been obtained for codes with larger
memory). BER and frame-error rate (FER) results are shown
as function of the average bit-wise SNRγb = γ/(Rcr) = γ/2.

First, we take a look at the goodness of the proposed PDF
approximation (13). For this purpose, Figure 2 shows the ana-
lytical two-term PDFp̃ze(m) and the empirical PDF obtained
from Monte Carlo simulation for an SNR ofγb = 10 dB.
The two-term PDF is plotted for knownPi and using the
estimateP̃i from (18), respectively. A total ofn = 5 iterations
is assumed, so four sets of curves are plotted in Figure 2. The
interleaver length is set to 10000 binary symbols. It can be
seen that the empirical PDF displays a markedly non-Gaussian
shape, which is a result of erroneous feedback and explains the
relatively poor performance of conventional BICM-HID that
is based on the Euclidean distance metric (see also results
below). The two-term approximation seems to mimic the
non-Gaussian behaviour fairly well, which corroborates the
proposed demapper design approach. The difference between
Pi and its estimatẽPi reflects mainly in a vertical shift of the
second term of the mixture PDF. This can be also seen from
(13) when approximating(1− Pi)

r−1 by (1 − rPi), which is
valid for smallPi.
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Fig. 3. BER for BICM-HID with conventional and proposed demappers.
As reference, BER for BICM-SID, and BER estimatesP̃1 and P̃5 are also
included.

Figure 3 presents the simulated BER1 after the first and fifth
iteration for BICM-HID with (a) the conventional demapper
((2) with bias (4)), (b) demapper design I (9), and (c) demapper
design II (16). For design I we also include the case of perfect
BER estimation, i.e.,̃Pi = Pi. Furthermore, as a reference, the
curves for BICM-SID and the estimated BERs̃P1 and P̃n =
P̃5 after the first and fifth iteration are shown (see Footnote 1).
The total number of iterations and interleaver length are the
same as for the results in Figure 2.

We observe that the proposed demapper designs signifi-
cantly improve the BER performance relative to the conven-
tional demapper for BICM-HID. In particular, the consider-
able gap between conventional BICM-HID and BICM-SID
is largely closed through the modified demappers. Demapper
design II achieves a performance close to that of demapper
design I, which renders it the perhaps preferred choice con-
sidering its low computational complexity. It can also be seen
that the feedback-BER approximatioñPi of Pi is sufficiently
accurate for the purposes of BICM-HID, since the two BER
curves for estimated and knownPi almost coincide. The
quality of the estimatẽPi is also confirmed by the relatively
good approximation of the actually BER after one and five
iteration throughP̃1 and P̃5, respectively.

Figure 4 shows the FER for the same scenario as above,
but a relatively short interleaver of length 2000. This allows
a comparison with the results from [7, Fig. 3]. We observe
that the proposed designs achieve a performance very close to
that from [7], despite the use of a SIHO decoder (designs I
and II) and a less complex demapper (design II). The small
consistent gap between design I and the demapper from [7]
could likely be removed through scaling ofβi in (9), which
however requires a simulation-based tuning of the scaling
parameter as was done in [7]. Since design II performs close

1As usual, we plot the BER for binaryinformation symbols. To enable
a direct comparison, the shown analytical results forP̃1 and P̃5 are also
determined with respect to information symbols.



5

6 7 8 9 10 11 12 13
10

−3

10
−2

10
−1

10
0

γb [dB] —>

F
E
R

—
>

 

 

1st iteration
Conv. BICM−HID
BICM−HID (15)
BICM−HID (8)
BICM−HID from [7]
BICM−SID

Fig. 4. FER for BICM-HID with conventional and proposed demappers, and
demapper from [7]. As reference, FER for BICM-SID.

to design I also in terms of FER and for this relatively short
interleaver length, it is an attractive choice for low-complexity
BICM-HID.

V. CONCLUSION

In this letter, we have presented two novel demapper designs
for BICM-HID. The key ideas are the use of a simple approx-
imation of the feedback error-rate and the interpretation of
feedback errors as additive impulsive noise. The first demapper
design makes optimal use of error-rate information, while the
second design is suboptimal but enjoys the low complexity of
conventional BICM-HID. Our simulation results have shown
that the proposed schemes significantly outperform conven-
tional BICM-HID and approach the performance of BICM-
SID, which is the ultimate performance limit for BICM with
iterative decoding.
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