Performance Analysis for BICM Transmission over
Gaussian Mixture Noise Fading Channels

Alireza Kenarsari-AnhariStudent Member, IEEEand Lutz LampesSenior Member, IEEE

Abstract—Bit-interleaved coded modulation (BICM) has been integration is still required to compute the BER approxiiomat
adopted in many systems and standards for spectrally efficre  [4], [12]. An analytical approach, based on the approxiorati
coded transmission. The analytical evaluation of BICM per- of the probability density function (PDF) of reliability rtrées

formance parameters, in particular bit-error rate (BER), has . - . .
received considerable attention in the recent past. In thipaper, (i-e., log-likelihood ratios (LLRs)), has been developed i

we derive BER approximations for BICM transmission over [6], [7] for nonfading and Nakagami» fading channels with
general fading channels impaired by Gaussian mixture noise integerm, respectively, assuming square quadrature amplitude
(GMN). To this end, we build upon the saddlepoint approximaton  modulation (QAM) constellations with Gray labeling. Also
of the pairwise error probability (PEP) and a recently estallished ¢, Nakagamim fading channels but taking into account the

approximation for the probability density function (PDF) of bit- AT . . . .
wise reliability metrics for nonfading additive white Gaussian effect of finite interleaving, [8] derives BER approximat®

noise (AWGN) channels. We extend this PDF approximation USing a “large-SNR” analysis. Since this analysis consider
to the case of GMN, and obtain closed-form expressions for a unique nearest-distance vector of competitive signaitppi

its Laplace transform for fading GMN channels. The latter Gray labeling is required. Recently, in [9], we have develbp
allows us to express the PEP and thus BER via the saddlepoint an analytical approach for performance evaluation of BICM

approximation. For the special case of fading AWGN channelthe ¢ T Nak i fadi h | ith |
presented approximations are closed form, since the sadgieint @NSMISSION over Nakagami-fading channels with genera

is well approximated by 1/2 for BICM decoding. Furthermore,we . Our approach was based on an approximation of the
derive closed-form PEP expressions also for GMN channelsthe PDF of LLRs which results in a mathematically tractable

high signal-to-noise ratio regime and establish the diveity and  expression and thus allows further evaluation of perforrean

coding gain for BICM transmission over fading GMN channels. ; ;
Selected numerical results for BER of convolutional coded EEM parame_)ters. such as BER and cutoff rate using the saddlepoint
approximation from [12].

highlight the usefulness of the proposed approximations ahthe ’ . )
differences between AWGN and GMN channels. While BICM has been thoroughly investigated for the

o . additive white Gaussian noise (AWGN) case, the analysis
Index Terms—Bit-interleaved coded modulation (BICM), per- . . . . .
formance analysis, Gaussian mixture noise, saddlepoint ppox- ©f BICM transmission impaired by non-Gaussian noise has
imation, fading channels. received relatively little attention, cf. e.g. [13], [14h general,
the study of communication in non-Gaussian environmergs ha
become very popular due to its practical relevance. In many
practical cases such as indoor radio communication, partia
Bit-interleaved coded modulation (BICM) introduced in [1}ime jamming, ultrawideband communication, and power line
and widely popularized through [2] has been adopted in magymmunication, this interference is well modeled as a Gaus-
systems and standards for spectrally efficient coded trsAsnsian mixture noise (GMN) [15], [16], [17], [18], [19], [20],
sion (see [3] for an up-to-date treatment of BICM). Alongsid[21]. It is therefore of immediate interest to extend BICM
widespread adoption and deployment of BICM, its analysss hgerformance analyses as those mentioned above to the case of
attracted considerable attention. In addition to the BIGNbn  GMN. To this end, the authors of [14] present a framework that
bound and expurgated bound approaches already presente@daifies the BICM expurgated bound from [2] to encompass
[2], a number of relatively recent works have been dedictiednon-Gaussian noise. Since the analysis relies on the eximarg
arrive at semi-analytical bit-error rate (BER) approxiioas, bound, it is limited to the case of Gray labeling and does not
cf. e.g. [4], [5], [6], [7], [8], [9]. Many of these build on result in closed-form expressions for BER. Furthermore, th
the saddlepoint approximation (cf. [10], [11]), which wagisymptotic performance analysis in [14] is valid only when
first proposed in [12] to analyze the performance of BICMhe diversity order of the system is an integer.
While this greatly simplifies the analysis, often numerical |n this paper, we present a novel approach for performance
_ , _ evaluation of BICM transmission over general frequency-fla
Manuscript received June 11, 2009; revised September 9 acdriber 9, . . . . ..
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I. INTRODUCTION



« A closed-form approximation for the PDF of bit-wise re- BICM chamnel :,F;h,y;'ié;,caa,n,n,el,,,,""'
liability metrics when transmitting over nonfading GMN ‘ ‘

channels and using Euclidean-distance based decoq ENC }i{ m FL» 2 F——@——@y—»‘ ! M a }—k{ DEC ‘

is derived. The resulting PDF expression is valid for T T
arbitrary signal constellations and labeling rules. Y S
o Based on this new expression, we derive the Laplace St

transform of the PDF of reliability metrics for generalFig 1 Block diagram of BICM transmission over a fading amen

fading GMN channels. Using this result together Withnpaired by Gaussian mixture noise. Also indicated is theaty-input

the saddlepoint approximation [12], the pairwise erraontinuous-output equivalent BICM channel.and =" denote interleaving

probability (PEP) between codewords can be obtaine?ﬂ‘d deinterleaving, respectively. and x~! denote bit-to-symbol mapping

. and demapping (i.e., bit-metric computation), respebtive

For the general GMN case, the saddlepoint needs to

be found numerically, which however can be done very

efficiently due to the convexity of the Laplace transforn& ; ;

o ) . a mapperu : {0,1}" — X to obtain the transmitted symbol

[11]. The BER for BICM with linear codes is then readily PP ﬁf { }FH ] at bol timei éll'h
approximated in terms of these PEP expressions. ¢ — C(ifl)r+1’c(ifl)r+2’“"Cir] at symbol timeéz. The

« For the special case of fading AWGN channels, tdransmitted syml?olsm are taken ‘from a general complex-
which the Euclidean-distance based metric is maximuk@/ued constellatiorit’ of size2". _ _ _
likelihood, the PEP is given in closed form. This is a The channel considered in this work is flat fading with
valuable result in its own right, as previous studies hagdditive non-Gaussian noise. Assuming coherent recefitien
been limited to Nakagami» fading channels [6], [8], [9]. equivalent discrete-time transmission model can be wrise

o We simplify the saddlepoint-based approximation for the = S hi _ 1
high signal-to-noise ratio (SNR) regime, which results in Yi =V hidi+ zi @
closed-form expressions for asymptotically high SNR. Where yi € C, hy € RT, andz € C are theith received

is shown that the.dlver.sny _order of the system Is th§amp|e, channel gain, and noise sample, respectivelyngaki
produc_t of t_he fading diversity order and the MINIMUMT6 “account the effect of interleaving, the fading gains
Hamming distance of the BICM code. The asymptotig.e yodeled as independent and identically distributéd. .
coding gain consists of two terms, one of which is &40 variables with unit powdk {h?} = 1. Similarly, the

function of the GMN parameters and the other is giise samples are also i.i.d. and distributed accordingéo t
generalization of the harmonic distance obtained in [2lao_mean Gaussian mixture distribution

[8].

o In the case of nonfading GMN, where the noise com- N €n [l 2|2
ponent with the largest power dominates the asymptotic fz(z) = Z DY) (‘W) ) @)
BER, the convergence of the asymptotic BER approxi- n=1 " "
mation occurs only at very low BERs for typical GMNwhere
scenarios. We therefore also derive a novel closed-form N
expression for the PEP in nonfading GMN, which takes
all mixture-noise components into account and is con- ZE" =1 (3)
. . . . . n=1
firmed to be tight in BER ranges typically of interest. N
We present a number of selected numerical results for con- Z Eno'i = 1 ; (4)
volutional coded BICM and different constellations, labgl n=1 2

rules, and fading and noise scenarios, which clearly ihtet
the usefulness of the proposed approximations and asyimptand thusk {H%HQ} = 1. Also, without loss of generality, we
results to predict the BER performance. assume that

The remainder of this paper is organized as follows. In
Section Il, the BICM transmission model is introduced. The
new expressions to analyze the BICM error rate are deriv@tle finite-order GMN PDF (2) can well approximate many
in Section Ill. In Section IV we provide the simplificationscontinuous PDFs and is often used to represent the combined
applicable in the high SNR regime. Numerical results ole@in effect of Gaussian background noise and man-made or im-
from the proposed analytical approximations and simutatiopulsive noise [15], [16], [17], [18], [19], [20], [21], [14]We
are compared and discussed in Section V. Section VI comil repeatedly consider the special case of AWGN, for which
cludes this paper. N =1in(2).

Considering the fading and noise power normalizations,
1. SYSTEM MODEL in (1) represents the average SNR at the receiver. We define

. _ . the instantaneous SNR as
The block diagram of the equivalent baseband discrete-

time BICM transmission system is shown in Figure 1. At the vi EN yh2. (6)
transmitter, the output of a binary encodet [c1, ¢a, ..., ¢B]
is first interleaved inta=™ = [¢], ¢, ..., cf] and then input to At the receiver, the demapper outputsbitwise reliability

Ui<0j, V(l,])2>] (5)



metrics per symbol according to For a closed-form estimation of (9), the saddlepoint apiprox

\r . (|| Sh ||2) mation
(i-Dr+j = = amu} Yi — VY hia A
J E/—.Vj,l _ ) (7) Pr (AdH < 0) ~ exp (dHﬁA\/J/t'y (S)) ’ (10)
+ min (|l = vAhial’) 5\/2mdu ), ()

where X ;, is the set of symbols in the constellation witthas become very popular, e.g. [12], [4], [6]. In (10), we have

the jth bit in the binary label fixed td. Even though (7) used the cumulant transforry ;. (s) of —A; given a fading

is not the true LLR in the presence of GMN, optimunchannel with PDFf,(v) for the instantaneous SNiRdefined

maximume-likelihood decoding would require the knowledgm (6), a”d“;;u (s) is the second derivative ofy|;. (s). We

of noise PDF or the active mixture component (i.e., the noiseve thats, Zs) = log(®4z, (s)), where®, ;. (s) denotes

staten) and its variance. Since this knowledge is usuallthe Laplace transform of the PDF df;. § € (0, Smax) iS

not available at the receiver, the use of the conventiorlalown as the saddlepoint, whekg,., € R* denotes the

Euclidean distance metric (7) is often considered, e.g]. [14eftmost pole of®,, (s). It is defined through

The “max-log” approximation applied in (7) is appealingrfro , ) , )

an implementation point of view and has been shown to be Ralf, (3) = Py, (3)=0. (11)

effective in Gaussian noise environments [2], [24]. Theriogt  For BIOS channels with maximum likelihood demapping it

AT are deinterleaved intd\;, which are then input to the js known thats = 1/2, which is also a close approximation

decoder for the binary code in order to retrieve the binafgr the max-log metric (7) in the case of AWGN [6]. However,

transmitted data. for general GMN the saddlepoint deviates significantly from
We make the common approximation of perfect (i.e1/2. In this case, sincé,;, (s) is a convex function [11]$

infinite-depth) interleaving, so that the transmissionrecte can be determined by fast search methods [26, Ch. 9, 10].
between encoder outpuf and decoder inpuk; can be mod-

eled as an equivalent binary-input output-symmetric (BIO

channel, which is known as equivalent BICM channel [4 ) o ) )
(refer to Figure 1} Since BIOS channel input and output The following derivations build on the observation from [9]

variables are i.i.d., we drop the time index in the following that the PDF of reliability metrics for transmission of= 1
over the nonfading AWGN channel are well approximated by

. Previous Result

IIl. ERRORRATE ANALYSIS 2r—1_1

QAM ,yy 1 >
In this section, we derive expressions to approximate the UNNRC) T2t ; ; mei Sakivan (A) (12)
BICM BER for fading GMN channels. To this end, we first 4 —1d
briefly review the saddlepoint approximation for the PEP][12 b7 fmins
(Section 111-A) and the approximation of the PDF of reliatyil for regular QAM constellations and
metrics developed in [9] (Section 11I-B). The latter is then . gr—1
extended to the case of GMN (Section 11I-C), and its Laplace (PSK yy _
transform for fading GMN channels, which is required for the b & r2r—1 ; [nl’l Saa )

PEP saddlepoint approximation, is derived (Section I1I-D) + 16,0 fa607,der (V)] (13)
d = sin ﬂ-_rl) sin (l'r‘) dminv
A. BER Estimation {91 = 7[r— %?l / 2

We consider the popular union bound BER estimation [25),; phase-shift keying (PSK) constellations with minimum
which relies on the code’s distance spectrum and expressief,cjigean distancel,in. In (12) and (13),fa ka6, (V)
for the PEP between two codewords. Assuming a linear codéihe PDF of the reliability metric given -1 \}vgs ltrans-
and the BIOS channel with perfect interleaving, the PEP onliieq considering a subset of “competitive” signal points
depends on the Hamming weight of the corresponding error rgpresenting = 0 at distancel;. There are six non-equivalent
event and can be expressed as the tail probability of thenrandtypeS of subsets for QAM and PSK constellations and, for

variable i convenience, the closed-form expressionsfigg ., 4, (\) are
A AE:A' g) given in Table |, whereN, ,:(z) denotes the real-valued
du — Jo (8) . . - . 2 .
e Gaussian PDF with mean and variances=, erf(z) is the

) N ) _ Gauss error function, and(x) is the unit step function. The
generated by addingy i.i.d. random variables\; which coefficientn,,; denotes the number of subsets of typet
have the same distribution as the reliability metrics (7ewh g cjidean distance;. Table Il provides numerical values for

transmittinge = 1.2 That is, ny,; for a number of popular constellations and labeling rules.
PEP(dy) = Pr(Ag, < 0) . )

3The notation *|y” means that the expression is conditioned on the
1Already for moderate interleaver depths the effect of fidiégpth inter- instantaneous SNR;, while “|fy" denotes an expression for given SNR
leaving is only observable at very low SNR [8]. distribution £ . In the nonfading case, we haye= 7 and thus the expression
2The choice ofc = 1 is without loss of generality. conditioned ony is the final result.



TABLE |

PROBABILITY DENSITY FUNCTION OF RELIABILITY METRICS, fA k|+,4()) |n5te_ad of directly USing_ the PDF of GMN for p_erformance
AND fA k|~,d,6(A), FOR TRANSMISSION OVER NONFADINGAWGN analysis, we use€; to define the component-noise random
CHANNEL, USED IN(12) AND (13). variable Z& with
2
k? =1 Nd2'y,2d2'y()‘) pZ"( ) L eXp H || (15)
A—d? 27T02 2 2 '
k?:2 Nd2’y,2d2’y(>\) 1—erf( 2(1\/7/7)
2 Then, the PDF of reliability metrics can be considered as a
k=3 2N g2, 2a2, (W (d2y = )) _ o
: - - weighted sum of PDFg}, ,, (A) conditioned on the state of
— —d“y ’
k=4 | N2y 0q2,(N) 1—Zerf(2dﬁ))u(d 'y—)\] GMN & =n,
2
k=5 —4N 2., 22 (A)erf (gd—j;) u (d?y = A)
A—d? € 16
k=6 Nyzy 0424(A) |1 —erf (tan (g) 2d\/$) fA"Y Z "fAhn ’ (16)
TABLE Il where fy |, (\) is expressed analogous to (14) as
VALUES OF THE COEFFICIENTSu;, ; USED IN(12), (13), (17)AND (22)
FOR A NUMBER OF POPULAR CONSTELLATIONSOnly non-zero coefficients
are shownGRAY LABELING (GL), SET PARTITIONING LABELING (SPL), fA\%n ()\) = =1 Z Z nk,lfA,km.,n,m (/\) . (17)
MODIFIED SET PARTITIONING LABELING (MSPL),MIXED LABELING 2 kel 1=1

(ML), AND SEMI SET PARTITIONING LABELING (SSPL),cF. [31] [32].
Since fa kjy.nm (A) is conditioned ong; = n, one may

40AM GL ni1 =4 be inclingd to obtain .its PDF by replacing the instanta.\neous
SPL Mg =2,n01 =2 SNR « with v/(202) in the expressmns fOfA ky,m (M) 1N
GL n1=24n12=38 Table | (recall the normahzatlorz €n02 = 1/2). This would
160am | SPE | ma=8niz =4nan =10, indeed be correct, if the recéiver had knowledge about the
na =4 na1 =4 ns1 =2 instantaneous noise stagg, which however is not the case
MSPL | n1,1 =16,n2,1 = 4,n2,2 =2, for the conventional demapper (7) considered here. A proper
n3,1 =4,n41=4,n51 =2 derivation of f5 x|.n.n, (M) following the steps in [9] leads to
ML ni,1 = 24,n3,1 =8 the closed-form expressions presented in Table Il (top)par
640AM | GL ni1 = 112,115 = 48, We observe that the resulting PDF expression (16) using
i = 16,n14 = 16 _(17) and the_ results in Table I!I is very easy to (_avaluate_, and
oL P —— its computation does not require any numerical integration
8PSK SPL ni,1 =6,n1,2 =2,n21 =4
SSPL ni1=6,n21 =6 D. Laplace Transform of the PDF of Reliability Metrics for
Fading GMN
Using the PDF expression (16), we now proceed to derive
C. Extension of PDF Result to Nonfading GMN expressions for the Laplace transfordn, ;. (s), which is

required for the PEP saddlepoint approximation (10). Weé wil
We mote that the PDF approximation developed in [9] Igscslumes € RT, which is suﬁ?uent flg? evaluation (of ()10)

applicable to arbitrary signal constellations, includirfgr Using the fact that PDF of reliability metrics for fading
example, PSK with non-uniformly spaced signal points anq'lannels can be expressed as

amplitude phase-shift keying (APSK) [27] constellatiohbe
resulting PDF expressions have the same form as those in

(12) and (13), with appropriately modified numerical values fapp, (A) = /fw('y) fapy (A)dy, (18)
for ng,, d;, and ;. In the following, we therefore use the

eneral expression .
9 P we write the Laplace transform

Fapy (O =,,2HZZ"MAM N, A8 g = / Farr, (V) exp (—s)) dA (19)

ke =1

where K is the set of non-equivalent typed/ is the max-

imal number of non-zero coefficients;;, and »; denotes - /f7 /fA\ ) exp (—sA)dA| dy
the constellation parameters. For exam@le~= {1,...,5}, !
M = 2""1 —1, andn = d; for QAM, and £ = {1,6},
M =271, andn, = [d;, 6] for PSK. A
In order to extend (14) to the case of GMN, we introduce N /fW(’Y) Papy (), (20)
0

the auxiliary random variablg; which identifies to which
componentn of the PDF (2)z; belongs. The “noise-state” where we changed the order of integration (assuminig
variableg; is i.i.d. with distributionPr{¢; = n} = ¢,. such thai®, ;. (s) exists) and defined,, (s) as the Laplace



TABLE Il
EXPRESSIONS FOR(I) PDFOF RELIABILITY METRICS, fA k|v,n,n()), FOR TRANSMISSION OVER NONFADINGGMN CHANNEL, USED IN (17), (1) ITS
LAPLACE TRANSFORM® A 1| . () USED IN(22), AND (I1I) THE LAPLACE TRANSFORM®, £ . (s) FOR FADINGGMN CHANNELS AS FUNCTION

OF MGF Mfw(s) (27) AND THE FINITE-SERIES EXPRESSIONS (55w, v, p) (28) AND Sa(s;w, v, p) (29).s € RT,n=dFORk =1,...

,5, AND

n = [d,0] FORk = 6.

‘ PDF fA,/c\’y.,n,r]()‘)

k=1 Nd%,zxaﬁd%()\)
k=2 Nz a2 2 (N) |1 —exf (%)
k=3 2N 4g2 a2 (N u (d% - ,\)
k=4 Ny 402 a2y () |1 = 2erf (%) u (d2y - A)
k=5 AN 402 g, (V) erf (%) u (7 - 2)
k=6 N2y 452 g2 (A) |1 —erf (tan (9) 2\/>\_ai2d\/_)
Laplace transform® s |, n., (5)
k=1 oxp(d2 ( ] —s))
k=2 exp (d2'y ( 02 2 — s)) (1 + erf (and\ﬁs))
k=3 exp (d2'y ( 0%52 — s)) (1 + erf (\/iondﬁs))
k=4 %exp (d (20 2 — s)) (1 + erf (\/iondﬁs) + (1 + erf (ondﬁs))Q)
k=5 exp (d2 ( 0,%52 — s)) (1 + erf (ondﬁs))Q
k=6 oxp(d 7(20 s —s)) (1+orf(sm( )\/_ond\/_s))
Laplace transformby |z, n. ()
k=1 My, (42 (20252 —5))
k=2 My, (d* (20252 = 5)) + S1 (s;205d% d?, 0d)
k=3 My, (d* (20252 = 5)) + 81 (5;202d2,d2, V200d)
k=4 | My, (d* (20252 —s)) + %sl (si202d2,d%,V200d) + S (5;202d2,d%, ond) + %SQ (s1202d2,d%, ond)
k=5 My, (d* (20252 —5)) +281 (5;202d%, d*, ond) + So (53202d%, d*, 0nd)
k=6 My, (d® (2025% = 5)) + S (s;2oid2,d2, V2sin (g) crnd)

transform of fu, (A). From (16), (17), and the linearity
property of the Laplace transform we have

N
(I)A|'y (S) = Z 6n(I)A|'y.,n (S) ) (21)
n=1
where
cI)A\’yn 2r Tor_1 ZZ nqu)A k| m,m (S) (22)

ke =1

and®y ..y, (s) is the Laplace transform ofy j|.n.n, (A).
Considering the expressions fgfiy | n.,, (A) in Table I

and using the integration technique presented in [9, Appen-

dices 1 and 2], closed-form expressions €oy ;- ., ,, (s) are

obtained, which are summarized in Table Il (middle part).
These results together with (22) and (21) give us closed-

form expressions fob, |, (s), which allows us to evaluate the
saddlepoint approximation (10) for nonfading GMN channel
For fading GMN channels we define

(bAvk'f’Y'rnvnl (S (23)

)2 / 7 @y (8) d
0

and it follows from (20), (21), and (22) that

o 12%22:%1@“%%( ).

kek 1=1
(24)
Applying the methods from [9, Appendices 3 and 4], the
integral in (23) can be solved in closed form with elementary
function for Nakagamin fading channels with integer param-
eter m, and in terms of hypergeometric functions for non-
integerm. However, no closed-form solution exists for other
popular fading distributions like Nakagamior Nakagamig.
Therefore, we propose the use of the approximations

Dy, (s

K
erf (z) = P(z) = Z a; exp (b; 2%) , (25)
(erf (2))? ~ P(z) = Z a; exp (b; 2*) , (26)
i=1

S
with coefficientsa;, b;, a@;, b; and number of termdx, K

chosen according to the particular approximation methatl an
required accuracy. Such approximations for the error fanct
can be obtained using the alternative representation of the
GaussiarQ-function and approximation of the integral using a



TABLE IV
THE MGF OF SNR M (s) AND ITS ASYMPTOTIC FORMJ\/[? (s) FORA
NUMBER OF POPULAR FADING DISTRIBUTIONSCF. [29].

A. Simplified Expression for PDF of Reliability Metric and It
Laplace Transform

In the case of high SNR, the PDF expressions in Table Il

Fading model My, (s) | M2 | can be well approximated by
) -1 1/s a
Rayleigh (1-5%) = IR kymds \) = CkNdl2774a,721dl2,Y(A) , (30)
] 5 m mm/(_s)m
Nakagamim (1 - ;) T where[ey, ¢a, ¢3, ¢4, c5, 6] = [1, 2,2, 3,4, 2], and thus the PDF
N _ (1 +n ) (1 +n2) expression given in (16) simplifies to
akagamimn m - 5 N
S
X €Xp m) X exp (—"2) /s fA"y Z €n lz Ny Ndl?'y,4o$bdl2v()‘)‘| ) (31)
@ ¢\ " /s "~
Nakagamig (1—2sv+ a+ q2)2) —qT where N; = W > cknk, can be interpreted as the

kex
average number of ceompetitive signal points at distadice
The Laplace transform ofjh (\) is given by
Riemann sum, cf. [28]. Equipped with (25), (26), and defining

N M
the moment generating function (MGF) of the instantaneous
SNR ~ 9 9 ( ) (I)Alv( s) = Z:len L 1 N exp (d?v( 282 — s))] , (32)

and its average with respect to the instantaneous SNR for
fading channels is obtained as

My (s /f,y exp (st)dt, (27)

N

e

n=1

M

ZNle (d2 (20 s —s))] . (33)

=1

as well as the finite series ‘I’Z\f7 (s) =

K

A
Si(s;w,v,p) = Zai My, (~vs+(w+bip?) s%), (28) B, Nonfading GMN Channel

1) Saddlepoint AnalysisFrom the Laplace transform ex-

=1

K
Sa(s;w, v, p) E Zdi My, (—us—i—(w—i—Bin) 32), (29)
i=1

the resulting expressions fdr, x| ;. ..n, (s) are presented in

Table Il (bottom part).
Hence a simple closed-form approximationdaf, ; (s) for

fading GMN channels is obtained as long as the MGF of the

pression in (32) we find the saddlepoifitas the (unique)
solution of (see (11))

d
d_(I)E/l\h (S)
N
Zen ZNld ¥ 40 s— )exp (d?v (20'72182—5))

n=1

SNR is available in closed form, which is the case for almost =0,

all the practical fading distributions [29]. Table IV (sexb

(34)

column) summarizes the formulas fau;_ (s) for the most

popular fading models. from which we infer thatl/o} < 43 < 1/0%. Hence, a

numerical search fo§ in (1/(40%),1/(40%)) is required

In asymptotically high SNRy — oo, all terms(202s? — s)
need to be negative and thus the term for= 1 and
I =1 dominates the sum in (34), sine&(207s% — 5) =

In this section, we consider the high-SNR regime to obtalfaxi,» {d; (2075 — s)}. Hence, the saddlepoint approaches
further simplified expressions for the PEP. We first considéte solution

IV. ANALYSIS IN THE HIGH-SNR REGIME

1
the nonfading GMN channel (wherg = ~) and derive the 1in;o,§ =17 (35)
PEP saddlepoint approximation for high SNR. Since the sad- 7_ _01 _
dlepoint analysis does not result in a fully analytical sioln and the PEP asymptotic approximation
(the numerical search for the saddlepoint remains), we also (N )dH dot 2
derive an alternative BER expression, which does not rely on  PEP?(dy) = —————— exp | ———t 7 (36)
; ot : dvo1V2md 8o?
the saddlepoint approximation. For general fading channel 101 vV aTar 7y 1

we consider the PEP saddlepoint approximation for the caseobtained from (10). We observe that the asymptotic PEP is
of asymptotically high SNR, which leads us to expressiornke same as the PEP for binary transmission with an equivalen
for the coding and diversity gain for BICM transmission. TG&NR of (du d? )/ (207), scaled by a constant which is a
make explicit that the analysis in this chapter uses higiRSNunction of the Hamming distance, mapping rule, and GMN
approximations which become accurate for asymptoticalparameter; associated with the component with the largest
high SNR, we apply the superscript “a” to the respectiveariance. Due to the multiplicative terﬂ‘fH, we expect (36)
variables. to be relevant only for very low BERs in most practical



cases, since the probability of the impulsive componentstise asymptotic case — oo, where the term with the largest
typically relatively low, cf. e.g. [15], [16], [17], [18],19], [20], argument of the Q-function dominates the sum, it can be
[21], [14]. Therefore, next we present a different expr@ssi shown that (39) converges to (36). However, as noted above,
for the PEP in high SNRs which includes all mixture noisthis asymptotic result is of interest only for very low BERSs.
components.

2) Direct Analysis:We gga.\i_n start f_rom the ex.pression fo(;c' Fading GMN Channels
Laplace transform of reliability metrics given in (31), an _ )
compute the Laplace transform of the PDF &f,, defined In the case of fading channels, we consider the case of

in (8). Due to the perfect interleaving assumption we obtai@Symptotically high SNRy and assume that the MGF of the
instantaneous SNR/;. (s) can be expressed as

du
gt (8) = 24 9 40 M} (5) = —oes (40)
. ! RN CRTET
(@) Z H
Ty ﬁ( 1/em) wherea > 0 and the diversity ordey > 0 depend on the
mitednN=dn ) 2 /€ fading distribution, cf. [30, AS3)]. For integer, (40) can be
ni considered as the first term of the Maclaurin series expansio
XH ZNI exp ( d 25 _S)) of My (s) in 1/7. Table IV (third column) presents the
respective expressions fd\rf}“* (s) for a number of popular
®) Z dy! fading distributions. Subst|tut|ng (40) into (33) we have
BRI [N (m'/e’“)} () ZN: i{: N
Pk ) a s) = €n _
1 ! e = S df (s —20%8%) 49
XH Z M — ia_Nl zNjeini (41)
[H (1 '/Nw] = d || (- 200877 |50
J=1
Therefore, the asymptotic saddlepoint is the (unique)tgoiu
X e lid s — S of
Xp Z ) i €n (402s — 1) 0 42)
- ! o(-202s)
1t [ﬁ (ni!/em)} which cannot be given in closed form. However, we note that
s =1 ! the saddlepoint only depends on the GMN parameters and
N M nZ'N diversity orderg of the fading process. We can further limit
XZ . Z H H the numerical search interval considering that, = 1/(20%)
l lllw;-lwll,mi , vt i=15=1 J is the leftmost pole of the Laplace transform (41) and that
BT AN TN M (42) is negative fors < 1/(40?). Hence, we get the lower
and upper limit
X ex l; 20 s?—s)|, (38 1 1
P(ZZ STl >> (38) — << . (43)
i=1j=1 407 207

where we applied the multinomial series expansion in (&) order to arrive at a closed-form approximation, we may
and (b). From (38) we observe that the PDFAf,, is @ consider the midpoint of the above interval,
superposition of Gaussian PDFs and thus we can directly 3

evaluate (9) as S ==—%, (44)
! 807
PEP (dn) = Z e as an estimate for the asymptotic saddlepoint.
i [H (ni!/e;”)} Given the saddlepoing, defining
i=1
N
n’L A n
XZ Z HH C(S)—;m7 (45)

L1 1seees by, m INg-IN, M 1=1j=1
B e and substituting (41) into (10), we obtain after some siffpli
cations the asymptotic PEP expression
el Zl Z L2 ymp p )
1= H
xXQ = . (39) (((g))dHH/? M aN, 1

M PEP(dy) = _
; g 27TdH<”(§) — (%2)9 ,de.(J

This is a closed-form result for the PEP for transmissiornr oviéVe observe that the diversity gain for BICM transmissionrove
nonfading GMN channels with high SNR. We note that foflading GMN channels is given by the produgtg. The coding

. (46)

ﬁ



gain consists of two terms, where the first one depends on 1 ‘ ] : :

T
O SPL, 16QAM, (0.1,100)

GMN parameters througti(s) (45). The second term A SLgpsK (048200)

SSPL, 8PSK, (0.05,75)

M CYN[ 10

depends on the signal constellation and labeling, and can ~
considered as a generalization of the harmonic distance :Z
BICM with Gray labeling obtained in [2] and [8] for Rayleigh ;<
and Nakagamin fading, respectively.

In the special case of fading AWGN channels, for whicl

107

$=1/2, (46) simplifies to 10k i
du
M
1 0le 1 =
PEP? (dy) = ——— — - 48 . S
(dn) 2y/mdug ; (d—?)g e (48) -100 50 0 50 100 150 200 250 300 350
= 2 A

which is a generalization of the asymptotic result in [9] foFig. 2. PDF of reliability metrics for BICM transmission aveonfading

Nakagamim fading channels. channel impaired by-mixture noise with parameterée, <) for different
constellations, labeling, and noise parameters. Soliéslimepresent the
PDF approximation given in (16), while markers represerg #imulated

V. NUMERICAL RESULTS AND DISCUSSION histograms.

In this section, we present and discuss a number of ex-
emplary numerical results to illustrate the accuracy of the The BER results for different constellations are presented
proposed PDF and PEP approximations (cf. Sections IlI-&s function of the bit-wise SNR

[1I-D, and IV). For this purpose, we use the PEP expressions A N
in the BER union bound for a convolutional code of rate v =/ (Ber) s =7/ (Ber) (51)
R = kc/n., which is given by [25] Finally, we considee-mixture noise, which is an important
0o instance of general GMN with two terms, e.g., [17]. The
P, < 1 Z wa,, PEP(dy) |, (49) first term represents impulsive noise due to some ambient
ke dr—deyen phenomenon, while the second term accounts for Gaussian
i i ackground noise. The-mixture noise parameters can be
wheredy,.. denotes the free distance of the convolutional CO(E‘?pressed as
and wg, denotes the total input weight of error events at
Hamming distancely;. €1 =€, €2 =1—¢,
alzx/ﬁ/( 2(1+:‘<&6—€)), (52)

A. Parameters o3 :1/(\/m) :

For the BER results we assume BICM with the popular 64-
state rate-1/2 convolutional code with generator polyrdsni Where x = o7 /03 is a measure for the strength of the
(171,133)g anddy,c. = 10. The union bound (49) is truncatedimpulsive component compared to the thermal noise. In the
to dg < 25. To evaluate the series ternt (s;-) (28) and following, we specify the parameters efmixture noise by
Sa(s;-) (29) needed in Table lll, we use the error-functiofie, ).
approximation (cf. (25) and (26)) [28]

1 , 1 A2 B. Results
P(z) =1 - zexp (=2%) - 5 &XP <_T> ; (50) 1) PDF Approximation ResultsFigure 2 shows a compar-
P(z) =P2(x) ison of PDF histograms, obtained through Monte Carlo simu-

lation, and the approximation (16) for different constidias,
Furthermore, we consider the following labeling rules: yralabeling, and noise parameters. The SNR= 5 = 20 dB
labeling (GL), set partitioning labeling (SPL), modifiedt seis adjusted for these results. We observe that the proposed
partitioning labeling (MSPL), semi set partitioning laingl approximation is very accurate in all cases. In particulae,
(SSPL), and mixed labeling (ML) [31], [32]. While GL is negative tail of the PDF (i.e\ < 0) is faithfully matched,
of importance when used with non-iterative decoders [&, tlwhich is critical for performance evaluation.
other labelings are of practical and theoretical imporéafor 2) BER Results for Nonfading GMN Channelsigure 3
the case of, e.g., BICM transmission with iterative decgdirshows the analytical (lines) and simulated (markers) BER
[31], [32], for which our analytical results would provida a results for two different constellations and labeling sule
approximation of BER after the first decoding iteration andssuming transmission over the nonfading channel impaired
facilitate the selection of the labeling rule. by e-mixture noise. The figure includes (i) the BER union



— ‘
$ [ o 16QAM, GL, (0.1,100) ] i

. :
64QAM, GL, m=2.25
8PSK, GL, m=0.75

16QAM, MSPL, n=5 |3
8PSK, SSPL, n=1.25

i i h
10 12 14 16

i i i
0 2 4 6

8
o [dB]

° 5 sy 10 5 ° 5 . 10 Fig. 4. BER of BICM transmission over fading AWGN channels $064-

» K state convolutional code of rate 1/2. Nakagamiand Nakagamiz fading
with different parametersn and n. Solid lines: BER union bound using
the saddlepoint approximatior, = 1/2 is assumed. Dashed lines: BER
union bound using saddlepoint approximation, saddlepbag been found
numerically. (Note that solid and dashed lines overlap atmuerfectly.)
Markers are simulation results.

Fig. 3. BER of BICM transmission over a nonfading channel aimgd by
e-mixture noise with parameterg, ) for a 64-state convolutional code of
rate 1/2. Solid lines: BER union bound using the saddlepapgroximation
(10). The saddlepoint is found numerically for each SNR.H2dslines: BER
union bound using the PEP expression for high SNR in (39)hiimited
lines: BER using only the PEP expression in (39) @ = dgee. Markers
are simulation results.

using the exponential approximations of the error function

(50), we have provided tight BER approximations in terms
bound (49) with the saddlepoint approximation (10) usirg thof elementary functions.
saddlepoint found numerically for each SNR (solid line8), ( 4) BER Results for Fading GMN ChanneldAe now
the the BER union bound (49) using the PEP expression faonsider the case of both fading and GMN, and present
high SNR in (39) (dashed lines), and (iii) the PEP expressigelected BER results for different fading parametersjxture
in (39) for dy = dge. (dash-dotted lines). It can be seen thaioise parameters, and BICM constellations and labelingsrul
the BER union bound is fairly tight for both BICM examplesFigure 5 compares the BER curves obtained from the BER
Likewise, the closed-form expression (39) provides vergdyo union bound using the saddlepoint approximation (lines) an
BER approximations and the curves converge to those fraimulations (markers). For the saddlepoint approximétioae
the non-asymptotic saddlepoint analysis. Considering tird cases are included: (i) the exact saddlepéiig determined
PEP from (39) for the minimum Hamming distance ternfor each SNR (solid lines), (ii) the asymptotic saddlepasnt
enables a quick and fairly accurate BER estimation. We naletermined from (42) and used for all SNRs (dashed lines),
that the asymptotic saddlepoint approximation (36) (notxsh and (iii) the asymptotic saddlepoint approximation given i
in this figure) becomes tight only for BERs belaf, and (44) is used (dash-dotted lines). Therefore the dash-iotte
thus it is more useful for codes with lowéf,... ande-mixture lines are obtained from a truly closed-form expression for
noise with high probability of impulses. approximating the BER. Also, solving (42) only once and

3) BER Results for Fading AWGN Channeltext we over the small interval (43) requires little computatioetiort.

consider BER results for BICM transmission over fadinghe BER results confirm the usefulness of the proposed BER
AWGN channels (i.e.c = 1) with different constellations approximations for fading GMN. Clearly, the convergence of
and labeling rules. Specifically, Nakagamiand Nakagami»  the union bound depends on the fading rate and mixture noise
fading distributions are applied. Figure 4 shows BER curv@garameters. As can be seen from Figure 5, using asymptotic
obtained from the BER union bound using the saddlepoint agaddlepoint approximations gives relatively close urboond
proximation (lines) together with simulation results (kens). approximations, with more noticeable gaps for the casesevhe
For the former, both the actual saddlepoint, which has be#ie asymptotic analysis converges at lower BERs.
determined numerically (dashed lines), and the approximat In Figure 6 the asymptotic BER results (lines) using the PEP
§ = 1/2 (solid lines) has been used. We observe a veexpression (46) and only = dr.. are plotted together with
good match between results from analysis and simulatiotise BER union bound (markers). In this figure, Nakagami-
In particular, since for AWGN the applied decoding metrien, Nakagamir, and Nakagami fading distributions are
is almost the maximum-likelihood metric (note that the maxused. For the evaluation of the asymptotic expressions the
log approximation is used in (7)), the difference between tthumerically found saddlepoint (solid lines) and the saploliiet
results using the true saddlepoinnd s = 1/2 is negligible approximatiors, from (44) (dashed lines) is applied. It can be
(the dashed and solid lines overlap almost completely). \Been that the asymptotic results correctly predict thersditye
note that, considering the expressions X ;. .,(s) in gain and the asymptotic coding gain of the BICM scheme.
Table 1l with S;(s;-) and Sa(s;-) given in (28) and (29) Furthermore, the closed-form saddlepoint approximatit) (
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Fig. 5. BER of BICM transmission over fading channels imediby e- Fig. 7. Evolution of saddlepoin¢ as a function ofy for different constel-

mixture noise with parametesg, «) for a 64-state convolutional code of ratelations, labeling, and noise parameters. The circles ateithe asymptotic

1/2. Nakagaminn and Nakagamiz fading with different parametens, andn.  values of saddlepoint given in (35) for nonfading channeid a (44) for

Solid lines: BER union bound using saddlepoint approxiomtisaddlepoint fading channels. The squares denote the exact asymptatilepaint for

has been found numerically. Dashed lines: BER union bouimdjgsddlepoint fading channels given in (42).

approximation, the asymptotic saddlepoint from (42) isduseash-dotted

lines: BER union bound using saddlepoint approximatiorg #symptotic

saddlepoint approximation given in (44) is used. Markers simulation .

results? PP g “4) solution for the AWGN case, and eventually converges to the
value obtained through the asymptotic analysis developed i
Section IV. The simple estimation given in (44) is shown to

: ; be reasonably accurate for these exemplarily cases. Tige ran
16QAM, ML, m=1, (0.05,100)

o R . L.
O 8PSK,GL g=1,(0.1,120) || for § strongly depends on the mapping rule, while its value at
| X ook Ssrtmbs ot ae0) high SNR solely depends on the channel parameters as seen

1 from (35) and (42).

VI. CONCLUSIONS

BICM is a very popular spectrally and power efficient coded
| modulation scheme, whose BER analysis has received a lot of
attention in the recent past. In this paper, we have extended
and generalized previous approaches considering BICMtran
mission over general fading channels and additive GMN.
We have derived closed-form approximations for the PDF of
o reliability metrics for the nonfading GMN channel, and its
7o [dB] Laplace transform for fading GMN channels. Using the latter
together with the saddlepoint approximation for PEP, weehav
Fig. 6. BER of BICM transmission over fading channels imediby - proyided a method for quick BER performance approximation.
mixture noise with parameterg, <) for a 64-state convolutional code of _. . .
rate 1/2. Nakagamin, Nakagamin, and Nakagamir fading with different Since in the GMN case the saddlepoint needs to be computed
Zarame;ersm, z, and q._S(ﬁIideineS: Az)érpptqtict: EIaDERhfrgnlq_ PE_PA(46)_ f;artnumericall_y, we have also de_rived ap_progimations fo_r the
e e o o svoimatag  (@Symplotically) high SNR regime, which involve a single
from (44). Markers: BER union bound. saddlepoint computation (for all SNR values) or are given in
closed form. This analysis has also established expression
for the diversity and coding gain of BICM transmission

leads to negligible shifts in the asymptotic BER resultQVer fading GMN channgls. The presented numeric_al results
Hence, using (46) with, from (44) allows us to approximatehave c_onflr.med the reIatlve. accuracy of the analytical BER
the asymptotic performance of BICM from a closed-forr@PProximations for convolutionally coded BICM.

expression.

5) Saddlepoint:Finally, in Figure 7 we take a look at the
evolution of the saddlepoirﬁ as function of the SNRy for [1] E. Zehavi, “8-PSK trellis codes for a Rayleigh channeéEEE Trans.

. . . . Commun. vol. 40, no. 5, pp. 873-884, May 1992.
the GMN cases studied in Figures 3 and 5. Also included a"’[Q] G. Caire, G. Taricco, and E. Biglieri, “Bit-interleavecbded modula-

the asymptotic values for the saddlepoint (35) for nonfgdin ~ tion,” IEEE Trans. Inform. Theoryvol. 44, no. 3, pp. 927-946, May
and (42) for fading channels, and the asymptotic saddl¢poin 1998. _ .

. . 44) for fadi h | tivelv. Ve [3] A. Guillen i Fabregas, A. Martinez, and G. Caire, “Biterleaved
approximation ( ) or a_ Ing channeis, rgspec Ively. 0 coded modulation,”Foundations and Trends in Communications and
serve that the saddlepoint strongly deviates from 1/2, the Information Theoryvol. 5, no. 1-2, pp. 1-153, 2008.
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