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Abstract—Bit-interleaved coded modulation (BICM) has been
adopted in many systems and standards for spectrally efficient
coded transmission. The analytical evaluation of BICM per-
formance parameters, in particular bit-error rate (BER), h as
received considerable attention in the recent past. In thispaper,
we derive BER approximations for BICM transmission over
general fading channels impaired by Gaussian mixture noise
(GMN). To this end, we build upon the saddlepoint approximation
of the pairwise error probability (PEP) and a recently established
approximation for the probability density function (PDF) o f bit-
wise reliability metrics for nonfading additive white Gaussian
noise (AWGN) channels. We extend this PDF approximation
to the case of GMN, and obtain closed-form expressions for
its Laplace transform for fading GMN channels. The latter
allows us to express the PEP and thus BER via the saddlepoint
approximation. For the special case of fading AWGN channelsthe
presented approximations are closed form, since the saddlepoint
is well approximated by 1/2 for BICM decoding. Furthermore, we
derive closed-form PEP expressions also for GMN channels inthe
high signal-to-noise ratio regime and establish the diversity and
coding gain for BICM transmission over fading GMN channels.
Selected numerical results for BER of convolutional coded BICM
highlight the usefulness of the proposed approximations and the
differences between AWGN and GMN channels.

Index Terms—Bit-interleaved coded modulation (BICM), per-
formance analysis, Gaussian mixture noise, saddlepoint approx-
imation, fading channels.

I. I NTRODUCTION

Bit-interleaved coded modulation (BICM) introduced in [1]
and widely popularized through [2] has been adopted in many
systems and standards for spectrally efficient coded transmis-
sion (see [3] for an up-to-date treatment of BICM). Alongside
widespread adoption and deployment of BICM, its analysis has
attracted considerable attention. In addition to the BICM union
bound and expurgated bound approaches already presented in
[2], a number of relatively recent works have been dedicatedto
arrive at semi-analytical bit-error rate (BER) approximations,
cf. e.g. [4], [5], [6], [7], [8], [9]. Many of these build on
the saddlepoint approximation (cf. [10], [11]), which was
first proposed in [12] to analyze the performance of BICM.
While this greatly simplifies the analysis, often numerical
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integration is still required to compute the BER approximation
[4], [12]. An analytical approach, based on the approximation
of the probability density function (PDF) of reliability metrics
(i.e., log-likelihood ratios (LLRs)), has been developed in
[6], [7] for nonfading and Nakagami-m fading channels with
integerm, respectively, assuming square quadrature amplitude
modulation (QAM) constellations with Gray labeling. Also
for Nakagami-m fading channels but taking into account the
effect of finite interleaving, [8] derives BER approximations
using a “large-SNR” analysis. Since this analysis considers
a unique nearest-distance vector of competitive signal points,
Gray labeling is required. Recently, in [9], we have developed
an analytical approach for performance evaluation of BICM
transmission over Nakagami-m fading channels with general
m. Our approach was based on an approximation of the
PDF of LLRs which results in a mathematically tractable
expression and thus allows further evaluation of performance
parameters such as BER and cutoff rate using the saddlepoint
approximation from [12].

While BICM has been thoroughly investigated for the
additive white Gaussian noise (AWGN) case, the analysis
of BICM transmission impaired by non-Gaussian noise has
received relatively little attention, cf. e.g. [13], [14].In general,
the study of communication in non-Gaussian environments has
become very popular due to its practical relevance. In many
practical cases such as indoor radio communication, partial-
time jamming, ultrawideband communication, and power line
communication, this interference is well modeled as a Gaus-
sian mixture noise (GMN) [15], [16], [17], [18], [19], [20],
[21]. It is therefore of immediate interest to extend BICM
performance analyses as those mentioned above to the case of
GMN. To this end, the authors of [14] present a framework that
modifies the BICM expurgated bound from [2] to encompass
non-Gaussian noise. Since the analysis relies on the expurgated
bound, it is limited to the case of Gray labeling and does not
result in closed-form expressions for BER. Furthermore, the
asymptotic performance analysis in [14] is valid only when
the diversity order of the system is an integer.

In this paper, we present a novel approach for performance
evaluation of BICM transmission over general frequency-flat
fading channels impaired by GMN. As in [14] it is assumed
that the system employs the standard Euclidean-distance de-
coder, which is an instance of mismatched decoding [22], [3],
[23] in the presence of GMN. Our analysis mainly builds upon
(i) the saddlepoint approximation proposed for BICM in [12]
and (ii) the approximation of the PDF of bitwise reliability
metrics from [9]. The main contributions of this work can be
summarized as follows.
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• A closed-form approximation for the PDF of bit-wise re-
liability metrics when transmitting over nonfading GMN
channels and using Euclidean-distance based decoding
is derived. The resulting PDF expression is valid for
arbitrary signal constellations and labeling rules.

• Based on this new expression, we derive the Laplace
transform of the PDF of reliability metrics for general
fading GMN channels. Using this result together with
the saddlepoint approximation [12], the pairwise error
probability (PEP) between codewords can be obtained.
For the general GMN case, the saddlepoint needs to
be found numerically, which however can be done very
efficiently due to the convexity of the Laplace transform
[11]. The BER for BICM with linear codes is then readily
approximated in terms of these PEP expressions.

• For the special case of fading AWGN channels, for
which the Euclidean-distance based metric is maximum
likelihood, the PEP is given in closed form. This is a
valuable result in its own right, as previous studies have
been limited to Nakagami-m fading channels [6], [8], [9].

• We simplify the saddlepoint-based approximation for the
high signal-to-noise ratio (SNR) regime, which results in
closed-form expressions for asymptotically high SNR. It
is shown that the diversity order of the system is the
product of the fading diversity order and the minimum
Hamming distance of the BICM code. The asymptotic
coding gain consists of two terms, one of which is a
function of the GMN parameters and the other is a
generalization of the harmonic distance obtained in [2],
[8].

• In the case of nonfading GMN, where the noise com-
ponent with the largest power dominates the asymptotic
BER, the convergence of the asymptotic BER approxi-
mation occurs only at very low BERs for typical GMN
scenarios. We therefore also derive a novel closed-form
expression for the PEP in nonfading GMN, which takes
all mixture-noise components into account and is con-
firmed to be tight in BER ranges typically of interest.

We present a number of selected numerical results for con-
volutional coded BICM and different constellations, labeling
rules, and fading and noise scenarios, which clearly illustrate
the usefulness of the proposed approximations and asymptotic
results to predict the BER performance.

The remainder of this paper is organized as follows. In
Section II, the BICM transmission model is introduced. The
new expressions to analyze the BICM error rate are derived
in Section III. In Section IV we provide the simplifications
applicable in the high SNR regime. Numerical results obtained
from the proposed analytical approximations and simulations
are compared and discussed in Section V. Section VI con-
cludes this paper.

II. SYSTEM MODEL

The block diagram of the equivalent baseband discrete-
time BICM transmission system is shown in Figure 1. At the
transmitter, the output of a binary encoderc = [c1, c2, ..., cB]
is first interleaved intocπ = [cπ

1 , cπ
2 , ..., cπ

B] and then input to

λjcπ
j xi yi

µ−1
cj

πENC
λπ

j π−1 DECµ

zi

BICM channel
Physical channel

√
γ̄hi

Fig. 1. Block diagram of BICM transmission over a fading channel
impaired by Gaussian mixture noise. Also indicated is the binary-input
continuous-output equivalent BICM channel.π andπ−1 denote interleaving
and deinterleaving, respectively.µ and µ−1 denote bit-to-symbol mapping
and demapping (i.e., bit-metric computation), respectively.

a mapperµ : {0, 1}r → X to obtain the transmitted symbol

xi = µ
[

cπ
(i−1)r+1, c

π
(i−1)r+2, ..., c

π
ir

]

at symbol timei. The
transmitted symbolsxi are taken from a general complex-
valued constellationX of size2r.

The channel considered in this work is flat fading with
additive non-Gaussian noise. Assuming coherent reception, the
equivalent discrete-time transmission model can be written as

yi =
√

γ̄ hi xi + zi , (1)

where yi ∈ C, hi ∈ R
+, and zi ∈ C are theith received

sample, channel gain, and noise sample, respectively. Taking
into account the effect of interleaving, the fading gainshi

are modeled as independent and identically distributed (i.i.d.)
random variables with unit powerE

{

h2
i

}

= 1. Similarly, the
noise samples are also i.i.d. and distributed according to the
zero-mean Gaussian mixture distribution

fZ (z) =

N
∑

n=1

ǫn

2πσ2
n

exp

(

−‖z‖2

2σ2
n

)

, (2)

where

N
∑

n=1

ǫn = 1 , (3)

N
∑

n=1

ǫnσ2
n =

1

2
, (4)

and thusE
{

‖zi‖2
}

= 1. Also, without loss of generality, we
assume that

σi < σj , ∀(i, j) i > j . (5)

The finite-order GMN PDF (2) can well approximate many
continuous PDFs and is often used to represent the combined
effect of Gaussian background noise and man-made or im-
pulsive noise [15], [16], [17], [18], [19], [20], [21], [14]. We
will repeatedly consider the special case of AWGN, for which
N = 1 in (2).

Considering the fading and noise power normalizations,γ̄
in (1) represents the average SNR at the receiver. We define
the instantaneous SNR as

γi
∆
= γ̄ h2

i . (6)

At the receiver, the demapper outputsr bitwise reliability
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metrics per symbol according to

λπ
(i−1)r+j = − min

a∈Xj,1

(

∥

∥yi −
√

γ̄ hi a
∥

∥

2
)

+ min
a∈Xj,0

(

∥

∥yi −
√

γ̄ hi a
∥

∥

2
)

,
(7)

where Xj,b is the set of symbols in the constellation with
the jth bit in the binary label fixed tob. Even though (7)
is not the true LLR in the presence of GMN, optimum
maximum-likelihood decoding would require the knowledge
of noise PDF or the active mixture component (i.e., the noise
state n) and its variance. Since this knowledge is usually
not available at the receiver, the use of the conventional
Euclidean distance metric (7) is often considered, e.g. [14].
The “max-log” approximation applied in (7) is appealing from
an implementation point of view and has been shown to be
effective in Gaussian noise environments [2], [24]. The metrics
λπ

j are deinterleaved intoλj , which are then input to the
decoder for the binary code in order to retrieve the binary
transmitted data.

We make the common approximation of perfect (i.e.,
infinite-depth) interleaving, so that the transmission channel
between encoder outputcj and decoder inputλj can be mod-
eled as an equivalent binary-input output-symmetric (BIOS)
channel, which is known as equivalent BICM channel [4]
(refer to Figure 1).1 Since BIOS channel input and output
variables are i.i.d., we drop the time index in the following.

III. E RROR RATE ANALYSIS

In this section, we derive expressions to approximate the
BICM BER for fading GMN channels. To this end, we first
briefly review the saddlepoint approximation for the PEP [12]
(Section III-A) and the approximation of the PDF of reliability
metrics developed in [9] (Section III-B). The latter is then
extended to the case of GMN (Section III-C), and its Laplace
transform for fading GMN channels, which is required for the
PEP saddlepoint approximation, is derived (Section III-D).

A. BER Estimation

We consider the popular union bound BER estimation [25],
which relies on the code’s distance spectrum and expressions
for the PEP between two codewords. Assuming a linear code
and the BIOS channel with perfect interleaving, the PEP only
depends on the Hamming weightdH of the corresponding error
event and can be expressed as the tail probability of the random
variable

∆dH

∆
=

dH
∑

j=1

Λj , (8)

generated by addingdH i.i.d. random variablesΛj which
have the same distribution as the reliability metrics (7) when
transmittingc = 1.2 That is,

PEP(dH) = Pr (∆dH
< 0) . (9)

1Already for moderate interleaver depths the effect of finite-depth inter-
leaving is only observable at very low SNR [8].

2The choice ofc = 1 is without loss of generality.

For a closed-form estimation of (9), the saddlepoint approxi-
mation

Pr (∆dH
< 0) ≈ exp

(

dHκΛ|fγ
(ŝ)

)

ŝ
√

2π dH κ
′′

Λ|fγ
(ŝ)

, (10)

has become very popular, e.g. [12], [4], [6]. In (10), we have
used the cumulant transformκΛ|fγ

(s) of −Λj given a fading
channel with PDFfγ(γ) for the instantaneous SNRγ defined
in (6), andκ

′′

Λ|fγ
(s) is the second derivative ofκΛ|fγ

(s). We
have thatκΛ|fγ

(s) = log(ΦΛ|fγ
(s)), whereΦΛ|fγ

(s) denotes
the Laplace transform of the PDF ofΛj . ŝ ∈ (0, smax) is
known as the saddlepoint, wheresmax ∈ R+ denotes the
leftmost pole ofΦΛ|fγ

(s). It is defined through

κ′
Λ|fγ

(ŝ) = Φ′
Λ|fγ

(ŝ) = 0 . (11)

For BIOS channels with maximum likelihood demapping it
is known thatŝ = 1/2, which is also a close approximation
for the max-log metric (7) in the case of AWGN [6]. However,
for general GMN the saddlepoint deviates significantly from
1/2. In this case, sinceΦΛ|fγ

(s) is a convex function [11],̂s
can be determined by fast search methods [26, Ch. 9, 10].

B. Previous Result

The following derivations build on the observation from [9]
that the PDF of reliability metrics for transmission ofc = 1
over the nonfading AWGN channel are well approximated by3

fQAM
Λ|γ (λ) =

1

r 2r−1

5
∑

k=1

2r−1−1
∑

l=1

nk,l fΛ,k|γ,dl
(λ) ,

dl = ldmin ,

(12)

for regular QAM constellations and

fPSK
Λ|γ (λ) =

1

r 2r−1

2r−1

∑

l=1

[

n1,l fΛ,1|γ,dl
(λ)

+ n6,l fΛ,6|γ,dl,θl
(λ)

]

,
{

dl =
[

sin
(

πl
2r

)/

sin
(

π
2r

)]

dmin,
θl = π − 2πl

2r .

(13)

for phase-shift keying (PSK) constellations with minimum
Euclidean distancedmin. In (12) and (13),fΛ,k|γ,dl,(θl) (λ)
is the PDF of the reliability metric givenc = 1 was trans-
mitted considering a subset of “competitive” signal points
representingc = 0 at distancedl. There are six non-equivalent
types of subsets for QAM and PSK constellations and, for
convenience, the closed-form expressions forfΛ,k|γ,dl

(λ) are
given in Table I, whereNµ,σ2(x) denotes the real-valued
Gaussian PDF with meanµ and varianceσ2, erf(x) is the
Gauss error function, andu(x) is the unit step function. The
coefficientnk,l denotes the number of subsets of typek at
Euclidean distancedl. Table II provides numerical values for
nk,l for a number of popular constellations and labeling rules.

3The notation “·|γ” means that the expression is conditioned on the
instantaneous SNRγ, while “·|fγ” denotes an expression for given SNR
distributionfγ . In the nonfading case, we haveγ = γ̄ and thus the expression
conditioned onγ is the final result.
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TABLE I
PROBABILITY DENSITY FUNCTION OF RELIABILITY METRICS, fΛ,k|γ,d(λ)

AND fΛ,k|γ,d,θ(λ), FOR TRANSMISSION OVER NONFADINGAWGN
CHANNEL, USED IN (12) AND (13).

k = 1 Nd2γ,2d2γ(λ)

k = 2 Nd2γ,2d2γ(λ)

[

1 − erf

(

λ−d2γ
2d

√
γ

)]

k = 3 2Nd2γ,2d2γ(λ)u
(

d2γ − λ
)

k = 4 Nd2γ,2d2γ(λ)

[

1 − 2erf

(

λ−d2γ
2d

√
γ

))

u
(

d2γ − λ
]

k = 5 −4Nd2γ,2d2γ(λ)erf

(

λ−d2γ

2d
√

γ

)

u
(

d2γ − λ
)

k = 6 Nd2γ,2d2γ(λ)

[

1 − erf

(

tan
(

θ
2

)

λ−d2γ

2d
√

γ

)]

TABLE II
VALUES OF THE COEFFICIENTSnk,l USED IN (12), (13), (17),AND (22)

FOR A NUMBER OF POPULAR CONSTELLATIONS. Only non-zero coefficients
are shown. GRAY LABELING (GL), SET PARTITIONING LABELING (SPL),

MODIFIED SET PARTITIONING LABELING (MSPL),MIXED LABELING

(ML), AND SEMI SET PARTITIONING LABELING (SSPL),CF. [31] [32].

4QAM
GL n1,1 = 4

SPL n1,1 = 2, n2,1 = 2

16QAM

GL n1,1 = 24, n1,2 = 8

SPL n1,1 = 8, n1,2 = 4, n2,1 = 10,

n3,1 = 4, n4,1 = 4, n5,1 = 2

MSPL n1,1 = 16, n2,1 = 4, n2,2 = 2,

n3,1 = 4, n4,1 = 4, n5,1 = 2

ML n1,1 = 24, n3,1 = 8

64QAM GL n1,1 = 112, n1,2 = 48,

n1,3 = 16, n1,4 = 16

8PSK

GL n1,1 = 8, n1,2 = 4

SPL n1,1 = 6, n1,2 = 2, n2,1 = 4

SSPL n1,1 = 6, n2,1 = 6

C. Extension of PDF Result to Nonfading GMN

We note that the PDF approximation developed in [9] is
applicable to arbitrary signal constellations, including, for
example, PSK with non-uniformly spaced signal points and
amplitude phase-shift keying (APSK) [27] constellations.The
resulting PDF expressions have the same form as those in
(12) and (13), with appropriately modified numerical values
for nk,l, dl, and θl. In the following, we therefore use the
general expression

fΛ|γ (λ) =
1

r2r−1

∑

k∈K

M
∑

l=1

nk,lfΛ,k|γ,ηl
(λ) , (14)

whereK is the set of non-equivalent types,M is the max-
imal number of non-zero coefficientsnk,l, and ηl denotes
the constellation parameters. For example,K = {1, . . . , 5},
M = 2r−1 − 1, and ηl = dl for QAM, and K = {1, 6},
M = 2r−1, andηl = [dl, θl] for PSK.

In order to extend (14) to the case of GMN, we introduce
the auxiliary random variableξi which identifies to which
componentn of the PDF (2)zi belongs. The “noise-state”
variableξi is i.i.d. with distributionPr{ξi = n} = ǫn.

Instead of directly using the PDF of GMN for performance
analysis, we useξi to define the component-noise random
variableZξi with

pZn(z) =
1

2πσ2
n

exp

(

−‖z‖2

2σ2
n

)

. (15)

Then, the PDF of reliability metrics can be considered as a
weighted sum of PDFsfΛ|γ,n (λ) conditioned on the state of
GMN ξi = n,

fΛ|γ (λ) =

N
∑

n=1

ǫn fΛ|γ,n (λ) , (16)

wherefΛ|γ,n (λ) is expressed analogous to (14) as

fΛ|γ,n (λ) =
1

r2r−1

∑

k∈K

M
∑

l=1

nk,lfΛ,k|γ,n,ηl
(λ) . (17)

Since fΛ,k|γ,n,ηl
(λ) is conditioned onξi = n, one may

be inclined to obtain its PDF by replacing the instantaneous
SNR γ with γ/(2σ2

n) in the expressions forfΛ,k|γ,ηl
(λ) in

Table I (recall the normalization
N
∑

n=1
ǫnσ2

n = 1/2). This would

indeed be correct, if the receiver had knowledge about the
instantaneous noise stateξi, which however is not the case
for the conventional demapper (7) considered here. A proper
derivation offΛ,k|γ,n,ηl

(λ) following the steps in [9] leads to
the closed-form expressions presented in Table III (top part).

We observe that the resulting PDF expression (16) using
(17) and the results in Table III is very easy to evaluate, and
its computation does not require any numerical integration.

D. Laplace Transform of the PDF of Reliability Metrics for
Fading GMN

Using the PDF expression (16), we now proceed to derive
expressions for the Laplace transformΦΛ|fγ

(s), which is
required for the PEP saddlepoint approximation (10). We will
assumes ∈ R

+, which is sufficient for evaluation of (10).
Using the fact that PDF of reliability metrics for fading

channels can be expressed as

fΛ|fγ
(λ) =

∞
∫

0

fγ(γ) fΛ|γ (λ) dγ , (18)

we write the Laplace transform

ΦΛ|fγ
(s) =

∞
∫

−∞

fΛ|fγ
(λ) exp (−sλ) dλ (19)

=

∞
∫

0

fγ(γ)





∞
∫

−∞

fΛ|γ (λ) exp (−sλ) dλ



 dγ

∆
=

∞
∫

0

fγ(γ)ΦΛ|γ (s) dγ , (20)

where we changed the order of integration (assumings is
such thatΦΛ|fγ

(s) exists) and definedΦΛ|γ (s) as the Laplace
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TABLE III
EXPRESSIONS FOR(I ) PDFOF RELIABILITY METRICS, fΛ,k|γ,n,η(λ), FOR TRANSMISSION OVER NONFADINGGMN CHANNEL, USED IN (17), (II ) ITS

LAPLACE TRANSFORMΦΛ,k|γ,n,η (s) USED IN (22), AND (III ) THE LAPLACE TRANSFORMΦΛ,k|fγ ,n,η(s) FOR FADINGGMN CHANNELS AS FUNCTION

OF MGF Mfγ
(s) (27) AND THE FINITE-SERIES EXPRESSIONSS1(s; ω, ν, ρ) (28) AND S2(s;ω, ν, ρ) (29).s ∈ R

+, η = d FORk = 1, . . . , 5, AND

η = [d, θ] FORk = 6.

PDF fΛ,k|γ,n,η(λ)

k = 1 Nd2γ,4σ2
nd2γ(λ)

k = 2 Nd2γ,4σ2
nd2γ(λ)

[

1 − erf

(

λ−d2γ

2
√

2σnd
√

γ

)]

k = 3 2Nd2γ,4σ2
nd2γ(λ) u

(

d2γ − λ
)

k = 4 Nd2γ,4σ2
nd2γ(λ)

[

1 − 2erf

(

λ−d2γ

2
√

2σnd
√

γ

)]

u
(

d2γ − λ
)

k = 5 −4Nd2γ,4σ2
nd2γ(λ) erf

(

λ−d2γ

2
√

2σnd
√

γ

)

u
(

d2γ − λ
)

k = 6 Nd2γ,4σ2
nd2γ(λ)

[

1 − erf

(

tan
(

θ
2

)

λ−d2γ

2
√

2σnd
√

γ

)]

Laplace transformΦΛ,k|γ,n,η (s)

k = 1 exp
(

d2γ
(

2σ2
ns2 − s

))

k = 2 exp
(

d2γ
(

2σ2
ns2 − s

)) (

1 + erf
(

σnd
√

γs
))

k = 3 exp
(

d2γ
(

2σ2
ns2 − s

)) (

1 + erf
(√

2σnd
√

γs
))

k = 4 1
2

exp
(

d2γ
(

2σ2
ns2 − s

))

(

1 + erf
(√

2σnd
√

γs
)

+
(

1 + erf
(

σnd
√

γs
))2

)

k = 5 exp
(

d2γ
(

2σ2
ns2 − s

)) (

1 + erf
(

σnd
√

γs
))2

k = 6 exp
(

d2γ
(

2σ2
ns2 − s

)) (

1 + erf
(

sin
(

θ
2

)√
2σnd

√
γs

))

Laplace transformΦΛ,k|fγ ,n,η(s)

k = 1 Mfγ

(

d2
(

2σ2
ns2 − s

))

k = 2 Mfγ

(

d2
(

2σ2
ns2 − s

))

+ S1

(

s; 2σ2
nd2, d2, σnd

)

k = 3 Mfγ

(

d2
(

2σ2
ns2 − s

))

+ S1

(

s; 2σ2
nd2, d2,

√
2σnd

)

k = 4 Mfγ

(

d2
(

2σ2
ns2 − s

))

+
1

2
S1

(

s; 2σ2
nd2, d2,

√
2σnd

)

+ S1

(

s; 2σ2
nd2, d2, σnd

)

+
1

2
S2

(

s; 2σ2
nd2, d2, σnd

)

k = 5 Mfγ

(

d2
(

2σ2
ns2 − s

))

+ 2S1

(

s; 2σ2
nd2, d2, σnd

)

+ S2

(

s; 2σ2
nd2, d2, σnd

)

k = 6 Mfγ

(

d2
(

2σ2
ns2 − s

))

+ S1

(

s; 2σ2
nd2, d2,

√
2 sin

(

θ

2

)

σnd

)

transform of fΛ|γ (λ). From (16), (17), and the linearity
property of the Laplace transform we have

ΦΛ|γ (s) =

N
∑

n=1

ǫnΦΛ|γ,n (s) , (21)

where

ΦΛ|γ,n (s) =
1

r2r−1

∑

k∈K

M
∑

l=1

nk,l ΦΛ,k|γ,n,ηl
(s) (22)

andΦΛ,k|γ,n,ηl
(s) is the Laplace transform offΛ,k|γ,n,ηl

(λ).
Considering the expressions forfΛ,k|γ,n,ηl

(λ) in Table III
and using the integration technique presented in [9, Appen-
dices 1 and 2], closed-form expressions forΦΛ,k|γ,n,ηl

(s) are
obtained, which are summarized in Table III (middle part).
These results together with (22) and (21) give us closed-
form expressions forΦΛ|γ (s), which allows us to evaluate the
saddlepoint approximation (10) for nonfading GMN channels.

For fading GMN channels we define

ΦΛ,k|fγ ,n,ηl
(s)

∆
=

∞
∫

0

fγ(γ)ΦΛ,k|γ,n,ηl
(s) dγ , (23)

and it follows from (20), (21), and (22) that

ΦΛ|fγ
(s) =

1

r2r−1

N
∑

n=1

ǫn

∑

k∈K

M
∑

l=1

nk,l ΦΛ,k|fγ ,n,ηl
(s) .

(24)
Applying the methods from [9, Appendices 3 and 4], the
integral in (23) can be solved in closed form with elementary
function for Nakagami-m fading channels with integer param-
eter m, and in terms of hypergeometric functions for non-
integerm. However, no closed-form solution exists for other
popular fading distributions like Nakagami-n or Nakagami-q.
Therefore, we propose the use of the approximations

erf (x) ≈ P (x)
∆
=

K
∑

i=1

ai exp
(

bi x2
)

, (25)

(erf (x))2 ≈ P̄ (x)
∆
=

K̄
∑

i=1

āi exp
(

b̄i x2
)

, (26)

with coefficientsai, bi, āi, b̄i and number of termsK, K̄
chosen according to the particular approximation method and
required accuracy. Such approximations for the error function
can be obtained using the alternative representation of the
GaussianQ-function and approximation of the integral using a
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TABLE IV
THE MGF OF SNRMfγ

(s) AND ITS ASYMPTOTIC FORMMa
fγ

(s) FOR A

NUMBER OF POPULAR FADING DISTRIBUTIONS, CF. [29].

Fading model Mfγ
(s) Ma

fγ
(s)

Rayleigh (1 − s γ̄)−1 −1/s

γ̄

Nakagami-m
(

1 − s γ̄

m

)−m mm/(−s)m

γ̄m

Nakagami-n

(

1 + n2
)

(1 + n2) − s γ̄
−

(

1 + n2
)

γ̄

× exp

(

n2 s γ̄

(1 + n2) − s γ̄

)

× exp
(

−n2
)

/s

Nakagami-q

(

1−2sγ̄ +
(2sγ̄)2 q2

(1 + q2)2

)−0.5

−
1+q2

2q
/s

γ̄

Riemann sum, cf. [28]. Equipped with (25), (26), and defining
the moment generating function (MGF) of the instantaneous
SNR γ

Mfγ
(s)

∆
=

∞
∫

0

fγ (t) exp (s t) dt , (27)

as well as the finite series

S1(s; ω, ν, ρ)
∆
=

K
∑

i=1

ai Mfγ

(

−νs+
(

ω+biρ
2
)

s2
)

, (28)

S2(s; ω, ν, ρ)
∆
=

K̄
∑

i=1

āi Mfγ

(

−νs+
(

ω+ b̄iρ
2
)

s2
)

, (29)

the resulting expressions forΦΛ,k|fγ ,n,ηl
(s) are presented in

Table III (bottom part).
Hence a simple closed-form approximation ofΦΛ|fγ

(s) for
fading GMN channels is obtained as long as the MGF of the
SNR is available in closed form, which is the case for almost
all the practical fading distributions [29]. Table IV (second
column) summarizes the formulas forMfγ

(s) for the most
popular fading models.

IV. A NALYSIS IN THE HIGH-SNR REGIME

In this section, we consider the high-SNR regime to obtain
further simplified expressions for the PEP. We first consider
the nonfading GMN channel (wherēγ = γ) and derive the
PEP saddlepoint approximation for high SNR. Since the sad-
dlepoint analysis does not result in a fully analytical solution
(the numerical search for the saddlepoint remains), we also
derive an alternative BER expression, which does not rely on
the saddlepoint approximation. For general fading channels,
we consider the PEP saddlepoint approximation for the case
of asymptotically high SNR, which leads us to expressions
for the coding and diversity gain for BICM transmission. To
make explicit that the analysis in this chapter uses high-SNR
approximations which become accurate for asymptotically
high SNR, we apply the superscript “a” to the respective
variables.

A. Simplified Expression for PDF of Reliability Metric and Its
Laplace Transform

In the case of high SNR, the PDF expressions in Table III
can be well approximated by

fa
Λ,k|γ,n,dl

(λ) = ckNd2
l
γ,4σ2

nd2
l
γ(λ) , (30)

where[c1, c2, c3, c4, c5, c6] = [1, 2, 2, 3, 4, 2], and thus the PDF
expression given in (16) simplifies to

fa
Λ|γ (λ) =

N
∑

n=1

ǫn

[

M
∑

l=1

Nl Nd2
l
γ,4σ2

nd2
l
γ(λ)

]

, (31)

where Nl = 1
r2r−1

∑

k∈K

cknk,l can be interpreted as the

average number of competitive signal points at distancedl.
The Laplace transform offa

Λ|γ (λ) is given by

Φa
Λ|γ (s) =

N
∑

n=1

ǫn

[

M
∑

l=1

Nl exp
(

d2
l γ

(

2σ2
ns2 − s

))

]

, (32)

and its average with respect to the instantaneous SNR for
fading channels is obtained as

Φa
Λ|fγ

(s) =

N
∑

n=1

ǫn

[

M
∑

l=1

Nl Mfγ

(

d2
l

(

2σ2
ns2 − s

))

]

. (33)

B. Nonfading GMN Channel

1) Saddlepoint Analysis:From the Laplace transform ex-
pression in (32) we find the saddlepointŝ as the (unique)
solution of (see (11))

d

ds
Φa

Λ|γ (s)

=

N
∑

n=1

ǫn

[

M
∑

l=1

Nld
2
l γ

(

4σ2
ns−1

)

exp
(

d2
l γ

(

2σ2
ns2−s

))

]

= 0 ,
(34)

from which we infer that1/σ2
1 < 4ŝ < 1/σ2

N . Hence, a
numerical search for̂s in (1/(4σ2

1), 1/(4σ2
N )) is required.

In asymptotically high SNRγ → ∞, all terms(2σ2
ns2 − s)

need to be negative and thus the term forn = 1 and
l = 1 dominates the sum in (34), sinced2

1(2σ2
1s

2 − s) =
maxl,n{d2

l (2σ2
ns2 − s)}. Hence, the saddlepoint approaches

the solution
lim

γ→∞
ŝ =

1

4σ2
1

(35)

and the PEP asymptotic approximation

PEPa(dH) =
(ǫ1N1)

dH

d1σ1

√
2π dH γ

exp

(

−dH d2
1

8σ2
1

γ

)

(36)

is obtained from (10). We observe that the asymptotic PEP is
the same as the PEP for binary transmission with an equivalent
SNR of

(

dH d2
1 γ

)/ (

2σ2
1

)

, scaled by a constant which is a
function of the Hamming distance, mapping rule, and GMN
parameterǫ1 associated with the component with the largest
variance. Due to the multiplicative termǫdH

1 , we expect (36)
to be relevant only for very low BERs in most practical
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cases, since the probability of the impulsive components is
typically relatively low, cf. e.g. [15], [16], [17], [18], [19], [20],
[21], [14]. Therefore, next we present a different expression
for the PEP in high SNRs which includes all mixture noise
components.

2) Direct Analysis:We again start from the expression for
Laplace transform of reliability metrics given in (31), and
compute the Laplace transform of the PDF of∆dH

defined
in (8). Due to the perfect interleaving assumption we obtain

Φa
∆dH

|γ (s) =
[

Φa
Λ|γ (s)

]dH

(37)

(a)
=

∑

n1,...,nN
n1+...+nN=dH

dH!
[

N
∏

i=1

(ni!/ǫni

i )

]

×
N
∏

i=1

[

M
∑

l=1

Nl exp
(

d2
l γ(2σ2

i s2 − s)
)

]ni

(b)
=

∑

n1,...,nN
n1+...+nN=dH

dH!
[

N
∏

i=1

(ni!/ǫni

i )

]

×
N
∏

i=1

∑

l1,...,lM
l1+...+lM =ni

ni!
[

M
∏

j=1

(lj !/N
lj
j )

]

× exp





M
∑

j=1

ljd
2
jγ(2σ2

i s2 − s)





=
∑

n1,...,nN
n1+...+nN=dH

dH!
[

N
∏

i=1

(ni!/ǫni

i )

]

×
∑

l1,1,...,l1,M
l1,1+...+l1,M =n1

. . .
∑

lN,1...,lN,M
lN,1+...+lN,M=nN

N
∏

i=1

M
∏

j=1

ni!N
li,j

j

li,j !

× exp





N
∑

i=1

M
∑

j=1

li,jd
2
jγ(2σ2

i s2−s)



 , (38)

where we applied the multinomial series expansion in (a)
and (b). From (38) we observe that the PDF of∆dH

is a
superposition of Gaussian PDFs and thus we can directly
evaluate (9) as

PEP(dH) =
∑

n1,...,nN
n1+...+nN=dH

dH!
[

N
∏

i=1

(ni!/ǫni

i )

]

×
∑

l1,1,...,l1,M
l1,1+...+l1,M=n1

. . .
∑

lN,1...,lN,M
lN,1+...+lN,M=nN

N
∏

i=1

M
∏

j=1

ni!N
li,j

j

li,j !

×Q













√
γ

N
∑

i=1

M
∑

j=1

li,jd
2
j

2

√

N
∑

i=1

M
∑

j=1

li,jd2
jσ

2
i













. (39)

This is a closed-form result for the PEP for transmission over
nonfading GMN channels with high SNR. We note that for

the asymptotic caseγ → ∞, where the term with the largest
argument of the Q-function dominates the sum, it can be
shown that (39) converges to (36). However, as noted above,
this asymptotic result is of interest only for very low BERs.

C. Fading GMN Channels

In the case of fading channels, we consider the case of
asymptotically high SNR̄γ and assume that the MGF of the
instantaneous SNRMfγ

(s) can be expressed as

Ma
fγ

(s) =
α

(−s)g γ̄g
, (40)

whereα > 0 and the diversity orderg > 0 depend on the
fading distribution, cf. [30, AS3)]. For integerg, (40) can be
considered as the first term of the Maclaurin series expansion
of Mfγ

(s) in 1 /γ̄ . Table IV (third column) presents the
respective expressions forMa

fγ
(s) for a number of popular

fading distributions. Substituting (40) into (33) we have

Φa
Λ|fγ

(s) =

N
∑

n=1

ǫn

[

M
∑

l=1

Nlα

(d2
l (s − 2σ2

ns2))
g

γ̄g

]

=

[

M
∑

l=1

α Nl

d2g
l

][

N
∑

n=1

ǫn

(s − 2σ2
ns2)g

]

1

γ̄g
. (41)

Therefore, the asymptotic saddlepoint is the (unique) solution
of

N
∑

n=1

ǫn

(

4σ2
ns − 1

)

(1 − 2σ2
ns)

g+1 = 0 , (42)

which cannot be given in closed form. However, we note that
the saddlepoint only depends on the GMN parameters and
diversity orderg of the fading process. We can further limit
the numerical search interval considering thatsmax = 1/(2σ2

1)
is the leftmost pole of the Laplace transform (41) and that
(42) is negative fors ≤ 1/(4σ2

1). Hence, we get the lower
and upper limit

1

4σ2
1

< ŝ <
1

2σ2
1

. (43)

In order to arrive at a closed-form approximation, we may
consider the midpoint of the above interval,

ŝe =
3

8σ2
1

, (44)

as an estimate for the asymptotic saddlepoint.
Given the saddlepoint̂s, defining

ζ(s)
∆
=

N
∑

n=1

ǫn

(4 [s − 2σ2
ns2])

g , (45)

and substituting (41) into (10), we obtain after some simplifi-
cations the asymptotic PEP expression

PEPa(dH) =
(ζ(ŝ))

dH+1/2

ŝ
√

2πdHζ′′ (ŝ)





M
∑

l=1

αNl
(

d2
l

4

)g





dH

1

γ̄dHg
. (46)

We observe that the diversity gain for BICM transmission over
fading GMN channels is given by the productdHg. The coding
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gain consists of two terms, where the first one depends on the
GMN parameters throughζ(s) (45). The second term





M
∑

l=1

αNl
(

d2
l

4

)g



 , (47)

depends on the signal constellation and labeling, and can be
considered as a generalization of the harmonic distance for
BICM with Gray labeling obtained in [2] and [8] for Rayleigh
and Nakagami-m fading, respectively.

In the special case of fading AWGN channels, for which
ŝ = 1/2, (46) simplifies to

PEPa (dH) =
1

2
√

π dH g





M
∑

l=1

α Nl
(

d2
l

4

)g





dH

1

γ̄dH g
, (48)

which is a generalization of the asymptotic result in [9] for
Nakagami-m fading channels.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we present and discuss a number of ex-
emplary numerical results to illustrate the accuracy of the
proposed PDF and PEP approximations (cf. Sections III-C,
III-D, and IV). For this purpose, we use the PEP expressions
in the BER union bound for a convolutional code of rate
Rc = kc/nc, which is given by [25]

Pb ≤ 1

kc

∞
∑

dH=dfree

wdH
PEP(dH) , (49)

wheredfree denotes the free distance of the convolutional code
and wdH

denotes the total input weight of error events at
Hamming distancedH.

A. Parameters

For the BER results we assume BICM with the popular 64-
state rate-1/2 convolutional code with generator polynomials
(171, 133)8 anddfree = 10. The union bound (49) is truncated
to dH ≤ 25. To evaluate the series termsS1(s; ·) (28) and
S2(s; ·) (29) needed in Table III, we use the error-function
approximation (cf. (25) and (26)) [28]

P (x) =1 − 1

6
exp

(

−x2
)

− 1

2
exp

(

−4x2

3

)

,

P̄ (x) =P 2(x) .

(50)

Furthermore, we consider the following labeling rules: Gray
labeling (GL), set partitioning labeling (SPL), modified set
partitioning labeling (MSPL), semi set partitioning labeling
(SSPL), and mixed labeling (ML) [31], [32]. While GL is
of importance when used with non-iterative decoders [2], the
other labelings are of practical and theoretical importance for
the case of, e.g., BICM transmission with iterative decoding
[31], [32], for which our analytical results would provide an
approximation of BER after the first decoding iteration and
facilitate the selection of the labeling rule.

−100 −50 0 50 100 150 200 250 300 350
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10
−3

10
−2

10
−1

10
0

λ

f Λ
|γ

(λ
)

 

 
SPL, 16QAM, (0.1,100)
GL, 8PSK, (0.15,200)
SSPL, 8PSK, (0.05,75)

Fig. 2. PDF of reliability metrics for BICM transmission over nonfading
channel impaired byǫ-mixture noise with parameters(ǫ, κ) for different
constellations, labeling, and noise parameters. Solid lines represent the
PDF approximation given in (16), while markers represent the simulated
histograms.

The BER results for different constellations are presented
as function of the bit-wise SNR

γb
∆
= γ/(Rcr) , γ̄b

∆
= γ̄/(Rcr) . (51)

Finally, we considerǫ-mixture noise, which is an important
instance of general GMN with two terms, e.g., [17]. The
first term represents impulsive noise due to some ambient
phenomenon, while the second term accounts for Gaussian
background noise. Theǫ-mixture noise parameters can be
expressed as

ǫ1 =ǫ, ǫ2 = 1 − ǫ,

σ1 =
√

κ
/(

√

2 (1 + κǫ − ǫ)
)

,

σ2 =1
/(

√

2 (1 + κǫ − ǫ)
)

,

(52)

where κ = σ2
1/σ2

2 is a measure for the strength of the
impulsive component compared to the thermal noise. In the
following, we specify the parameters ofǫ-mixture noise by
(ǫ, κ).

B. Results

1) PDF Approximation Results:Figure 2 shows a compar-
ison of PDF histograms, obtained through Monte Carlo simu-
lation, and the approximation (16) for different constellations,
labeling, and noise parameters. The SNRγ = γ̄ = 20 dB
is adjusted for these results. We observe that the proposed
approximation is very accurate in all cases. In particular,the
negative tail of the PDF (i.e.,λ < 0) is faithfully matched,
which is critical for performance evaluation.

2) BER Results for Nonfading GMN Channels:Figure 3
shows the analytical (lines) and simulated (markers) BER
results for two different constellations and labeling rules
assuming transmission over the nonfading channel impaired
by ǫ-mixture noise. The figure includes (i) the BER union
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Fig. 3. BER of BICM transmission over a nonfading channel impaired by
ǫ-mixture noise with parameters(ǫ, κ) for a 64-state convolutional code of
rate 1/2. Solid lines: BER union bound using the saddlepointapproximation
(10). The saddlepoint is found numerically for each SNR. Dashed lines: BER
union bound using the PEP expression for high SNR in (39). Dash-dotted
lines: BER using only the PEP expression in (39) fordH = dfree. Markers
are simulation results.

bound (49) with the saddlepoint approximation (10) using the
saddlepoint found numerically for each SNR (solid lines), (ii)
the the BER union bound (49) using the PEP expression for
high SNR in (39) (dashed lines), and (iii) the PEP expression
in (39) for dH = dfree (dash-dotted lines). It can be seen that
the BER union bound is fairly tight for both BICM examples.
Likewise, the closed-form expression (39) provides very good
BER approximations and the curves converge to those from
the non-asymptotic saddlepoint analysis. Considering only the
PEP from (39) for the minimum Hamming distance term
enables a quick and fairly accurate BER estimation. We note
that the asymptotic saddlepoint approximation (36) (not shown
in this figure) becomes tight only for BERs belowǫdfree , and
thus it is more useful for codes with lowerdfree andǫ-mixture
noise with high probability of impulses.

3) BER Results for Fading AWGN Channels:Next we
consider BER results for BICM transmission over fading
AWGN channels (i.e.,ǫ = 1) with different constellations
and labeling rules. Specifically, Nakagami-m and Nakagami-n
fading distributions are applied. Figure 4 shows BER curves
obtained from the BER union bound using the saddlepoint ap-
proximation (lines) together with simulation results (markers).
For the former, both the actual saddlepoint, which has been
determined numerically (dashed lines), and the approximation
ŝ = 1/2 (solid lines) has been used. We observe a very
good match between results from analysis and simulations.
In particular, since for AWGN the applied decoding metric
is almost the maximum-likelihood metric (note that the max-
log approximation is used in (7)), the difference between the
results using the true saddlepointŝ and ŝ = 1/2 is negligible
(the dashed and solid lines overlap almost completely). We
note that, considering the expressions forΦΛ,k|fγ ,n,η(s) in
Table III with S1(s; ·) and S2(s; ·) given in (28) and (29)
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64QAM, GL, m=2.25
8PSK, GL, m=0.75
16QAM, MSPL, n=5
8PSK, SSPL, n=1.25

Fig. 4. BER of BICM transmission over fading AWGN channels for a 64-
state convolutional code of rate 1/2. Nakagami-m and Nakagami-n fading
with different parametersm and n. Solid lines: BER union bound using
the saddlepoint approximation,̂s = 1/2 is assumed. Dashed lines: BER
union bound using saddlepoint approximation, saddlepointhas been found
numerically. (Note that solid and dashed lines overlap almost perfectly.)
Markers are simulation results.

using the exponential approximations of the error function
(50), we have provided tight BER approximations in terms
of elementary functions.

4) BER Results for Fading GMN Channels:We now
consider the case of both fading and GMN, and present
selected BER results for different fading parameters,ǫ-mixture
noise parameters, and BICM constellations and labeling rules.
Figure 5 compares the BER curves obtained from the BER
union bound using the saddlepoint approximation (lines) and
simulations (markers). For the saddlepoint approximationthree
cases are included: (i) the exact saddlepointŝ is determined
for each SNR (solid lines), (ii) the asymptotic saddlepointis
determined from (42) and used for all SNRs (dashed lines),
and (iii) the asymptotic saddlepoint approximation given in
(44) is used (dash-dotted lines). Therefore the dash-dotted
lines are obtained from a truly closed-form expression for
approximating the BER. Also, solving (42) only once and
over the small interval (43) requires little computationaleffort.
The BER results confirm the usefulness of the proposed BER
approximations for fading GMN. Clearly, the convergence of
the union bound depends on the fading rate and mixture noise
parameters. As can be seen from Figure 5, using asymptotic
saddlepoint approximations gives relatively close union-bound
approximations, with more noticeable gaps for the cases where
the asymptotic analysis converges at lower BERs.

In Figure 6 the asymptotic BER results (lines) using the PEP
expression (46) and onlydH = dfree are plotted together with
the BER union bound (markers). In this figure, Nakagami-
m, Nakagami-n, and Nakagami-q fading distributions are
used. For the evaluation of the asymptotic expressions the
numerically found saddlepoint (solid lines) and the saddlepoint
approximation̂se from (44) (dashed lines) is applied. It can be
seen that the asymptotic results correctly predict the diversity
gain and the asymptotic coding gain of the BICM scheme.
Furthermore, the closed-form saddlepoint approximation (44)
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Fig. 5. BER of BICM transmission over fading channels impaired by ǫ-
mixture noise with parameters(ǫ, κ) for a 64-state convolutional code of rate
1/2. Nakagami-m and Nakagami-n fading with different parametersm andn.
Solid lines: BER union bound using saddlepoint approximation, saddlepoint
has been found numerically. Dashed lines: BER union bound using saddlepoint
approximation, the asymptotic saddlepoint from (42) is used. Dash-dotted
lines: BER union bound using saddlepoint approximation, the asymptotic
saddlepoint approximation given in (44) is used. Markers are simulation
results.
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Fig. 6. BER of BICM transmission over fading channels impaired by ǫ-
mixture noise with parameters(ǫ, κ) for a 64-state convolutional code of
rate 1/2. Nakagami-m, Nakagami-n, and Nakagami-q fading with different
parametersm, n, and q. Solid lines: Asymptotic BER from PEP (46) for
dH = dfree and numerically found saddlepoint. Dashed lines: Asymptotic
BER from PEP (46) fordH = dfree and the saddlepoint approximation̂se

from (44). Markers: BER union bound.

leads to negligible shifts in the asymptotic BER results.
Hence, using (46) witĥse from (44) allows us to approximate
the asymptotic performance of BICM from a closed-form
expression.

5) Saddlepoint:Finally, in Figure 7 we take a look at the
evolution of the saddlepoint̂s as function of the SNR̄γ for
the GMN cases studied in Figures 3 and 5. Also included are
the asymptotic values for the saddlepoint (35) for nonfading
and (42) for fading channels, and the asymptotic saddlepoint
approximation (44) for fading channels, respectively. We ob-
serve that the saddlepoint strongly deviates from 1/2, the
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Fig. 7. Evolution of saddlepoint̂s as a function of̄γ for different constel-
lations, labeling, and noise parameters. The circles indicate the asymptotic
values of saddlepoint given in (35) for nonfading channels and in (44) for
fading channels. The squares denote the exact asymptotic saddlepoint for
fading channels given in (42).

solution for the AWGN case, and eventually converges to the
value obtained through the asymptotic analysis developed in
Section IV. The simple estimation given in (44) is shown to
be reasonably accurate for these exemplarily cases. The range
for ŝ strongly depends on the mapping rule, while its value at
high SNR solely depends on the channel parameters as seen
from (35) and (42).

VI. CONCLUSIONS

BICM is a very popular spectrally and power efficient coded
modulation scheme, whose BER analysis has received a lot of
attention in the recent past. In this paper, we have extended
and generalized previous approaches considering BICM trans-
mission over general fading channels and additive GMN.
We have derived closed-form approximations for the PDF of
reliability metrics for the nonfading GMN channel, and its
Laplace transform for fading GMN channels. Using the latter
together with the saddlepoint approximation for PEP, we have
provided a method for quick BER performance approximation.
Since in the GMN case the saddlepoint needs to be computed
numerically, we have also derived approximations for the
(asymptotically) high SNR regime, which involve a single
saddlepoint computation (for all SNR values) or are given in
closed form. This analysis has also established expressions
for the diversity and coding gain of BICM transmission
over fading GMN channels. The presented numerical results
have confirmed the relative accuracy of the analytical BER
approximations for convolutionally coded BICM.
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[3] A. Guillén i Fàbregas, A. Martinez, and G. Caire, “Bit-interleaved
coded modulation,”Foundations and Trends in Communications and
Information Theory, vol. 5, no. 1-2, pp. 1–153, 2008.



11
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